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FORMULAS FOR REFERENCE

1. ARITHMETIC AND ALGEBRA

Proportions
f. In the proportion %:% a and d are the extremes,b and ¢ are the
means. The principal property of the propoertion:

a-d=">b-¢
2. Interchanging the terms:
a ¢

. e d e a b,
(a) 7T (b} TG (c) =T (d)

3. Derived proportions: if Z 22| then the following proportions hold

b d "’
true:
¢
a s e
(a) d
Invelution
1. {a-boeytmzan.broen, Lhat is qn.dn.en=(a-b.cjn
a\n  an an a\n
9 A T Y B T P Lan s
2. ( b) o , that is ¥ ( b) N 3. am.gngmin
oA @t qmen; 5. Lran=a® i ansamn
G, (@myn = g
Evolution *
Iy — g = m - . - o om
LY abe Yy bV e that is Ty @y BT e @bl
™m /—‘ L Bl ’Il -
. Ja « a
2. 3 7 t =, that is ; l/
N

* The rools are supposed to be arithmetic, cf. p 68U,

:

I
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n
3. a™ ="V an, that is") an=a™
4 (Y an )P ="y @
5. ”; " —'=m) ank, that is ""; ‘a’«l'w_»'; an

Quadratic Equations

1. The equation of the form 224 pr+-¢==0 is solved by using the for-

mula
%
et/ g
2. The equation of the form ar24-br-}-c==0 is solved by using the for-
mula

—b 4 V6 —hac
2a

T2

w

. The equation of the form ax® -+ 2kz + ¢ == 0 is solved by using the for
mula

4. Il xy and x, are the roots of the equation a* + pz + ¢ == 0, then r, +

“+ zp = —p and 2 =g

5.z -i— pr+ g = (r — xy) {z — ), where zy and 7. are the roots of the

c-quauon £? A + pr q ]
. act - br ¢ o oa (r —~ iy} {r ~ xy), where xy and z, are the roots of

the equation ar? + b; 4= 0

Progressions (see page 32)

Logarithms*

1. Symbolically, log, N==2z is equivalent to a¥== 4, hence we have the
identity a8y

2. logga=1; 3, log,l =0; 4. logg (N M) ==logeN -+ log, M

5. log, %.—‘log"!\/—-lugnjl; 6: logg (Nm)=:m log,N

7. logg VN - »r-}—hw N

8. For the mudulm which makc% possible conversion from a system of loga-
rithms to the base b to that of logarithms to the base a see page 142.

* The numbers a (thc logarithmic base) and N are assumed to be

positive,
a being not equal to unity.



8 Formulas for Reference

Combinatorics
1. dh=m(m—1) (m—2) ... (m—n--1); 2, Pp=1.2-3,..m=ml
A mm—A)(n—2)...(m—nt1) P
3 Ch=po= 1237 P A Ch=0E

Newton’s Binomial
1. (x4 a)yme=zm - Claam=t 4 CLa2zm-24-, | L-CR-2am~2z2 4 Ci-Yam=1g.{-gm
2, General term of expansion:
Theg=Clabzm-%
3 AFCL+CH+ LA CR 2 Ol =2m
4 4o Ol Cly = Chb oo 1=0

1I. GEOMETRY AND TRIGONOMETRY
The Circumference of a Circle and the Length of Its Arc
C =2aR; 1 == 21—5%:: Ra {(a is the degree measure of the arc and «, its
radian, ‘'measure}
Areas

Triangle: S=a_§h (@ is the Dbase and k, the altitude); S=
=V p(p—a) (p—b) (p—¢) (p is the semiperimeter and a, b and ¢, the sides);
absinC:
- 2
2
For an equilatera] triangle S = it ;}/‘? (e is the side)
Parallelogram: S=:bh (b is the base and k, the aititude)

Rhombus: S.—_—d—’;g (dy and d, are the diagonals)

Trapezoid: S::a;;:—éh (a and b are the bases and h, the altitude); S==mh

(m is the median).

Regular polygon: Sx% (P is the perimeter and a, the apothem)
Circle: §==nR?
Rl Rz nR2a

Circular sector: S=—-2-=——2—= s5g (@ Is the degree measure of the sec-

tor arc; o, its radian measure and [, the length of the arc)

Surfaces

Prism: 8,5, = Pl (P is the perimeter of a right section and I, the lateral edge)

Regular pyramid: Sy, = %’f (P is the perimeter of the base and «, the slant
height)
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Frustum of a regular pyramid: Sy = I—)—'—-;—"—Pg a (Py and P, are the perime-

ters of the bases and a, the slant height)
Cylinder: S, = 2RH

Cone: Sy, == nRl (I is the generator)
Frustum n/ a cane Stor = A (Ry -+ R} !
Sphere: S = 4aR*®

Volumes

Prism: V = SH (S is the arca of the base and H. the altitude)

Pyramid: V= —5

Frustum of a pyramid: V::—%I— (Ss+ 82+ VS5,
Cylinder: V= nR2H
A R2H

3

Cone: V==

aH
Frustum of a cone: V’~—%— (R} R}-- R(R

&

Sphere: V:% nR3

Conversion of the Degree Measure of an Angle to its Radian Measure and Vice
Versa

a:i;é—g;-; a’:ai%o— {a is the radian measure of the angle and a, its

degree measure}

Addition Formulas
1. sin(a £ B)=sinw cos p & cosasinf
2. ¢os (@ = B) = cos a cos p T sin wsin B

tan o + tan

3. tan(a+ﬂ)~~1 Ftana tanf

Double-Angle and Half-Angle Formulas

1, sin2a=2sinacos a; 2. ¢0s 2o ==c0s? o —sin2 @
3 tan2a—2BRE . 4o g:il/i_—m
—tan2 o
@ T+cosa ]/1—L05a
. o P A 6. t —-:—6—
5. cos 5 il/ 5 an TTeoa

2 sin o a i—cosa
7o AN e =5 s | 8. tan o = s
mg 1+cosa 2 sl o
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Reducing Trigonometric Ezpressions to Forms Convenient for Taking Logarithms

1. sina-{—sinﬁ:ZsinEﬂcos E_g_f’_

2

2. sina——sinB:Zcosa;_ sinm—;-g
3. cosa+cosﬁ:2cosu—,:ﬁco B
4. cosx—cos f= —Zsinajﬁsina 5 B
- _sine £ f)
5. tana =+ tan f§ = o8 5 o8 B

o . o
6. l+cosa::2cosz—2—; 7. 1——005(1:25:112—2——

Some Important Relations

1. sina sinﬁ:;%w

2. cosqcogﬂ:w

3. sina (~%ﬁ:ﬁﬁw
Basic Relations Between the Elements of a Right-Angled Triangle

(a and b are the legs; ¢, the hypotenuse; A and B, the acute angles; ¢, the
right angle)
i. a = csin 4 = ¢ cos B; 2. b==csinB == ccos 4
3. a = blan A = bcot B; 4. b=atan B = acot 4
Basic Relations Between the Elements of an Arbitrary Triangle

(¢, b and ¢ are the sides; 4, B and C, the angles)

¢ b
t. AT TS

2. a%e= b2~ 2be cos A (law of cosines)

< .
s {Jaw of sines)

tan Ath
., a-ib 3 »
Ry A B (law of tangents)

Relations Between the Values of Inverse Trigonometric Funetions

{arcsin x, arccosr and arctan r are the principal values of the corresponding

Inverse trigonometric functions)
Lo Aresin r = 5tk o (—1)k 3
2. Arccos o Arceos

3 - arctan g1k is any integer (positive or negative).

in x

3. Arctan r == 7
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ARITHMETIC

PART ONE

CHAPTER 1

ARITHMETIC CALCULATIONS

) s <
152—%—148%).(»3‘ , 113%_1,0%.;.41%
0.2 L 0.8.0,25
s 2 _aslp L
16 4 02 0.012 . 0.04104
Tl oo ( 5T 54

- 1
AR )
) 4560 — i2 =

AND ALGEBRA

0.00325 : 0.013

I WTRT

T a5y 2 5 i
PR, —1 2 R — —
(8530 8318)'“& (M"m 13815 ) R
0.04 ' 0,002
N V1 Y 5, 7y .1
(9336“9318) 2 08T (4951—4(,%)»:7 s
2 ! 0.2
1 . 1,5, 1y .3 .
( 2-—»——62—7-——.)7;) 4354011 o (’Fz“ 23—‘_,—7%)‘9-‘,)- 213
0.02 ’ ) 0.4
3 ,3y,.5 5 2.5
——— PR S
(65-33) 57 " tggly
=125 35 % [ L 0e). 108
(‘12*""")'“’?
e 8 Ty [P
0. 154 005, (s875—507) 084250225
1 2,600 33
15 52T 8%
7 1 7 3
PR - PRI S S,
5 (6855 ""18) Hwrm)es
¢ [N ()4
(24 —1.965): (1.2.0.045)  1:0.25



Problems

17 c;:uos
5 (2 4+1%) 437 (275-12) 2 o
—§-~% 83 _0.45 200
o (6—4%) 0.03 (03—3) % .2_1_
( :‘6”3 05) 44% (1 &%2-) ?’l
20. 26: [)35(8))8:)112)) e IR AT
3 __*o 09; (o 15:24 )

21, 0.32. ()J-O 03—(5.3—3. 88) +0.67
22,1527 27:1.35+(0.4:25) - (42— 1)

23. (10:25475:10)« (F—5-0.25 1 1)

360
0216 2 4 196 7.7
4 b oA G N T (g . (¢ <)
2% (55 in)- (u,_,a 3) +0.695:1.39
%y
2
(45 15 8.75 )
= - 3 13 -, 1 5
2. 11 B —(05+5—5)
9

26. i‘-; 0.298: [(1.5291~3~‘~'L-'-—~

927 { 8.8077 4 ‘)} 5
R BT T L N BV UT) ST PP UL v

[(ﬁ,g 20,31 --—ﬁ.‘o_s'x) 0.2 A;AOASJ £0.02
28. ; .
(2+15-0.2:0.1).

T 3
t 1
PRI
vo . ! (.5 1 705
29, G —0.8: dea R
CETES S AT A
2 152510



Chapter I. Arithmetic Calculations

13

2 1
1.75: 5 —1.751 = )15
30. (1753 ) 12 (6.79:0.7 +0.3)

(;-%-0.0325) 1400

4_5:[47.375’ (26%-—— 18.0.73) e.&;o.ss]

7

31.

5

2
. 27 9 .
17.81:1.37 .3—3 3! 3

32. Find the number, 3.6 per cent of which amount to

3.4-4.2:0.1
(1:0.3—,5)-0.3125

33. Compute
(46%:12 41200260 5 8001 125) 1
34, Compute

3

A T80
05435

[15:(0.64—0.425«0.005) :(l.{ﬁl} (0.(3/15: 031 mz) .

x (4 :6.25—

35. Compute

36. Compute
2.045.0.033 -+ 10. 518395 — 0464774 : 0.0562
0.003092: 0.000f —5.188

37. Compute
2 3 3 5 5
(75—25): 25+135)=(7-=n) (3-%)
38. Compute

(4134?-402_3) {[4—-3§(2%_ 1 .’_)] 10.16}
39. Compute
40 25

(2“3‘“‘?):4“‘?




14 Problems

40, Compute
0.8:(%4.25) ' (1.08—_3):—’7‘—

0.64— 5 (62~37)2

-4

+
-~
-
™
>
oo

=

o

41. Compute
[a15—(185-57) (105—73)]: 227

42, Compule
(0—4—;-):0‘003 (0.3ﬂ§%).1é‘

L(3210-2.u5) 4];%‘ (1‘ss+2§:-,)) -

43. Compute z, if

N ) e

:62 5 +17.81:0.0437

44, Compute z. if

3 9y o e .53
[(4 uzsmm-x).xﬂzo 1.25): 6 a} ' a
(-mn %75):0.125+(-‘;- -17—)) (0.853—1.4706:13.7)

45, Fiond r, if
(27-0.8).2 9 (1.6-4154.66:70.3): 1.9

i (2%_1.3):4.3 =202

~}es cof o
o

(5.2 1.4):

CHAPTER X
ALGEBRAIC TRANSFORMATIONS
Simplify the following expressions:

46, (@ —b*—c? - Zhe) ———-——————:ji;z

Evaluate the result at a=8.6; b=V3; c=3-,;—

2 3 i
P it I i _q\.e—ant—niin
. ngan (1 1 ! 1—a2




Chapter 11. Algebraic Transformations 15

z 2 4 Br+ax®
48. az-2a2~12+x—201~2a'(1* 37 )
2a 1 3z—6
4 Az
9. — 42 +212+61——at-—-1’m (I Vore-2 )
2a-+10 130—a 30 3a3-1-8a2 —3a
50. ( 3a—1 + !———’.’*}‘:“‘7”3) 1
1~ a2
4
gy @b ad-b3 o F3 J(r-—y)
at. PP R 52. i y2 ¥yt

RN [ - ——
e w(’v;)J
2

a—1 . 2a—1) 4at+1) | a T
54. [a2~—2a+( TRl T Bfa—2 | ai— 3a+.,Jx

% 36a3 — t44a — 3602 4 144
ad 27

55 I: 3{z-+2) . 222 210 }

TP F a2t o) 2(@—attz—1)

[ 5 .3 3
Lt P 241y 2{x—1)
56, (E=Y _‘1“-&>y2-+»yﬂ2) VArd - daty 4 g2 -4

'(Zy-—x 2 xy—2y2 | 22ytaytz

a-a-—2 (a-2)2—a2 3
57 a"“—,‘ia"'{ fat— % ~n2—aJ

a 1
242 (b 4-c)20 — 5 a1

an?—ad . 2a2—a * alc—a (ne—cj

- 1 1 R 1

59 afa—b)(a—c) + bh—a)yb—rc) o ¢ (e a) (¢ ~—b)}
- —1 @2 - 2

60 1 (a4 x) '[:1__1 {a -{rz)]

C{—(adyt 2ax

58.

Evaluate the result al x:a-é—l.
24 ba-1 NI _l:l n nel Gan+? y -1
61. [ L — 6b (i —a) (207 3amt — )

o L-(3) 7]
O ViR Ve

* Prior to solving subsequent problems read the notes on pp. 90 to 92.



16 Problems

343
63. —2r ¥/ (@ 2ab+b2>(a——b><a+b>—,—“-~—b);

64. v 8z (1-4V3)V 2Vbz—4V 2z
65. %,‘V(a«;’f—i)(aﬁ——i)(i~;~2a»;—a2)-(w)—’

Va—1

T Aty Tra 3
66. V V - ]/9+18a‘1+94'2
67. a’){‘/a‘"”b‘ —ab Y (a—by1

15 4 -
68. (VGH—T e vb)(v’b 11)

1 1 ) axb

69- ( Visvest " 1/5+]/m) | (H“]/““")
_;.,,-ab_l

= ) s S v

2

73. Evaluate the expression

Vaibz+Va—bz
Veibi Vit

2am

il
b e e M <L

Simplify the following expressions:
1 1
LT 5
-p [ SRS T 3)
" ————

(m 42y — (m e x)fz



Chapter I1. Algebraic Transformations

2mn and m>0, 0<<n<<1.

if =Ty
.4 1 L 1
G—2?) 24177 F r(—2y 2177 %
S S B
i
if z=2k2(14+4)" and k>1.
3
1 = (a1 -
A — 1 1y
76 (2 4a’1 [(a )/(a 1) V(a'-!—i)(a——i)J

i
3

202 ) (rla~2—4 +4a22‘2)- -
1

2az (22— az)— z

VatVEy-t, ¢ Vat+ V-t
« )" o )

2V a 2al/5
(a—zall{ab )-1+( b-\—z}liab )—t

ViiVi_ VigE \t_(VamVi_ VaTE -
. ( )= )
Y\ Ve T VervE Vits  Vi-Vz

+ I
La _ Vilxa
.—Q-(Vx bl “ i 1/22+a)1 0] I-%—'Vz_z-{——a

§ - e
—— 2 —_
81, 2z V&1 (1+1~—;—1)‘_-’—“x+}‘;§:—:—
82. Compute
232 ! _278
[a 2b(ab™) 2('1") “]
-y
at a= , b=g= ﬂ
83. Evaluate the expression
(e-+1yt+(+1)*
at g=(2+3)" and b=(2-V3)".
2-01338



18 Problems

Simplify the following expressions:

2+ VP—bz _ z—VYat—hz

z— Y R—bz z+VaP—4hz

nb2 b VE—4 | np2—YnE—4

nt2—Yni—4& nt+24+Vni—4

1/_5“ X ( Vi-Vic@ _ Vit V—a )
i—@ "\ Yot Va—at Vz—Va—at

i

Ziq 1 3 g 1
87. = F i 88, @2 +275%): (1)
zha? 1

89. Prove the identity

84.

85.

86.

[

+ 3y%]

a—a-2 4—a-2
1 i

H
2
¢ 1T

o2—a 2 a2+a

+5=0
3

a

20} e

90. Compute

3 2 22
a4 b* . e 3Ya=b
2 3 Va—b Vb
2 aVe
(a?‘-»ab)3

at a=1.2 and b=—g-.

Simplify the following expressions:

o1t H 1 11 1 11
91. [(aZ -+ b%) (a? + 5b%) — (a? 4 2b%) (a® — 2b2)] : (2a + 3a2b?)
Evaluate the result at a=54 and b==6.
1

_t i _t il
P () f‘“""’) 2{1 + lta+b) ,2"“‘"’) f]l
- -1 - -y
lein T+t 8 =lesp Tm@—n" 2"
1 1
1 5 -3
-5 1 (1—a?®f-02(1—a?) 2
93. a2(1—a®) I— . T

i
tleg—an 8
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5 1

=2 - 1
22—z 2 23\ 2 2VAt - VIt
% e (e—mm) (Ewr

t
¢ 1 2% 2 g2
2 nE 2Ry 2 o (B2 ot U 2
95. (R*— %2 —2*(R*—3%) 2R N VR -2 \-2
(R~-—IZ)[1+(—"—“—‘) ]

z B

5]

LI 5 ot
986. (p*+¢5= (p7? +q“)+~—l——,'-—(p *+q %)
(P +e°8
(e-+y @) : (z 4+ azz)—i [
97. ——g EYas
[ Va=y'e V I]
- a—«v:rl -3 ~ N 2
V' Vi vz | [4‘1‘9“ I
: (V5+1)3—a1/5+2 ’ : 2(15 3(1“E 11-2-—41‘5
b b
100, [(a—-—b)}/Zib ta— H(a—b)(]/“j wl)J
. Va—Vb
101. (Vab—-— +V“) LV q
'Va-—'}/l) VE ‘5
102. (a—hbz Va) (At 7 VE—VE)
. 1 2y '2__- TTRSTTE
103, [ ——+ zi‘/i~4$"5] V=18 16
224z *
WEHV D+ V) 1/
104, 2 =y |Vave

R 1+Vﬂf 21/ 5 e a

y ar a’r — ks .
105. ( i TTva 1'“1/1 F
106 @a—b2) V3-—b V3V =88 V35—V

Viewrr@var /3 /3

2 2zl 7z z1i i

1
107. 14 (w‘ —a g A‘ } —"*V(”"—I*) + 4a%2?




20 Problems
4 ~-11-2 . z—a
108. (/=) + (/2 +V T s
109. ["‘i’:‘/’ Vi) vhe e+ Va1’
¥
i 1 -t
3z 3 3 1—2z y~1
0. | 57T 1 ”(3:-2)
282z 9 PR
-1 2
111, )Z/VB[Va"% aVa—tt—Vat—al az.-bz]
3 ‘
112. [(’/i::z;i:’jzz ‘/(a3—r3azm3az2+x3) ta
3
/a4 /b ~{2V/%) .; 1 3 a2
pis, [WEEVERCCVIR (3 gf) @ 1 oty |«
. a2+62
—4h — 9 b 2
W"( "2 - I )'1_ T
at (@60 a--6(ab)® -9 a? — 3%
_a=b N 0aVaeb Vh
s (4&/;*‘\/5) 22V a4-b )} )JH Vib—a
3at--3b | ab " aVa—bVa
16 (Va— VB +2a2: Va+b Vo 3 1/ ab—3b
’ a Vasb Vb Toa—b
fVa-Yi -1
117 “K ERE] ) }(ah) -
- b7
1 -3

118.

119.

120.

LAY e YR
-a ,/b) (a+5/ a%%) —‘;’/b}
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- - i
121, [fz—f-/;if-za--Va2+z+2anJ

ayz+Var
122 2Viz ¥
VR (VR -
(;/;_( ~VE) Titi Vz)
- a+,‘/a3b2+b‘y’aﬁ+b2__ -1 1
R B s ) Iy
N a T
a-fz g;?l'——yg aZx
ars 35 83 ) -
124. Vat—y zt o;#;—;; arty 22 8 7
i
125, —t 1 22

T T T 1
a4+a8+1 a‘——as—i-l u2_44+2
196, Y V21V 352 Vity aiin Vb8
Vi yViriy 3 2
Vx«i
t27. VYTV YT
' r—ab—2a% Vab

2
_z 2
—a3( .38 - a+b_ab
3b—b6a4-2ab—52 ° 3a"ab a+bd

198, [10:2+3a1 i bz — izt —az-4ab :(b—x)——2] >

Gzt —gz | 2z-4a

1 1
« [ (a4 22) 2+(3z—a)2}

(422 —a?) .4

2

44 z 2 Tv5
129, [w_h_/, teETETY JV“— .
1
_(v3 S oL S WAV PN N
! (V24Vemgim) e =2
130, (= Pt Viez |

T 1

U+ L4d—at . .
5

e (et — ey )

22w 3p - f



22 Problems

131, Va3 VB Vab—2 VY i
: (a%— ab—2b2) 3/ a5

e [t —a— 1) (@—da+3)7

a+2b | a®4eb—3e
3
Vu 'Va_l;—(ab)z: Ve Yy
g2, LV Ve (V54 %)+
2a--2b a-4-3b a2+ 24ab
+"’( e T Sa-126  2a°— 6ab— obe )

( aVi—yab Va) L aVE4bVa
133. [ e } L

B—ha? 1 3 )
+g '(b2+3ab+2a2 ST ab 5

3
(34 4(20)% @20y | V26 V/2ab1- /%%
Ve vm - Vb

—6 ( a . 8p2 )
Ga —48b da—6b a2—10ab - 16b2

CHAPTER I
ALGEBRAIC EQUATIONS

Solve the following equalions"

6b4-7a  3ay az—b |, brxta a2} B2
135. —g ZT =1 ab’ 136. atb | Ta—b T @t
r—a—1b £—b—c¢ r—c—a
137. P -+ Y -+ B =3
138 c+ 3z c—2z 2e4z2

521 6ed  Od2—bed | 4cP—0dZ
139 x—1 4 202 (4 —2z) _ 2x2—1 1—z

3ab4-1  3ab (a1 z
0. S e = TG T
dabe | a2 | (2a4-D)b2z , bz
Wl Tt gt ST
142 z-4-m az __ am bz
T a¥b T (atbE T a—b2  aS—abtlatb—b
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143.
144,
145.
146

147.

148.
149.

151.
153.

155.

157.

159.

161.
162.

163.

164.

165.

£+_z_+ m(z—m) . z{z4+m) = mz

z(z+m) m(z—m) m2—z2 —2
a2tz at—z 4abz 4 2a2 - 2b2
Pz btz b2
+ (a+nlanztna2t23)  az nr?
a—z BA-nzi—atr—ain  n+Z + 22 —a2
a1 x+i N at+1 a(z-+1) _z
( T T T 1) : [ GFaTa  arti +1]*7
a4z a—zx 3a

a%.4-ar-}-22 Ty s z (a% -4 a222 -+ 1Y)

a(Vz—a)—b{Vz—b)+atb=V7

1 i 1 2z T b2
[Ehul S N A——— § 1 e S et
a2 " adz + a--2r 0; 150. z+b  b—z 4(12-b")
2a b2 — g2 z2 a-b
1 T—a  attfat—2az’ 152. ab—2b2  ac2—2bc2 + bc
z 2z 5a% | 2241 1 z
z4-a tr=e T 4 (22 —a?) ' 154. ntr—2n 2nzn
a—z2 1 a—1 . 2  az0?
@—=zp d  a—az(da—z)’ 156'1—:—11' a2 12 —2az
1 1 _ 2{n+3), a-tz—~2n a—2n
ntnz 2zt z3—4x’ 158. %a—n  z =1
a—z \2 a \2
a a—1 15 160. ( ) —(a+b) _ 5
AL 72 o 20z - nlz? = r2+a2——2a.t T G2
z- 2% | 1—a? ab

T—22 " (14 az)2—(a+2)? = =
Factor the following expression into lincar factors:
11z — 32 + 70

. a b .
Factor the expression 4 —— into iwo factors, whose sum is

b
a b
Oy
Factor the following expression:
1523 + a* — 22

Factor the following expression:
2 422+ 4+ 2+ 2
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165a. Solve the equation
A+ a2 =41 —2%
166. Write a quadratic equation, whose roots are
&
b
167. Set up a quadratic eguation, whose roots are
1 1
10—-V72 104672
168. Write a quadratic equation, whose roots are

a
Va+x Va—b
169. The roots z, and z, of the quadratic equation
2+ pr+12=0
possess the following property: z; — z, = 1. Find the coefficient p.
170. In the equation
522 —kz 4+ 1 =0
determine k such that the difference of the roots be equal to unity.
171. The roots z; and z, of the equation
2? — 3az + a®? =0
are such that z }+4 zj = 1.75. Determine a.
172, In the quadratic equation
v 4+ pr+qg=0
determine the coefficients such that the roots be equal to p and q.
173. The roots of the quadratic equation
az? + bz +c¢c =0
zy

are zy and z,. Set up a new quadratic equation, whose roots are o
¢

and 2
a

and

Z3

and
174. Given a quadratic equation
ax® 4+ bz + ¢ =0
Set up a new quadratic equation, whose roots are:

(1) twice as large as the roots of the given equation;
(2) reciprocal to the roots of the given equation.
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175, Set up a quadratic equation, whose roots are equal to the
cubes of the roots of the equation
a2+ bz +c¢c=0
176. Set up a biquadratic equation, the sum of the squared roots

of which is 50, the product of the roots being equal to 144.
177. Find all the roots of the equation

478 — 2428 4 872% + 182 — 45 =0

if one of them is 3 + i}/6.
178. Determine the constant term of the equation

6z — Tz? — 16z 4+ m =0

if it is known that one of its roots is equal to 2. Find the remaining
two roots.
179. Knowing that 2 and 3 are the roots of the equation

22% 4 ma® — 13z -+ n =0

determine m and n and find the third root of the equation.
180. At what numerical values of a does the equation

2420z Y @ —34+4=0
have equal roots?
180a. In what interval must the number m vary so that both
roots of the equation
2t — 2mzx +m? el = 0

lie between —2 and 4?

Solve the following equalions:
181, Yy 2—Vy—6=2; 182. V22 2y 10—z=2
183, Yz ri—Vae—1=2 184 V2t3+)V3—2=7
185, Yz +1+V 2 +3=1; 186 V3r—2=2)zF2-2
187 VIz i1+ V71—3=2V7 188 Vit 2V 24 %42+ 1

189, 3£z~ i+-1—1/—4—+—22—

190. l/x+2 l/z—{-d z+2 l/z+2

101, V218 3=
V= +Vz+3 VP




Problems

4 1 3
192. .‘L‘—{»-V-Tz'f"l' - Z—V12+I Tz
193, e e = L

24 VEi—22  2—Vh—a?
194. VoV 7+ V 2=V 2/ T—Vz=i/28
= = 3 T

196. %:?; 197. z—a—) P—2V i ta

198. VidaZE—zat 1, 199 Vitaad—ar 1

1‘/1+a“2x2+za“:7;’ : 1/1+0212+a1m7
200 z—§-c+1/12-—c-_ 9{z+c)
Do VaEemc® 8¢

200 Ve t3—4Vz—1+) 2486V z—1=1

202. 2V a4z} a—x='[/a~—x+l/x(a«fvx)

208, V@@ —z+ VP —Z=a+b

204, Va—z+Vbtz=Varb
TTr | VIEE
[ N x

205. V5T a=a— V7T 206. . Ve

1 1
207, }'z - T=12; 208. (x—1)2-4 6 (z—1)% =16
200 V2 V10528 — V15—9:—0

210, “f;+s/2,~.~3 SV EVITESY
21, YV a—z 1Y b—z=y a+b—2z

202, Y72 =3 213, 2Y 2—3%7=20
214, Vatz— Y arz=0; 215} /2’“ /2‘;:22 =
- V1
206. o2 41 -V FLT1=42; 217, ZLZ ‘~--«—--.=.
. VETTI= a2 27, P
218, I=h o, g o9 maVizzie—b Vi,

Virz Viczit Vit
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2—z 2?__1 z—4 _1~V§
220522 =)/ 55 e e
222, VF—38z+5+at=3zr+17

223. V37 + 62— 8-V 32 +bx - 1=1

24, VFET g+ 8+ VT ay+i=V 2+ +6)

Solve the following systems of equations:

2y =2(ay+2) r4zy+y=11
225. { et y=6 226. { ey 2 = 30
zyr=1 -y =23
227. { o =12 228. { 2%y =50
(2% — y?) xy =180 3z —2zy - 5y* —35=0
229. {xz——xy yt = —11 230 { 522 —10y*—5=10
oty =gay 2oy byt =13
231, X 232, {
T—y=7% zty=4
LR 8B
233. {“2"“’“"”2”7 934. {y tTeTE
z—y=1 Byt =T
z\M n
s {(7) (5) =
BN z\n y\m
() (%) =2

Give positive solutions only, assuming that ¢>0, >0, ¢>0,
d>0 and m==n.

2—zy+yt =T { 2 pyt=T
236. { 4yt =135 2 zy(z+y)= 2
Give real solutions only.
yy=130 zEy =51
238, {I”(ﬁ* yLs, 239, { R
Ay =00 zy =6
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z-2y+3z-+4u=30
2z —3y 4 5z—2u=3

3z by—2z—u=1
@z by 4 Pz =d? bz —y-462—3u=8

zty+z=4 VizFy=3:F7=2
42+ 32=5 243. < 2y+5x+2z--255=3
dryte=ta ViTi—VEE=0
z+y+z—13 22yt
245 {

z4y+z=1

240. az-t-bytcz=d 241.

242,

284, (PPt = zy +yz -+ zz =47

xy+zz—-2yz (—2)(z—y)=2
(V=
Vet ]/y-!--[i;
246. b3+b21+by+z~0 247. {4 10
S tcfrdoy 4= | =78
O

+y—2Vay=4

24
8. x—LJ—i()

1'*’.‘/ =0
3z

249.
Ty —Sd=x4y

1nx_ry___ 'Vﬁzo

TEy+Vr—y=6

250.

{
{
s
:
i
7

251. { V;T HVimy=tVa
Vi gV =g =i —3)a
{wav —VE—P=y - {I24.-xy+y2384
byt == 1440 x~~1/;§+y-14
thn:)s3a Find all the values of m for which the system of equa-
{ T—y=m(1+zy)

2taztytay=0
has real sclutions.

252.
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CHAPTER IV

LOGARITHMIC AND EXPONENTIAL EQUATIONS
Determine z without using logarithmic tableS'
! log 9-log 2, ~log } %

254*. 2 + 101002 ; 255, x——-1002

256, £ = V o " 957, 2= 401-logr2 1 5-logs s

Solve the following equations:
258. log; logslog, =0
259. log, {1+ log, [1 -+ log. (14 log, x)]} =
260. log, {2logs11 +loga (143 log, 1))} = —2-
261. log, (x 4- 14) -+ logy (2 4-2)=6

262. log, y -+ loga (y -+ 5) +10g, 0.02=0

log (35— z%)
263. Teb=a 3

264, 1-+4+logx =3log[b——(§a—:ﬁ)—£g;i—a£]—
4
——-glogb+—;— log (a® —ab?)
1
265. log[z——-au——a)'i:l———;-log (1+—i—)—-

/a3 +a
—log V a7 —a?=0
266. log, V5 +log. (52)— 2.25 = (log. /' 5)*
267. logyz-+log x4 logaz="7

268, logax—logazx+loga¢x=%; 269. (.:;—)“-7:(.;_)7"3

270, 7.3%%0 5T = 3553 274, 0.125.42**3=(}.§§)“‘

N . Throughout this book, the symbol log stands for the logarithm to the
ase 10.



30 Problems
45 £tt1
272. 0.5%%.225+2 = 6471 273, 32%-7=0.25. 128x—
4y® (27yx=t__logd, VE v T
2 (5)(3) —my 205 [2 (2vE+o)2 yx] =
1
2"::-5 )
276. 2(2V=+3) — V=0
277, Y BHY T Y T=1; 218.3logeaz + g log , 7=2
Ya
279, log, (z - 12)-log, 2=1; 280. log, (52%) logiz =1
281, 1w‘a—’r-a'3+a3+.‘.-+-a"‘1v;~a"=(1+a)(l—t—aﬂ)(1%—a‘)(l—{—a")
282, 52.54.56. ... .5 =0.047; 283, 42 —17.2%8 4+ 1=0
284, 2.4%° —17.4% 1-8=0; 285.3 81—100+3=0
log x4-7
286. & & = 100ogx+t
287, log (478-2V% — 1) —1=1log (V2vs-2 4 2)—2log2
288. 2 (log 2 — 1) -+ log (5 V% - 1) = log (51~ V% 4 5)
289, ;",l()g:c__f;l"gx"‘ 3loga+l -—lo,.a 1
290. x:mg:x-x.mgx:,/m; 291, log (64 VoY 20
292, log, (9 —2%)=3
293. log 2.4 log (4%7%+ ‘)) 14-log (2%24-1)
294. 2log 2 - (1 ‘;».T)I()g3~log (7 34-27) =0
205, log (3VTFT 28" V) 2w 2 10g 16—V 7 0.25 log 4
. 2 log 24 log (2 —3) o
296. g (7r-1) < fog (z—6)+log3 T
297, lag, 1204 (0 — 3 —2logg (1 —5 5¢-3) = — logs (0.2-54

Seolve the following systems of equations:

29 94y -~1 log, x -4 1c =0
299.{ Sor YT
i T4 y==3.(3)
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300 {logaz-%-log,,y—_-?. { log (2* 4+ y*)—1=log 13
" logexr—loghy =4 * log(z+y)—log(z—y) = 3log 2
0. {logxy(r-y)=1 303 {loga(1+§)=9.~logay
logey(z+4)=0 logy, z -+ logyy = 4
logs z -+ logs y +loga 4 =24 1log, 9
04. { ‘
Ty—oa=0

w

&2

zy = a* 306 { 3%.2Y =576
305. {log"’ z -+ log? y = 2.5 log® (a?) * ogyzly—a)=4

logz-+logy=1loga log, & 4 logasy = 3
307. { °

7
2 (log z—log y) =log b IOgbzz:-{—Iogby:—z«
3
309. {logax-l-logazy:—i 310. {loguu+loguv:2

logbzx——logbgysi uz+v:12

2 xy+ P =a
311. {
log.

:;/—&VE+IOg!/ ,;VE::‘V:}’—

o B 9
log, £ — logy y =0 logy 2 - log, y - log, 2z =2

312. { I 521 4=0 313. logs y-+-logyz - loggz =2
oy - log, z 4 logys x -+ logy y = 2

=y =2V 3
314.{ Vety=2V3
(e +y) 2777 =3
sus, |VFV 77T
“llog(z+y) =log40—log(z—y)

YR =327 9 GF 27 YO
316 VE =32 317.{ P—27 27 =0

\WEFE=3 YT log {x —1) —log (1 —y) =0
1 1 -
~logz-t = logy—log (4—VZ) =0
318. {2 2 ) 9. {I”g"‘“f‘:p

(251/5)1/};__125_5}/;:0 log, bz =q
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CHAPTER V
PROGRESSIONS

Notation and fermulas

a; = first term of arithmetic progression

a, = nth term of arithmetic progression

d = common difference of arithmetic progression

uy = first term of geometric progression

u, = nth term of geometric progression

¢ = common ratio of geometric progression
S, = sum of the first n terms of a progression

S = sum of infinitely decreasing geometric progression

Formulas for arithmetic progression
n=a,+d(n—1)

S, = (dri-zun)"

. |20y -+d (n—Din
S, e LR

Formulas for geomelric progression

Uy =gt
o U, Gt . gt
AS,‘x“—%{;{—”—((]‘/sl) or S"=__’__..I.’Lg. g<<1)
u‘(q‘"h uy (1—‘

S, = (g=-1) or Sy== q ke g<t)

1—4

ARITHMETIC PROGRESSION
320. How many terms of the arithmetic progression
5 9 13; 17; ...

is it necessary to take for their sum to equal 10,877?

)
(5}
(6
O]

321. Find an arithmetic progression, if the sum of its first four
terms is equal to 26, and the product of the same terms equals 880.
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322. In an arithmetic progression a, = ¢; a, = p. Express a,
in terms of n, p, and q.

323. Find the sum of all two-digit natural numbers.

324. Find four successive odd numbers, if the sum of their squares
exceeds by 48 the sum of the squares of the even numbers contained
between them.

325. An arithmetic progression consists of 20 terms. The sum of
the terms occupying even places is equal to 250, and that of the
terms occupying odd places equals 220. Find the two medium terms
of the progression.

326. Given a sequence of expressions: (a + z)% (a* -+ 2%);
{¢ — z)% . ... Prove that they form an arithmetic progression, and
find the sum of its first n terms.

327. Denoting the sums of the first ny, first n,, and first n, terms
of an arithmetic progression by Sy, S, and §;, respectively, show
that s s

%‘:‘ (rg — ng) + —"':‘("3” ny) “T‘AT;" (ns—ny) =0

328. Write an arithmetic progression whose first term is 1, the

sum of the first five terms being equal to % of that of the next five

terms.

329, Find an arithmetic progression in which the sum of any
number of terms is always three times the squared number of these
lerms.

330. Find the sum of all two-digit numbers which, when divided
by 4, yield unity as a remainder.

GEOMETRIC PROGRESSION

331. Insert three geometric means between the numbers 1 and 256.

332, Find the three numbers forming a geometric progression,
if it is known that the sum of the first and third terms is equal
to 52, and the square of the second term is 100.

333. Write first several terms of a geometric progression in which
the difference between the third and first terms is equal to 9, and
that between the fifth and third terms equals 36.

334. Find the four numbers forming a geometric progression in
which the sum of the extremes is equal to 27, and the product of the
means, to 72,

335. Find the four numbers forming a geometric progression,
knowing that the sum of the extremes is equal to 35, and the sum
of the means, to 30.

3-01338
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336. Determine a geometric progression in which
wy - us +oug b ouy A oug =31

and
Uy 4 Uy + g+ us + ug = 62

337. A geometric progression consists of five terms; their sum less
the first term is equal to 19 -i— , and that less the last one equals 13.

Compute the extremes of the progression.

338. Find the first term and common ratio of a geometric progres-
sion consisting of nine terms, such that the product of its extremes
is equal to 2304, and the sum of the fourth und sixth terms equals 120.

339. Three numbers form a geometric progression. The sum of
these numbers is equal to 126, and their product, to 13,824. Find
these numbers.

340. A geometric progression consists of an even number of terms.
The sum of all the terms is three times that of the odd terms. Deter-
mine the ecommon ratio of the progression.

INFINITELY DECREASING GEOMETRIC PROGRESSION
341. Prove that the numbers
i 1.
2

constitute an infinitely decreasing geometric progression and find
the limit of the sum of its terms.
342, Compute the expression
Iare @
RIES.

(Y3 [E3=2) v

after proving that the bracketed addends are the terms of a decrea-
sing geomelric progression.

3%43. Find the sum of the terms of an infinitely decreasing geo-
metric progression in which all the terms are positive, the first
torm is 4, and the difference between the third and fifth terms is

e 2
equal to 5= .
1 ) Ty
344. Determine the sum of an infinitely decreasing geometric
progression, if it is known that the sum of its {irst and fourth terms

is equal to &4, and the sum of the second and third terms, to 36.
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345. In an infinitely decreasing geometric progression the sum
of all the terms occupying odd places is equal to 36, and that of all
the terms at even places equals 12. Find the progression.

346. The sum of the terms of an infinitely decreasing geometric
progression is equal to 56, and the sum of the squared terms of the
same progression is 448. Find the first term and the common ratio.

347. The sum of the terms of an infinitely decreasing geometric
progression is equal to 3, and the sum of the cubes of all its terms
equals —1-%8
348. Determine an infinitely decreasing geometric progression,

Write the progression.

the second term of which is 6, the sum of the terms being equal tu%
of that of the squares of the terms,

ARITHMETIC AND GEOMETRIC PROGRESSIONS

349, The second term of an arithmetic progression is 14, and the
third one 16. It is required to set up a geometric progression such
that its common ratio would be equal to the commmon difference of
the arithmetic progression, and the sum of the first three terms
would be the same in both progressions,

350. The first and third terms of an arithmetic and a geometric
progressions are equal to each other, respectively, the first terms
being equal to 3. Write these progressions, if the sccond term of the
arithmetic progression exceeds by 6 the second term of the geometric
progression.

351. In a geometric progression the first, third and fifth terms
may be considered as the first, fourth and sixteenth terms of an
arithmetic progression. Determine the fourth term of this arithmetic
progression, knowing that its first term is 5.

352, Three numbers, whose sum is equal to 93, constitute a geo-
metric progression. They may also be considered as the first, second
and seventh terms of an arithmetic progression. Find these numbers,

353. In an arithmetic progression the first term is 1, and the sum
of the first seven terms is equal to 2555. Find the medium term
of a geomelric progression consisting of seven terms, if the first
and the last terms coincide with the respective terms of the indicated
arithmetic progression.

354. The sum of the three numbers constituling an arithmetic
progression is equal to 15. If 1, 4 and 19 are added to them, respecti-
vely, we will then obtain three numbers forming a geometric progres-
sion. Find these numbers.

3
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855. Find the three numbers constituting a geometric progression,
if it is known that the sum of these numbers is equal to 26, and
that when 1, 6 and 3 are added to them, respectively, three new
numbers are obtained which form an arithmetic progression.

356. Three numbers form a geometric progression. If the third
term is decreased by 64, then the three numbers thus obtained will
constitute an arithmetic progression. If then the second term of this
arithmetic progression is decreased by 8, a geometric progression
will be formed again. Determine these numbers.

357. Can three numbers constitute an arithmetic and a geometric
progression at the same time?

CHAPTER VI
COMBINATORICS AND NEWTON'S BINOMIAL THEOREM

358. The number of permutations of r letters is to the number
of permutations of n - 2 letters as 0.1 to 3. Find n.

359. The number of combinations of n elements taken three at
a time is five times less than the number of combinations of n + 2
elements taken four at a time. Find n.

360. Find the medium term of the expansion of the binomial

a z% 16

2

361. Determine the serial number of the term of the expansion
N Y A . .

of the binomial (-,: 1Va~+*3—}- a) , which contains a7,

362. Find the serial number of the term of the expansion of
3T T A
the binomial ( V —Li:"i‘ 1/'—13'7) , which contains 2 and b to one
Vb "'/a

and the same power.

1 —_ 10
363. Simplify the expression -2—(3-""—11————— 2 11) and  deter-
)

o —at it ama

mine the term of the expansion that contains no a.
364. The exponent of one binomial exceeds that of the other by 3.
Determine these exponents, if the sum of the binomial coefficients
in the expansions of both binemials taken together is equal to 144.

365. Find the thirtcenth term of the expansion of (9::——Vi—§—:)m,
r4

if the binomial coefficient of the third term of the expansion is 105.
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366. In the expansion of (12+ —;—)m the coefficients at the fourth

and thirteenth terms are equal to each other. Find the term con-
taining no z.

367. Find the medjum term of the expansion of (a}ﬁ/'z;—- i ; - ) R
! 7=

if it is known that the coefficient of the fifth term is to the
coefficient of the third term as 14 to 3
368. The sum of the coefficients of the first, second and third

. L 1ym . .
terms of the expansion of {2®-+ =] is equal to 46. Find the term
p 7

containing no z.

360. Find the term of the expansion of the binomial (z}/ z +7 )"
which contains z%, if the sum of all the binomial coefficients is
equal to 128.

370. Find the sixth term of a geometric progression, whose first

term is il- and the common ratio is the complex number (1 +7).
371. Find the seventh term of a geometric progression, whose
common ratio is ( _g,.ii_), and the first term, i.

372. At what value of n do the coefficients of the second, third
and fourth terms of the expansion of the binomial (1 + x)" form
an arithmetic progression?

373. The coefficients of the fifth, sixth and seventh terms of the
expansion of the binomial (1 -+ z)* constitute an arithmetic pro-
gression. Find n.

3 at x41

b
374. In the expression (—x/—;: +a a~\-x) determine z such
14

that the fourth term of the expansion of the binomial be equal to
56a5-5,
4

375, In the expression (2 Vf‘—l—-l- v )a determine z such that

the third term of the expansion of the binomial be equal to 240.
376. Determine z in the expression (‘VQ‘_*,T}a__)x’ § in the

expansion of the binomial the ratio of the seventh term from the

beginning to the sevenih term from the end is equal to —:7

377. Find the value of x in the expression (z < z%€*)5 the third
term of the expansion of which is 1,000,000.
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i €

378. Find the value of z in the expression [(V:a log x+‘+’,V:7:] ,
the fourth term of the expansion of which is 200.

379. In the expression (—,‘;—_.-+xl°g V;)s determine z such that

the third term of the expansion of the binomial is equal to 36,000.
380. The sixth term of the expansion of the binomial

a2 loar) is 5600. Find 2.

1
( 22§ 22
381. The ninth term of the expansion of the binomial
r _ Vi -
Lapmex T2 2 ]
is 450. Find z.
382. Determine z, if the fourth term of the expansion of the
— 1 7
binomial (10“’&' "xqt—ng‘;ﬁ_(‘S“) is 3,500,000.
383. Determine at what value of z in the expansion of the bino-
12
mial (/1-;——1—/—_-) the term containing z to a power twice as
large as that of the succeedent term will be less than the latter by 30.
384. Determine at what value of x the fourth term in the
expansion of the binomial (V2x“1 —%——;7—_-:)"1 is 20 times greater
than the exponent of the binomial, if the binomial coefficient of the
fourth term is five times greater than that of the second term.

385. Find out at what values of x the difference between the
fourth  and _sixth terms in the expansion of the binomial

is equal to 58, if it is known that the exponent

of the hmomml m is less than the binomial coefficient of the third
term in the expansion by 20.
386. Find out at what values of z the sum of the third

and fifth terms in the expansion of (V?.“ V2

if the sum of the binomial coefficients of the last three terms is
equal to 22,
387. Determine at what x the sixth term in the expansion of

r =3 TSy Tog 3 . e s
the binomial [l gl (10 “)-{-}5/2(" 2 "’*’3]"‘ is equal to 21, if it

)m isequal to 135,
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is known that the binomial coefficients of the second, third and
fourth terms in the cxpansion represent, respectively, the first.
third and fifth terms of an arithmetic progression.
388. Determine at what value of x the fourth term in the expansion
of the binomial
(3 - —%log((i— )@)-’r ¢/ STEE-D "
2 S5iE
is equal to 16.8, if it is known that %5 of the binomial coefficient
of the third term and the binomial coefficients of the fourth and
fifth terms in the expansion consiitute a geometric progression.
389. Determine at what x the difference between the nine-fold
third term and the fifth term in the expansion of the binomial

(2 )
Y}~

is equal to 240, if it is known that the difference between the loga-
rithm of the three-fold binomial coefficient of the fourth term and
the logarithm of the binomial coefficient of the second term in the
expansion is equal to 1.

CHAPTER VII
ALGEBRAIC AND ARITHMETIC PROBLEMS *

390. Find the weight of an artillery round, knowing that the charge
weighs 0.8 kg, the weight of the projectile is equal to »23~ of the total

weight of the round, and the weight of the shell is-z— of the weight

of the round.

391. At a certain factory women make 35% of all the workers,
the rest of the workers being men. The number of men exceeds that
of women by 252 persons. Determine the total amount of workers.

* We do not divide the problems into algebraic and arithmetic ones, since
arithmetically solvable problems can always be solved algebraically, and vice
versa; the problems which are solved with the aid of equations may often have
a simpler arithmetic solution. Under “Answers and Solutions” we sometimes give
arithmetic, and sometimes, algebraic solutions, but this should not at all lay
any restraint on the student’s initiative as to the choice of the method of solution.
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392, A batch of goods was sold for 1386 roubles at a 10% profit.
Determine the prime cost of the goods.

393. A factory sold 3348 roubles worth of goods at a loss of 4%.
What was the prime cost of the goods?

394, If 34.2 kg of copper is extracted from 225 kg of ore, what
percentage of copper does the ore contain?

395, Prior to a price reduction, a package of cigarettes cost
29 kopecks. After the reduction, it cost 26 kopecks. What was the
price reduction in percent?

396. One kilogram of a commodity cost 6 roubles and 40 kopecks.
The price was then cut to 5 roubles and 70 kop. What was the price
reduction in percent?

397. The raisins obtained in drying some grapes amount to 32 %
of the total weight of the grapes. What quantity of grapes must we
take to obtain 2 kg of raisins?

398. A group of tourists have to collect money for an excursion.
If each pays in 75 kopecks, there will be a deficit of 4.4 roubles;
if each pays in 80 kopecks, there will be an excess of 4.4 roubles.
How many persons take part in the excursion?

399. A number of persons were to pay equal amounts to a total
of 72 roubles. If there were 3 persons less, then each would
have to contribute 4 roubles more. How many people were
there?

400, Sixty copies of the first volume of a book and 75 copies of the
second velume cost a total of 405 roubles. However, a 15% discount
on the first volume and a 10% discount on the second volume reduce
the overall price to 355 roubles and 50 kopecks. Determine the price
of each volume.

401. An antique shop bought two items for 225 roubles and then
sold them and made a profit of 40%. What did the shop pay for
each item, if the first of them yielded a profit of 25% and the second,
a profit of 50%?

402, Sea water contains 5% (by weight) of salt. How many kilo-
grams of fresh water should be added to 40 kg of sea water for the
latter to contain 2% of salt?

403. The hypotenuse of a right-angled triangle measures 3)/'5
metres. Determine the legs, if it is known that when one of them

is increased by 133—;— % and the other, by 16—%%, the sum of their

lengths is equal to 14 metres.
404. Two sacks contain 140 kg of flour. Each will contain one and
the same amount, if we take 12.5% of the flour of the first sack
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and put it into the second. How many kilograms of flour does each
sack contain?

405. Two factories, A and B, undertook to fulfil an order in 12 days.
After two days factory 4 was closed down for repairs, while factory B
continued fulfilment of the order. Knowing that B has an efficiency

of 66—32— % of that of 4, determine in how many days the order will

be completed.

406. In a mathematics test, 12% of the students of a class did
not solve the problems at all, 32% solved them with certain mista-
kes, and the remaining 14 students obtained correct solutions. How
many students arc there in the class?

407. A piece of a rail making 72% of the rail length is cut off,
The remaining part weighs 45.2 kg. Determine the weight of the
cut-off piece.

408. A piece of a silver-copper alloy weighs 2 kg. The weight

of silver comes to 14%«% of that of copper. How much silver is there
in this picce?

409. Three workers received a total of 4080 roubles for a job. The
sums received by the first and the second workers stand in a ratio

1
of7-2—

that of the first. What was each worker paid?
410. Three boxes contain (4.2 kg of sugar. The second box con-

to 1%‘ The money received by the third worker is 43—:13— % of

4 . . .
tains —5'— of the conients of the first, and the third contains 42 —% % of

what there is in the second box. How much sugar is there in each hox?

411. There is scrap of two grades of steel containing 5% and 40%
of nickel. How much of each grade is required to obtain 140 tons
of steel containing 30% of nickel?

412. A piece of a copper-tin alloy weighing 12 kg contains 45%
of copper. How much pure tin must be added 1o this piece to obtain
a new alloy with 40% of copper?

413, How much pure alcohol must be added to 735 grams of a 16%
alcohol solution of iodine to obtain a 10% solution?

414. A piece of a copper-zinc alloy weighing 24 kg was immersed

in water and lost 2% kg in weight. Determine the amount of copper
and zinc in the alloy, if it is known that in water, copper loses 11 ,i|%

and zinc, 14-3—- % of its weight.
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415. Rails are to be laid in a 20 km long section of a single-track
railroad line. Rails are available in lengths of 25 and 12.5 metres.
If all 25-metre lengths are used, then 50% of the 12.5-metre lengths

will have to be added. If all 12.5-metre lengths are laid, then 66%%

of the 25-metre lengths will have to be added. Determine the number
of rail lengths of each kind available.

416. After the graduation exercises at a school the students exchan-
ged photographs. How many students were there, if a total of 870 pho-
tographs were exchanged?

417. The geometric mean of two numbers is greater by 12 than
the smaller number and the arithmetic mean of the same numbers
is smaller hy 24 than the larger number. Find the two pumbers.

418. Find three numbers, the second of which is greater than the
first by the amount the third number is greater than the second, if
we know that the product of the two smaller numbers is equal to
85 and the product of the two larger numbers equals 115.

419. The number ¢ is the arithmetic mean of three numbers, and b
is the arithmetic mean of their squares. Express the arithmetic mean
of their pairwise products in terms of a and b.

420. A rectangular sheet of tin with a perimeter of 96 cm is used
to make an open-top box so that a 4-cm square is eut out of each
corner of the sheet and the edges are soldered together. What is the
size of the sheet used, if the box has a volume of 768 cm®?

421. Find a two-digit number, if the quotient obtained by dividing

2
this number by the produet of its digits is equal to 2% and, besides,

the difference between the desired number and the number obtained
by reversing the order of the same digits is 18.

422. Find a two-digit number, if we know that the number of
units therein exceeds by two the number of tens and that the product
of the desired number by the sum of its digits is equal to 144.

423. Determine a certain positive integer on the basis of the fol-
lowing data: if we adjoin the figure 5 on the right of it, the resulting
number is exactly divisible by a number exceeding the desired one
by 3, the quotient being equal to the divisor minus 16.

424. Find two two-digit numbers having the following property:
if we adjoin O followed by the smaller number on the right of the
larger one, and adjoin the larger number followed by O on the
right of the smaller one, then of the two five-digit numbers thus
obtained the first number divided by the second yields a quotient
of 2 and a remainder of 590. It is also known, that the sum of the
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two-fold larger desired number and the three-fold smaller desired
number is equal to 72.

425. A student was asked to multiply 78 by a two-digit number
in which the tens digit was three times as large as the units digit;
by mistake, he interchanged the digits in the second factor and
thus obtained a product smaller than the true product by 2808.
What was the true product?

426. Two railway stations are at a distance of 96 km from each
other. One train covers this distance 40 minutes faster thau does
the other. The speed of the first train is 12 km/h higher than that
of the second. Determine the speed of both trains.

427. Two persons simultaneously leave cities A and B and travel
towards each other. The first person travels 2 km/h faster than
does the second and arrives in B one hour before the second arrives
in A. A and B are 24 km apart. How many kilometres does cach
person make in one hour?

428. The distance between 4 and B by railway is 66 km and by
water, 80.5 km. A train leaves A four hours after the departure of
a hoat and arrives in B 15 minutes before the boat. Determine the
mean speeds of the train and the boat, if the former runs 30 km/h
faster than does the latter.

429. A tailor shop has an order for 810 suits, another shop has to
make 900 suits in the same period of time. The first shop has com-
pleted its task 3 days before the target date, and the second, 6 days
ahead of time. How many suits does cach shop produce per day, if
the second shop makes 4 suits per day more than the first?

430, Two ships meet, one going off to the south and the other,
to the west. Two hours after their encounter, they are 60 km apart.
Find the speed of each ship, if it is known that the speed of one
of them is 6 km/h higher than that of the other,

431, A dog at point A goes in pursuil of a fox 30 metres away. The
dog makes 2 m and the fox, 1 m long leaps. IT the dog makes two
leaps to the fox's three, at what distance from A will the dog catch
up with the fox?

432, Assuming that the hands of a clock move without jerks, how
long will it take for the minute hand to catch up with the hour hand
if it was 4 o'clock at the starting lime.

433. A train left station A for C via B. The speed of the train in
the section from A to B was as required, but it fell off by 25% in the
section between B and €. On the return trip, the required speed was
maintained between C and B, but decreased 25% between B and A.
How long did it take for the train to cover the distance from 4 to C,
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if we know that the same time was spent on the 4-B section as on the

B-C section and that on the A-to-C section the train spent 1—52 of an

hour less than on the return trip (from C to 4)?

434. A cyclist has to make a trip of 30 km. He leaves 3 minutes
late, but travels 1 km/h faster and arrives in time. Determine the
speed of the cyelist.

435. A fast train was held up by a red-light signal for 16 minutes
and made up for the lost time on a 80-km stretch travelling 10 km/h
faster than called for by schedule. What is the scheduled speed of the
train?

436. A train has to cover 840 km in a specified time. At the half-
distance peint it was held up for half an hour and so, in the remaining
section of the route, it increased its speed by 2 km/h. How much
time did the train spend em route?

437. Two trains start out towards each other from points 650 km
apart. If they start out at the same time, they will meet in 10 hours,
but if one of them starts out 4 hours and 20 minutes before the other,
they will pass each other 8 hours following the departure of the
latter. Dectermine the mean speed of each train.

438. Two trains start out at the same time {from stations 4 and B
600 km apart and run towards each other. The first train arrives
at B three hours before the second arrives at A. The first train travels
250 km in the time required for the second to cover 200 km. Find
the speed of each train.

439. A commuter walking to his train had covered 3.5 km in one
hour and then figured out that at such a rate he would be one hour
late. Therefore, over the remainder of the distance he made 5 km/h
and arrived 30 minutes before the train's leaving time. Determine
the distance the commuter had to walk.

440. The distance between 4 and B is 19 km by highway. A cyclist
starts out from A at a constant speed in the direction of B. A motor
car leaves 4 15 minutes later in the same direction. In 10 minutes
it catches up with the cyclist and continues on to B, then turns
around and in 50 minutes after leaving A encounters the cyclist
a second time. Determine the speeds of the car and cyclist.

441. A mail train leaves station 4 at 5 a.m. for station B, 1080 km
away. At 8 a.m. a fast train leaves B for A and runs 15 km/h faster
than the mail train. When do the trains pass each other if this occurs
midway between 4 and B?

442. A is 78 km distant from B. A cyclist leaves 4 in the direc-
tion of B. One hour later, another cyclist leaves B in the direction
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of 4 and cycles 4 km/h faster than the first one. They meet 36 km
from B. How long is each one en route prior to the encounter and
what are their speeds?

443. Two hikers start out at the same time and, walking towards
each other, meet in 3 hours and 20 minutes. How long will it take
for each hiker to cover the whole distance, if the first of them arrives
at the starting point of the second 5 hours after the second arrives
at the starting point of the first?

444, Two hikers start out towards each other, one from A and the
other, from B. The first hiker starts from 4 six hours after the second
leaves B and when they meet it turns out that he has covered
42 km less than the second hiker. After the encounter the hikers
continue walking at the same rate as before and the first of them
arrives at B eight hours later, the second arriving at A in 9 hours.
Determine the distance between 4 and B and the speed of the two
hikers.

445. A dirigible and an airplane are flying towards each other,
having left their terminals at the same time. When they meet, the
dirigible has made 100 km less than the airplane, and it arrives at the
departure point of the airplane three hours after they pass cach
other. The airplane arrives at the airport of the dirigible 1 hour
and 20 minutes after they pass each other. Find the speeds of the
airplane and the dirigible and the distance between the airports.

446. Two hikers leave 4 and B at the same time in the direction
towards each other. When they meet, it turns ont that the first
hiker has covered ¢ km more than the second. If they continue on
their ways at the same rate as before, the first hiker will arrive
at B in m hours and the second will arrive at 4 in n hours after they
meet. Find the speed of each hiker. )

447. Two bodies are moving along the circumference of a circle.
The first body makes the whole circle 5 seconds faster than the
second, If they both move in one direction, they will come together
every 100 seconds. What portion of the circumference (in degrees)
does each body make in one second?

448. Two bodies moving along the circumference of a circle in the
same direction come together every 56 minutes. If they were moving
with the same speeds as before, but in opposite directions, they
would meet every 8 minutes. Also, when moving in epposite direc-
tions, the distance (along the circumlierence) between the approaching
bodies decreases from 40 metres to 26 metres in 24 seconds. What
is the speed of each body in metres per minute and how long is the
circumference?
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449. Two points are uniformly moving in the same direction
along the circumference of a circle of length ¢ and come together
every ¢ seconds. Find the speed of each point, knowing that one of
them makes the whole circle n seconds faster than the other.

450. The distance between two towns along a river is 80 km.
A ship makes a round trip between the towns in 8 hours and 20 minu-
tes. Find the speed of the ship in still water, if the rate of the current
of water is taken to be 4 km/h.

451. A motor boat goes 28 km downstream and then returns imme-
diately. The round trip takes 7 hours. Find the speed of the boat in
still water, if the rate of the current of water is 3 km/h.

452, A person boats from town A to town B and back in 40 hours.
The towns are 20 km apart. Find the rate of the current of water,
if we know that he boats 2 km upstream during the same time as he
does 3 km downstream.

453, A ship covers the distance between 4 and B in two days. The
return trip takes 3 days. Determine the time a raft will take to float
down the river from 4 to B.

454, Two bodies, Ay and M., are uniformly moving towards each
other from A4 and B 60 metres apart. M, starts out from A 15 seconds
before A, starts out from B. At their respective terminals the two
bodies turn around and immediately go back at the same speeds as
before. Their first encounter takes place in 21 seconds and the second,
in 45 seconds after the start of M. Find the speed of each body.

455, A road leading from city 4 to city B first runs uphill for
3 km, then it is level for 5 km and then runs downhill for 6 km.
A messenger sets out from 4 in the direction of B and having covered
half the distance, finds out that he must return to pick up some
packages he has forgotten. In 3 hours and 36 minutes after leaving
he returns to A, Leaving 4 a second time, he reaches B in 3 hours
and 27 minutes and makes the return trip to A in 3 hours and 51 minu-
tes. What is the speed of the messenger when going uphill, over
the level ground and downhill, assuming that within the bounds
of each road section the speed remains constant?

456. A typist figures out that if she types 2 pages above her work
quota daily, she will complete her work 3 days ahead of schedule,
and if she makes 4 pages extra per day, she will finish 5 days ahead
of time. How many pages does she have to type and in what time?

457. A worker made a certain number of identical parts in a spe-
cified time. Jf he had produced 10 parts more every day, he would

have completed the job 4-.§-days ahead of schedule, and if he had
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produced 5 parts less every day, he would have been 3 days behind
time. How many parts did he make and in what time?

458. A typist had to do a job in a specified time by typing a cer-
tain number of pages every day. She calculated that if she had typed
2 pages more than required per day, she would have completed
the task 2 days ahead of time, but if she had turned out 60% of her
work quota, then she would have finished the job 4 days ahead of time
and made 8 pages more than required. What was the daily work
quota and in what time had the job to be completed?

459. Two workers together complete a certain task in 8 hours,
Working individually, the first worker can do the job 12 hours
faster than can do the second. How many hours would it take cach
worker to do the job individually?

460. A swimming pool is filled by two pipes in 6 hours. One pipe
alone {ills it 5 hours faster than does the other pipe alone. How long
will it take for each pipe operating individually to fill the pool?

461. Two workers are given a task to make a batch of identical
parts. After the first had worked for 7 and the second, for 4 hours,
they found out that % of the task had been completed. Having
worked together for another 4 hours, they figured out that g of the
job had yet to be done. How long would it take each worker to do
the whole job individually?

462. Four identical heisting cranes were being used to load a ship.
After they had worked for 2 hours, another two cranes of a lower
capacity were put into operation, with the result that the loading
operation was completed in three hours. If all the cranes had begun
working at the same time, the loading would have been completed
in 4.5 hours. Determine the time (in hours) required for one high-
power and one low-power crane 10 do the job.

463. A task was set to deliver a building material from a railway
station to a construction site in 8 hours. The material had to be
delivered with 30 three-ton trucks. These trucks worked for two
hours and then 9 five-ton trucks were added to help out. The task
was completed in time. If the five-ton trucks had begun the opera-
tion, and the three-ton trucks had been brought two hours later,
then only 1/,4 of the material would have been delivered in the allot-
ted time. Determine how many hours it would take one three-ton
truck alone, one five-ton truck alone, and 30 five-ton trucks to deli-
ver all the material,

464. Two typists undertake to do a job. The second typist begins
working one hour after the first. Three hours after the first typist
has begun working there is still ¥/,9 of the work to be done. When
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the assignment is completed, it turns out that each typist has done
half the work. How many hours would it take each one to do the
whole job individually?

465. Two trains start out from stations 4 and B towards each
other, the second train leaving half an hour later than does the first.
Two hours after the first train had started, the distance between the
trains came to 1%/ of the entire distance between A and B. The
trains met midway between A and B. How much time would it
take each train to cover the distance between 4 and B?

466. A rectangular bath 20 cm X 90 cm X 25 cm (a rectangular
parallelepiped) is used to wash photographic negatives. Water flows
in through ome pipe and, at the same time, out through another
pipe to ensure its constant agitation in the bath. It requires 5 minu-
tes less time to empty the bath through the second pipe than it does
tojfill it through the first pipe, the second being closed. If both pipes
are open, a full bath will be emptied in one hour. Find the amount
of water each pipe lets pass through in one minute.

467. A construction job required the digging out of 8000 m3 of
earth in a specified time. The operation was completed 8§ days ahead
of time because the team of navvies overfulfilled their plan by 50
cubic metres daily. Determine the original time limit for the
assignment and daily overfulfillment of the plan in percent.

468. A railway was being repaired by two teams of workers.
Each repaired 10 km of the track despite the fact that the second
team worked one day less than did the first. How many kilometres
of the track did each team repair per day if both teams together
repaired 4.5 km daily?

469. Two workers together did a job in 12 hours. If at the begin-
ning the first worker had done half the assignment, and then the
second had completed the other half, the whole job would have been
done in 25 hours. How long would it take each worker to do the
whole job individually?

470. Two tractors of different performance characteristics, working
together, ploughed afield in¢days. If at first one tractor had ploughed
half the field, and then the other one had completed the other
half, the ploughing operation would have been completed in & days.
How many days would it take each tractor to plough the field indi-
vidually?

471, Three different dredgers were at work, deepening the entrance
channel to a port. The first dredger, working alone, would have taken
10 days longer to do the job; the second, working alone, would have
tequired an extra 20 days, and the third dredger, working alone,
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would have required six times more time tian needed for all the three
machines operating simultaneously. How long would it have taken
each dredger to do the job individually?

- . 1
472, Two workers, the second one beginning working 1~ days

after the first. can complete an assignment in 7 days. I each of
them had done the job individually, the first worker would have
required 3 days more than would have the second. How many days
would it take each worker to do the job individually?

473. Two different tractors, working together, ploughed a field
in 8 days. If at {irst one tractor had ploughed half the field and then
both tractors together had plonghed the other half, the whole job
would have been done in 10 davs. How many days would it take
each tractor to plough the field individually?

474. A number of men undertook to dig a ditch and ecould have
finished the job in 6 hours, if they had begun working simultaneously,
but they began one after another. the intervals between their star-
ting times being equal. After the last worker had begun working.
a time interval of the same length elapsed and the job was finished,
each one of the participants working till the completion of the job.
How long did they work, if the first worker to begin worked 5 times
as long as the last one to begin?

475. Three workers together can complete a task in ¢ hours. The
first of them. working alone, can do the job twice as fast as the third
and one hour faster than the second. How long would it take cach
worker to do the job individually?

476. A tank is filled with water from two taps. At the beginning
the first tap was open for one third of the time which would have
been needed to fill the tank, if the sccond tap alone had been open.
Then the seccond Lap was open for one third of the time required to
fill the tank, if the first tap alone were open. This done, the tank
was 1%/, full. Compute the time requived to fill the tank by cach
tap separately, if both taps together fill it in 3 hours and 36 minutes.

477. In the construction of an eleetric power station, a team of
bricklayers was assigned the task of laying 120,000 bricks in a spe-
cified time. The team completed the task 4 dayvs ahead of time.
Determine the daily quota of bricklaying and the actual number of
bricks laid, if it ix known that in three days the team laid 5000 bricks
more than required by the work quota for 4 days.

478, Three vessels contain water. If 1, of the water of the first
vessel is poured into the second, and then Y/, of the water now in the
second vessel is poured into the third, and, finally, Y, of the water
401335
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now in the third vessel is poured into the first, then each vessel
will contain 9 litres. How much water was there originally in each
vessel?

479. A tank is filled with pure alcohol. Some of the alcohol is
poured out and replaced by an equal amount of water; the same
amount of the alcohol-water mixture thus obtained is then poured
out, leaving 49 litres of pure alcohol in the tank. The tank has a capa-
city of 64 litres. How much alcohol was poured out for the first
time and how much for the second time? (It is assumed that the
volume of the mixture is equal to the sum of the volumes of the
alcohol and water; actually it is somewhat lesser.)

480. A 20-litre vessel is filled with alcohol. Some of the alcohol
is poured out into another vessel of an equal capacity, which is
then made full by adding water. The mixture thus obtained is then
poured into the first vessel to capacity. Then 6%; litres is poured
from the first vessel into the second. Both vessels now contain equal
amounts of alcohol. How much alcohol was originally poured from
the first vessel into the second?

481. An 8-litre vessel is filled with air containing 16% of oxygen.
Some of the air is let out and replaced by an equal amount of nitro-
gen: then the same amount of the gas mixture as before is let out
and again replaced by an equal amount of nitrogen. There is now 9%
of oxygen in the mixture. Determine the amount of the gas mixture
released from the vessel each time.

482, Two collective farmers together brought 100 eggs to market.
Having sold their eggs at different prices, both farmers made equal
sums of meuney. If the first farmer had sold as many eggs as the second,
she would have reeceived 72 roubles; if the second farmer had sold as
many eggs as the first, she would have received 32 roubles. How
many eggs did each vne of them have originally?

483. Two collective farmers with a total of a litres of milk, though
selling the milk at different prices, made equal sums of money. If
the first farmer had sold as much milk as the second, she would
have received m roubles, and if the second farmer had sold as much
milk as the first, she would have received n roubles n > n). How
many litres of milk did each one of them have originally?

484. Two internal combustion engines of the same power output
were subjected to an efficiency test and it was found that one of
them consumed 600 grams of petrol, while the other, which was in
operation 2 hours less, consumed 384 grams. If the first engine had
consumed as much petrol per hour as the second, and the second,
as much as the first, then both engines would have consumed equal
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amounts of petrol during the same period of operation as before.
How much petrol does each engine consume per hour?

485, There are two grades of gold-silver alloy. In one of them the
metals are in a ratio of 2 : 3 and in the other, in a ratio of 3: 7.
How much of each alloy need we take to get 8 kg of a new alloy in
which the gold-to-silver ratio will be § to 117

486. One barrel contains a mixture of alcohol and water in a ratio
of 2 to 3, another barrel, in a ratio of 3to 7. How many pails need we
take from each barrel to obtain 12 pails of a mixture in which the
alcohol-to-water ratio is 3 to 5?

487. A certain alloy consists of two metals in a ratio of 1 to 2,
another alloy contains the same metals in a ratio of 2 to 3. How many
parts of both alloys are needed to produce a third alloy containing
the metals in a ratio of 17 to 27?

488, Two wheels are set in rotation by an endless belt; the smaller
wheel makes 400 revolutions per minute more than does the larger
wheel. The larger wheel makes 5 revolutions in a time interval that
is 1 second longer than that required for the smaller wheel to make
5 revolutions. How many revolutions per minute does cach wheel
make?

489. Over a distance of 18 metres the front wheel of a vehicle
makes 10 revolutions more than does the rear wheel. If the circum-
ference of the front wheel were increased by 6 decimetres, and the
circumference of the rear wheel, reduced by 6 decimetres, then over
the same distance the front wheel would complete 4 revolutions
more than would the rear one. Find the eircumferences of both wheels,

490. A barge with 600 tons of goods was unloaded in three days,
2/, of the goods being unloaded during the first and third days. The
amount of goods unloaded during the second day was less than that
unloaded on the first day, and the amount unloaded on the third
day was less than that unloaded on the second day. The dificrence
between the percent reduction of the amount of goods unloaded
on the third day with respect to that unloaded on the second day
and the percent reduction of the amount unloaded on the second
day with respect to that unloaded on the first day is equal to 5.
Determine how much was unloaded each day.

491, Two solutions, the first containing 800 grams and the second,
600 grams of anhydrous sulphuric acid, are mixed to produce 10 kg
of a new solution of sulphuric acid. Determine the weights of the
first and second solutions in the mixture, if it is known that the
content of anhydrous sulphuric ac‘d'i‘n the first solution is 10 pereent
greater than that in the second/selution.” o
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492. There were two different copper alloys, the first containing
40 per cent less copper than the second. When these were melted
together, the resulting alloy contained 36 per cent of copper. Deter-
mine the percentage of copper in the first and second alloys, if it is
known that there were 6 kg of copper in the first alloy and 12 kg
in the second.

493. Two trains—a freight train 490 metres long and a passenger
train 240 metres long—were travelling along parallel tracks towards
each other. The driver of the passenger train noticed the freight
train when it was 700 metres away; 28 seconds later they passed
each other. Determine the speed of each train, if we know that the
freight train takes 35 seconds longer to pass the signal lights than
does the passenger traim.

494. A freight train consists of four- and eight-wheel tank-cars

;ith oil. The train weighs 940 toms. It is required to determine the
number of the eight- and four-wheel tank-cars and also their weight,
if it is given that the number of the four-wheel cars is 5 more than
that of the eight-wheel cars; the eight-wheel car weighs three times
as much as the four-wheel car and the net weight of oil (that is,
minus the weight of the cars) in all the eight-wheel cars is 100 tons
more than the weight of all the loaded four-wheel cars. The eight-
wheel tank-car carries 40 tons of oil and the weight of the oil in the
four-wheel tank-car is 0.3 of that in the eight-wheel car.

495. The tunnel boring machines, working at the two ends of
a tunnel have to complete the driving in 60 days. If the first machine
does 30% of the work assigned to it, and the second, 26—3— 9, then
both will drive 60 metres of the tunnel. If the first machine had done
2/, of the work assigned to the second one, and the second, 0.3 of
{he work assigned to the first one, then the first machine would
have needed 6 days more than would have the second. Determine
how many metres of the tunnel are driven by each machine per day.

%96. Two railway crews working together completed a repair job
on a track section in 6 days. To do 40% of the work the first crew
alone would require two days more than the second crew alone would
require to complete 13—;— % of the whole job. Determine how many

days it would take each erew to repair the whole track section indi-

vidually.
497. Six hundred and ninety tons of goods were to be delivered

from a wharf to a railway station by five 3-ton trucks and ten 1—%—-!;011
trucks. In a few hours, the trucks transported /.5 of the goods.
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To complete the delivery in time, the remaining gowls had to be
transported in a time interval 2 hours less than that already spent.
The transportation was completed in time because the truck drivers
had begun making one trip per hour more than before. Determine
how many hours it took to transport all the goods. and also the
number of trips per hour that were made originally, if it is known

that thel—jl)-—ton trucks made one trip per hour more than did the

three-ton trucks.
Note. It is assumed that all the trucks were fully loaded on each trip.

498. A sports ground has the shape of a rectangle with sides of @
and b metres. It is bordered by a running-track whose outer rim is
also a rectangle whose sides are parallel to and equally spaced from
the sides of the ground. The area of the track is equal to that of the
ground. Find the width of the track.

499. An auditorium has a chairs arranged in rows, the number of
chairs in each row being the same. If & chairs are added to cach row
and the number of rows is reduced by ¢, then the total number of
places in the hall will increase by one-lenth of their original number.
How many chairs are there in each row?

500. Two bodies spaced at d metres are moving towards each other
and meet in a seconds. If they move at the same speeds as before,
but in one direction, they will meet in b seconds. Determine the
speed of each body.

501. A motorcyclist and a cyclist simultaneously start out towards
each other from points 4 and B d kilometres apart. In two hours
they pass cach other and continue on their ways. The motoreycelist
arrives at B ¢ hours hefore the eyclist arrives at 4. Find the speed of
the two vehicles.

502. A hiker starts out from point A in the direction of B; @ hours
later a cyclist starts out from B to meet the hiker and meets him b
hours after the start. How long will it take the cyelist and the hiker
to cover the whole distance between A and [B, if the cyclist re-
quires ¢ hours less than does the hiker?

503. Train 4, whose speed is v km/h, departs after train B, whose
speed is v, km/h. The dilference between the departure times (the
lag of train A) is calculated so that both trains simultancously
arrive at the destination. Train B covers ?/; of the distance and then
has to reduce its speed lo half. As a result the trains meet a km
from the destination. Determine the distance to the tlerminal
station. ‘



54 Problems

504. A man puts money in a savings bank and one year later
earns an interest of 15 roubles. Having added another 85 roubles,
he deposits the money for another year. After the expiry of this
period the sum-total of the principal and its interest is 420 roubles.
What sum of money was originally deposited and what interest
does the savings bank pay?

505. The output of machine-tool 4 is m% of the sum of the outputs
of machines B and €, and the output of B is n% of the sum of the
outputs of 4 and C. What is the percentage of the output of C with
respect to the overall output of 4 and B?

506. An increase in the output of a factory as compared to that
in the preceding year is p% for the first year and g% for the second
year. What should the percent increase of the output be for the
third year for the average annual increase of the output for three
years to be equal to r%?

507. 2% of sume quantity of goods is sold at a profit of p% and 5%
of the rest of the goods is sold at a profit of g%. What profit is made
on selling the remaining goods, if the total profit is r%?

508. Equal (by weight) pieces are cut off two chunks of alloys of
different copper content, the chunks weighing m kg and r kg. Each
of the cut-off pieces is melted together with the remainder of the
other chunk and the copper contents of both alloys then become
equal. Find the weight of each of the cut-off picces.

309. A certain sum of money was arranged in n piles. An nth
part of the money in the first pile was taken from it and put into
the second pile. Then an nth part of the money in the enlarged second
pile was taken from it and pul into the third pile. The same opera-
tion was continued from the third to the fourth pile, and so on.
Finally, an nth part of the money in the nth pile was taken from it
and put inte the first pile. After this, final operation each pile
had A roubles. How much money was there in each pile prior to the
shifting operation (you may confine yourself to n=>5)?



PART TWO

GEOMETRY AND TRIGONOMETRY

CHAPTER VHI
PLANE GEOMETRY

510, The perimeter of & right triangle is equal to 132, and the
sum of the squares of its sides, to 6050. Find the sides.

541. Given in a parallelogram are: the acute angle « and the
distances m and p between the point of intersection of the diagonals
and the unequal sides. Determine the diagonals and the area of the
parallelogram. oo

512. The base of an isosceles triangle is equal to 30 c¢m, and the
altitude, to 20 cm. Determine the altitude dropped to one of the
sides.

543. The base of a triangle is equal to 60 cm, altitude, to 12 cm
and the median drawn to the base, to 13 c¢m. Determine the sides.

514, On the sides of an isosceles right triangle with the leg b
three squares are constructed outwards, The centres of these squares
are joined through straight lines. Find the area of the triangle thus
obtained.

515. The sides of a square are divided in the ratio m to n, a large
and a small segments being adjacent to each vertex. The successive
points of division are joined by straight lines. Find the area of the
quadrilateral obtained, if the side of the given square is equal to a.

516. Inscribed in a square is another square, whose vertices lie
on the sides of the former square and the sides form 30-degree angles
with those of the former square. What portion of the area of “the
given square is the area of the inscribed square equal to?

517. Inscribed in a square with side a is another square, whose
vertiees lie on the sides of the former. Determine the segmentsinto
which the sides of the first square are divided by the vertices of the
second square, if the area of the latter is equal to i—g of that of the

former.
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518. Inscribed in a rectangle with sides 3 m and 4 m long is another
rectangle, whose sides are in the ratio 1 : 3. Find the sides of this
rectangle.

519. Inscribed in an equilateral triangle 4 BC with side ¢ is another
equilateral triangle LMN, whose vertices lie on the sides of the
first triangle and divide each of them in the ratio 1: 2. Find the
area of the triangle LMN.

520. Find the sides of a right-angled triangle, given its perime-
ter 2p and altitude h.

521. Two equal segments CAf and CN are marked on the sides CA
and CB of an isosceles triangle 4ABC. Determine the length of the
segments, knowing the perimeter 2P of the triangle ABC, its base
AB = 2q and the perimeter 2p of the rectangle AMNB cut off
by the straight line MN.

522. Given a right-angled trapezoid with bases ¢, b and shorter
side ¢. Determine the distance between the point of inmtersection
of the diagonals of the trapezoid and the base a, and between the
point of intersection and the shorter side.

523. Find the area of an isosceles triangle, if its base is 12 e¢m,
and the altitude is equal to the line-segment joining the mid-points
of the base and of one of the sides.

524. The perimeter of a rhombus is equal to 2p cm, and the sum
of its diagonals, to m cm. Find the area of the rhombus.

525. The longer base of a trapezoid is equal to @, and the shorter,
to b; the angles at the longer base are 30° and 45°. Find the area
of the trapezoid.

526. Compute the area of a trapezoid, whose parallel sides are
equal to 16 cm and 44 cm, and nonparallel ones, to 17 cm and 25 em.

527. Find the area of a square inscribed in a regular triangle with
side a.

528. The base of a triangle is divided by the altitude into two parts
equal to 36 em and 14 cm. A straight line drawn perpendicular
to the base divides the area of the given triangle into two equal
parts. Into what parts is the base of the triangle divided by this
line?

529, The altitude of a triangle is equal to 4; it divides the base
into two parts in the ratio 1 : 8. Find the length of the line-segment
which is parallel to the altitude and divides the triangle into equal
parts.

530. A triangle ABC is divided into three equal figures by straight
lines which are parallel to the side AC. Compute the parts into
which the side AB, equal to a, is divided by the parallel lines.
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531. A straight line parallel to the base of a triangle, whose area
isequal to S, cuts off it a triangle with an area equal to g. Determine
the area of a quadrilateral, whose three vertices coincide with those
of the smaller triangle and the fourth one lies on the base of the
larger triangle.

532. Parallel sides of a trapezoid are equal to e and b. Find the
length of the line-segment which is parallel to them and divides
the area of the trapezoid into two equal parts.

533. Perpendiculars are drawn irom the vertex of the obtuse
angle of a rhombus to its sides. The length of each perpendicular
is equal to a, the distance between their feet being equal to b. Deter-
mine the area of the rhombus.

534. Find the area of a triangle, if two of its sides are equal to 27 cm
and 29 cm, respectively, and the median drawn to the third side is
equal to 26 cm.

535. Given two sides b and ¢ of a triangle and its area § = < bc.

w2

Find the third side a of the triangle.

536. Given the bases @ and b and sides ¢ and d of a trapezoid.
Determine its diagonals m and n

537. Given a parallelogram, whose acute angle is equal to 60°
Determine the ratio of the lengths of its sides, if the ratio of the
squared lengths of its diagonals is equal to 1,?.

538. From an arbitrary point taken inside an isosceles triangle
perpendiculars are drawn to all the sides. Prove that the sum of the
three perpendiculars is equal to the altitude of the triangle.

539. Two secant lines are drawn from a point outside a circle.
The internal segment (the chord) of the first secant is equal to 47m,
and the external one, to 9 m; the internal segment of the second
secant exceeds its external segment by 72 m. Determine the length
of the second secant line.

540. From a point m cm distant from the centre of a circle two
lines arc drawn tangent to the circle. The distance between the
points of tangency is equal to @ cm. Determine the radius of the
circle.

541. Given inside a circle, whose radius is equal to 13 cm, is
a point M 5 cm distant from the centre of the circle.
A chord AB == 25 cm is drawn through| the point M. Find the length
of the segments into which the chord AB is divided by the point M.

542. In an isosceles triangle the vertex angle is equal to a. Deter-
mine the ratio of the radii of the inscribed and circumscribed eircles.
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543. The sides of a triangle are: @ = 13, b = 14, ¢ = 15. Two
of them (2 and b) are tangent to a circle, whose centre lies on the
third side. Determine the radius of the circle.

544. An isosceles triangle with a vertex angle of 120° is circum-
scribed about a circle of radius R. Find its sides.

545. On the larger leg of a right triangle, as on the diameter,
a semicircle is described. Find the semicircumierence if the smaller
leg is equal to 30 ¢cm, and the chord joining the vertex of the right
angle with the point of intersection of the hypotenuse and the semi-
circle is equal to 24 cm.

546. In a right-angled triangle a semicircle is inscribed so that
its diameter lies on the hypotenuse and its centre divides the latter
into two segments equal to 15 em and 20 cm. Determine the length
of the arc of the semicircle between the points at which the legs
touch the semicircle.

547. In an isosceles triangle with the base equal to 4 em and
altitude equal to 6 cm a semicircle is constructed on one of the
sides as on the diameter. The points at which the semicircle inter-
sects he base and the other side are joined by a straight line. Deter-
mine the area of the quadrilateral thus obtained, whieh is inscribed
in the semicircle.

548. Given an isosceles triangle with the base 2a and altitude 2.
Inscribed in it is a circle, and a line tangent to the circle and parallel
to the base of the triangle. Find the radius of the circle and the length
of the segment of the tangent line contained between the sides of the
triangle.

549. From a point lying without a circle two secant lines are drawn,
whase external portions are 2 m long. Determine the area of the
quadrilateral, whose vertices are the points of intersection of the
secants and the circle, if the lengths of its two opposite sides are
equal to 6 m and 2.4 m.

550, The sides of a triangle are equal to 6 cm, 7 cm, and 9 cm.
From its vertices, as from centres, three mutually tangent circles
are described: the circle, whose centre lies at the vertex of the least
angle of the triangle, is internally tangent to the remaining two
eircles, the latter being externally tangent to each other. Find
the radii of the three circles.

551, An exterior tangent to two circles of radii 5 cm and 2 cm
is 1.5 times longer than their interior tangent. Determine the distan-
ce between the centres of the circles.

552. The distance between the centres of two circles, whose radii
are equal to 17 ¢cm and 10 em, is 21 cm. Determine the distances
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between the centres and the point at which the centre line inter-
sects a common tangent to the circles.

553. To two externally tangent circles of radii R and r common
tangent lines are drawn: one interior and two exterior ones. Deter-
mine the length of the segment of the interior tangent line conta-
ined between the exterior tangents.

554. To two externally tangent circles of radii R and r common
exterior tangent lines are drawn. Find the area of the trapezoid
bounded by the tangent lines and chords joining the points of tan-
gency.

555. Two circles of radii R and r are externally tangent. A common
exterior tangent is drawn to these circles, thus forming a curvilinear
triangle. Find the radius of the circle inscribed in this triangle.

556, Through one and the same point of a circle two chords (equal
to a and b) are drawn. The area of the triangle formed by joining
their ends is equal to S. Determine the radius of the circle.

557. In a circle of radius R three parallel chords are drawn on one
side of its centre, whose lengths are respectively equal to those of the
sides of a regular hexagon. quadrilateral and triangle inscribed
in the circle. Determine the ratio of the area of the portion of the
circle contained between the second and third chords to that con-
tained between the first and second ones.

558. Determine the area of a circle inseribed in a right-angled
triangle, if the altitude drawn to the hypotenuse divides the latter
into two segments equal Lo 25.6 cm and 14.4 cm.

550. A circle is inscribed in a rhombus with side g and acute angle
equal to 60°, Determine the area of the rectangle, whose vertices lie
at the points of tangency of the circle and the sides of the rhombus.

560. Drawn to a circle of radius R are four tangent lines which
form a rhombus, whose larger diagonal is equal to 4R. Determine
the area of each of the figures bounded by two tangents drawn from
a common point and the smaller arc of the circle contained between
the points of tangency.

561 . The area of an isosceles trapezoid circumscribed about a circle
is equal to S. Determine the side of the trapezoid, if the acute
angle at its base is equal to n/6.

562. An isosceles trapezoid with an area of 20 cm? is circumscribed
about a cirele of a radius of 2 cm. Find the sides of the trapezoid.

563. About a circle atrapezoid is circumscribed, whose nonparallel
sides form acute angles a and f with the larger of the parallel sides.
Determine the radius of the circle, if the area of the trapezoid is
equal to Q.
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564. About a circle of radius r a right-angled trapezoid is eircum-

scribed, whose least side is equal to 3r/2. Find the area of the tra-
ezoid.

r 565. The centre of a circle inscribed in a right-angled trapezoid

is 2 cm and 4 cm distant from the end points of the larger of the

nonparallel sides. Find the area of the trapezoid.

566. A circle is inscribed in an equilateral triangle with side a.
Then three more circles are inscribed in the same triangle so that
they are tangent to the first one and to the sides of the triangle, and
then another three circles tangent to the above three circles and to
the sides of the triangle, and so forth. Find the total area of all the
inscribed circles (that is the limit of the sum of the areas of the
inscribed circles).

567. A triangle ABC is inscribed in a circle; through the vertex 4
a tangent line is drawn to intersect the extension of the side BC
at the point D. From the vertices B and C perpendiculars are dropped
to the tangent line, the shorter of these perpendiculars being equal
to 6 em. Determine the area of the trapezoid formed by the perpen-
diculars, side BC and the segment of the tangent line, if BC = Sem,
AD = 5/6 cm.

568. Three equal circles tangent to one another are inscribed in
a regular triangle, whose side is equal to a. Each of them is in con-
tact with two sides of the given triangle. Determine the radii of the
cireles.

569. Inside an equilateral triangle with side e there are three equal
circles tangent to the sides of the triangle and mutually tangent
to one another. Find the area of the curvilinear triangle formed by
the arcs of the mutually tangent circles (its vertices being the peints
of tangency).

570. Inside a square with side a four equal circles are situated,
each of them touching two adjacent sides of the square and two
cireles (out of the remaining three). Find the area of the curvilinear
quadrangle formed by the arcs of the tangent circles (its vertices
being the points of tangency of the circles).

571. Find the area of a segmont, if its perimeter is equal to p,
and the arc, to 120°

572. A circle of a radius of 4 cm is inscribed in a triangle. One
of its sides is divided by the point of tangency into two portions
equal to 6 cm and 8 cm. Find the lengths of the other two sides.

573. In an isosceles triangle a perpendicular dropped from the
vertex of an angle at the base to the opposite side divides the latter
in the ratio m : n. Find the angles of the triangle.
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574. A chord perpendicular to the diameter divides it in the ratio
m : n. Determine each of the arcs (arc measure) into which the circle
is divided by the chord and diameter.

575. Determine the angle of a parallelogram, given its altitudes
hy and h, and perimeter 2p.

576. In a right triangle find the ratio of the legs, if the altitude
and median emanating from the vertex of the right angle are in the
ratio 40 : 41

577. In a right triangle the hypotenuse is equal to ¢, and one of
the acute angles, to a. Determine the radius of the inscribed circle.

578, The sides of a triangle are equal to 25 cm, 24 c¢m and 7 cm.
Determine the radii of the inscribed and circumscribed circles.

579. Determine the radii of two externally tangent circles, if the
distance between their centres is equal to d, and the angle between
the common exterior tangents, to ¢.

580. Determine the angle of a rhombus, given its area @ and the
area of the inscribed circle S. .

581, A regular 2n-gon is inscribed in a circle, and a regular n-gon
is circumscribed about the same circle. The difference between the
areas of the polygons is P. Determine the radius of the circle.

582. The midpoints of the sides of a regular n-gon are joined by
straight lines to form anew regular n-gon inscribed in the given one.
Find the ratio of their areas.

583, A circle is circumseribed about a regular n-gon with side a,
another circle is inscribed in it. Determine the area of the annulus
bounded by the circles and its width.

584. A circle is inseribed in a sector of radius R with a central
angle o. Determine the radius of the circle.

585, From one point two lines are drawn tangenl to a circle of
radius R. The angle between the tangents is 2. Determine the
area bounded by the tangents and the arc of the circle.

586. A rhombus with the acule angle o and side a is divided into
three equal parts by straight lines emanating from the vertex of
this angle. Determine the lengths of the line-segments.

587. A point is situated inside an angle of 60° at distances a and b
from its sides. Find the distance of this point from the vertex of the
given angle.

588, Determine the area of a triangle, given the lengths of its
sides ¢ and b, and the length t of the bisector of the angle between
these sides.

589, In an isosceles triangle the length of the side is equal to a,
and the length of the line-segment, drawn from the vertex of the
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triangle to its base and dividing the vertex angle in the ratio 1: 2,
is ¢. Find the area of the triangle.

590. Given the angles of a triangle, determine the angle between
the median and altitude drawn from the vertex of any angle.

591. The side of a regular triangle is equal to a. A circle of radius-;—

is drawn from its centre. Determine the area of the portion of the
triangle outside this circle.

592. In a right-angled trapezoid, whose altitude is %, on the side,
which is not perpendicular to the base, as on the diameter, a circle
is drawn touching the opposite side of the trapezoid. Find the area
of the right-angled triangle, whose legs are the bases of the trapezoid.

593. Prove that in a right-angled triangle the bisector of the right
angle bisects the angle between the median and altitude dropped
to the hypotenuse.

594. Prove that in a right-angled triangle the sum of the legs
is et}ual to the sum of the diameters of the inscribed and circumscribed
circles,

595. Determine the angles of a right-angled triangle if the ratio
of the radii of the circumscribed and inscribed circles is 5: 2.

596. Prove that the straight lines successively joining the centres
of thie squares constructed on the sides of a parallelogram and adjdi-
ning it from outside also form a square.

CHAPTER IX

POLYHEDRONS

597. The sides of the base of a rectangular parallelepiped are a and
b. The diagonal of the parallelepiped is inclined to the plane of the
base at an angle «. Determine the lateral area of the parallelepiped.

598. In a regular hexagonal prism the longest diagonal having
length d forms an angle o with the lateral edge of the prism. Deter-
mine the volume of the prism.

599. In a regular quadrangular pyramid the lateral edge of length m
is inclined to the plane of the base at an angle «. Find the volume
of the pyramid.

600. The volume of a regular quadrangular pyramid is equal to V.
The angle of inclination of its lateral edge to the plane of the base
is equol to . Find the lateral edge of the pyramid.

601, The lateral arca of a regular quadrangular pyramid is equal
to 8 cm?, its altitude, to H cm. Find the side of its base.
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602. Find the volume and lateral area of a regular hexagonal
pyramid, given the lateral edge ! and diameter d of the circle inscri-
bed in the base of the pyramid.

603. Find the altitude of a regular tetrahedron, whose volume is
equal to V.

604. In a right parallelepiped the sides of the base are equal to @
and b, and the acute angle, to a. The larger diagonal of the base
is equal to the smaller diagonal of the parallelepiped. Find the
volume of the parallelepiped.

605. The diagonals of a right parallelepiped are equal to 9 em
and ' 33 cm. The perimeter of its base is equal to 18 cm. The lateral
edge is equal to 4 cm. Determine the total surface area and volume
of the parallelepiped.

606. The lateral edge of a regular triangular pyramid is equal to /,
its altitude, to A. Determine the dihedral angle at the base.

607. Determine the volume of a regular quadrangular pyramid,
given the angle  between its lateral edge and the plane of the base,
and the area S of its diagonal section. Find also the angle formed by
the lateral face and the plane containing the base.

608. The base of a regular pyramid is a polygon. the sum of inte-
rior angles of which is cqual to 540° Determine the volume of the
pyramid if its lateral edge, equal to [, is inclined to the plane of the
base at an angle a.

609. Determine the angles between the base and lateral edge. and
between the base and lateral face in a regular pentagonal pyramid,
whose lateral faces are equilateral triangles.

610. Given the volume V of a regular r-gonal pyramid in which
the side of the base is equal to a, determine the angle of inclination
of the lateral edge of the pyramid to the plane containing the
base.

611. The base of a quadrangular pyramid is a rectangle with the
diagonal equal to b and the angle o between the diagonals. Each
of the luteral cdges forms an angle § with the base. Find the volume
of the pyramid.

612. The base of a pyramid is an isosceles triangle with the equal
sides of @ and the angle between them equal to o, All lateral edges
are inclined to the base at an angle . Determine the volume of the
pyramid.

613. The base of a rectangular parallelepiped is a rectangle inscri-
bed in a circle of radius R, the smaller side of this rectangle’subten-
ding a circular arc cqual to (2¢)°. Find the volume of the'parallele-
piped, given its lateral arca S. -
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614. The base of a right prism is an isosceles triangle, whose base
is equal to a and the angle at the base, to c. Determine the volume
of the prism if its lateral area is squal to the sum of the areas of its
bases.

615. The slant height of a regular hexagonal pyramid is equal
to m. The dihedral angle at the base is equal to a. Find the total
surface area of the pyramid.

616. Through the hypotenuse of a right-angled isosceles triangle
a plane P is drawn at an angle « to the plane of the triangle. Deter-
mine the perimeter and area of the figure obtained by projecting
the triangle on the plane P. The hypotenuse of the triangle is
equal to c¢.

617. In a regular n-gonal pyramid the area of the base is equal
to Q, and the altitude forms an angle ¢ with each of the lateral
faces. Determine the lateral and total surface areas of the pyramid.

618. The side of the base of a regular triangular pyramid is equal
10 a, the lateral face is inelined to the plane of the base at an angle
of ¢. Find the volume and total surface area of the pyramid.

619. The total surface area of a regular triangular pyramid is
equal to S. Find the side of its base, if the angle between the lateral
face and the base of the pyramid is equal to a.

620. The base of a pyramid is a rthombus with the acute angle a.
The lateral faces are inclined to the plane of the base at an angle B.
Determine the volume and total surface area of the pyramid, if the
vadius of the circle inscribed in the rhombus is equal to r.

621. Determine the angle of inclination of the lateral face of
a regular pentagonal pyramid to the plane of the base, if the area
of the base of the pyramid is equal to S, and its lateral area, to o.

622. The base of a right parallelepiped is a rhombus. A plane
deawn through one of the sides of the lower base and the opposite
side of the upper base forms an angle  with the plane containing
the base. The area of the section thus obtained is equal to Q. Deter-
mine the lateral area of the parallelepiped.

623. The base of a pyramid is an isosceles triangle with the base
angle a. Each of the dihedral angles at the base is equal to ¢. The
Jistance between the centre of the circle inseribed in the base of the
pyramid and the midpoint of the height of the lateral face is equal
to d. Determine the total surface area of the pyramid.

624. The base of a pyramid is a polygon circumscribed about
o circle of radius r; the perimeter of the polygon is equal to 2p,
the lateral faces of the pyramid are inclined to the base at an angle ¢.
Find the volume of the pyramid.
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625. The lateral edges of a frustum of a regular triangular pyra-
mid are inclined to the base al an angle a.The side of the lower base
is equal to a, and that of the upperone, to b (@ > b). Find the volume
of the frustum.

626. The bases of a frustwm of a regular pyramid are squares with
sides @ and b (@ > b). The lateral edges are inclined to the base at an
angle «. Determine the volume of the frustum and the dihedral angles
at the sides of the bases.

627. The base of a pyramil is a vight-angled triangle. whose
hypotenuse is equal to ¢ and acute angle, to c. All the Lateral edges
are inclined to the base at an augle . Find the volume of the pyra-
mid and the face angles at its vertex.

628. The base of an oblique prism is a right-angled triangle ABC
the sum of the logs of which is equal to m, and the angle at the
vertex A, to «. The lateral face of the prism passing through the
leg AC isinclined to the base al an angle B. A plane is drawn through
the hypotenuse AB and the vertex €y of the opposite trihedral angle.
Determine the volume of the cut-off triangular pyramid, if it is
known that it has equal ecdges.

629. The base of a pyramid is an isoseeles triangle with the base
angle . All the lateral edges are inelined to the plane containing
the base at eqnal angles g == 90° — a. The area of the section pas-
sing through the altitude of the pyramid and the vertex of the base
(isosceles triangle) is equal to (. Determine the volume of the pyra-
mid.

630, The base of a pyramid is a rectangle. Two of the lateral faces
are perpendicular to the base, the other two forining angles @ and f
with it. The altitude of the pyramid is equal to A. Determine the
volume of the pyramid.

631. The base of a pyramid is a square. Out of two opposite
edges one is perpendieular to the base, the other is inclined to it at
an angle B and has a length L. Determine the lengths of the remaining
lateral edges and the angles of their inclination to the base of
the pyramid.

632. The base of a pyramid is a regular triangle with side «. One
of the lateral edges is perpendicular to the base, the other two being
inclined 1o the base at equal sugles fi. Find the surface area of the
largest lateral face of the pyramid and the angle of its inclination
to the base.

633. The base of a pyramid is an isosceles triangle; the equal
sides of the base are of lenglh a and form an angle of 120°. The
lateral edge of the pyramid, passing through the vertex of the ob-
£-0133K
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tuse angle, is perpendicular to the plane of the base, the other two
being inclined to it at an angle . Determine the area of the section
of the pyramid by a cutting plane which passes through the largest
side of the base of the pyramid and bisects the edge perpendicular
to the base.

634. A regular triangular pyramid is cut by a plane perpendicular
to the base and bisecting two sides of the base. Determine the volume
of the cut-off pyramid, given the side a of the base of the original
pyramid and dihedral angle o at the base.

635. Through the vertex of a regular quadrangular pyramid a cut-
ting plane is drawn parallel to a side of the base and at an angle
to the base of the pyramid. The side of the base of the pyramid is
equal to @, and the face angle at the vertex of the pyramid, to «.
Find the area of the section.

636. A plane is drawn through the vertex of a regular triangular
pyramid and the midpoints of Lwo sides of the base. Determine the
area of the section figure and volumes of the portions of the given
pyramid into which it is divided by the cutting plane, given the side
4 of the base and angle = formed by the cutting plane with the base.

637. A regular tetrahedron, whose edge is equal to a, is cut by a
plane containing one of its edges and dividing the opposite edge in
the ratio 2:1. Determine the area of the section figure and its
angles.

638. Determine the volume of a frustum of a regular quadrangular
pyramid, if the side of the larger base is equal to a, the side of the
smaller base, to b, and the acute angle of the lateral face, to a.

¢39. Determine the volume of a regular quadrangular prism,
if its diagonal forms an angle with the lateral face, and the side of
the base is equal to b.

640. The base of a right prism is a right-angled triangle with hypo-
tenuse ¢ and acute angle a. Through the hypotenuse of the lower
base and the vertex of the right angle of the upper base a plane is
drawn to form an angle p with the base. Determine the volume of the
triangular pyramid cut off the prism by the plane.

641, The base of a right prism is a right-angled triangle in which
the sum of a leg and the hypotenuse is equal to m, and the angle be-
{ween them, to «. Through the other leg and the vertex of the opposite
trihedral angle of the prism a plane is drawn at an angle p to the
base. Determine the volume of the portions into which the prism is
divided by the cutting plane.

642. The base of a pyramid is an isosceles triangle with the base
angle o, Each dihedral angle at the base is equal to ¢ = 90° —a.
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The lateral area of the pyramid is S. Determine the volume of the py-
ramid and its total surface area.

643. The base of a pyramid is an isosceles triangle with the side a
and the base angle o {& > 45°). The lateral edges are inclined to the
base at an angle B. A cutting plane is drawn through the altitude of
the pyramid and the vertex of one of the angles . Find the area of
the section figure.

644. The base of a right prism is a quadrilateral in which two
opposite angles are right ones. Its diagonal joining the vertices of
oblique angles has a length [ and divides one of them into portions
o and B. The area of the section figure contained in a cutting plane
passing through the other diagonal of the base and perpendicular
to it is equal to S. Find the volume of the prism.

645. The base of a pyramid is a square. Two opposite faces are
isosceles triangles; one of them forms an interior angle B with the
base, the other, an exterior acute angle «. The altitude of the pyra-
mid is equal to . Find the volume of the pyramid and the angles
formed by the other two lateral faces with the plane containing the
base.

646, The base of a pyramid is a rectangle. One of the lateral faces
is inclined to the base at an angle B == 90°— « and the face opposite
it is perpendicular to the base and represents a right-angled triangle
with the right angle at the vertex of the pyramid and an acute angle
equal to «. The sum of the heights of these two faces is equal to m.
Determine the volume of the pyramid and the sum of the areas of the
other two lateral faces.

647. The base of a pyramid is a rectangle. One of the lateral faces
is an isosceles triangle perpendicular to the base; in the other face,
which is opposite the first one, the lateral edges, equal to b, form an
angle 20 and are inclined to the first face at an angle «. Determine
the volume of the pyramid and the angle between the above two faces.

648. In a regular triangular pyramid, with the side of the base
equal to a, the angles between the edges at its vertex are equal to one
another, each being equal to « (¢ < 90°). Determine the angles bet-
ween the lateral faces of the pyramid and the area of a section drawn
through one of the sides of the base and perpendicular to the opposite
iateral edge.

649. Determine the volume of a regular octahedron with edge
a and also the dihedral angles at its edges.

650. The diledral angle at a lateral edge of a regular hexagonal
pyramid is equal to ¢. Determine the face angle at the vertex of the
pyramid.

5%



68 Problems

651. The base of a pyramid is a regular hexagon ABCDEF. The
lateral edge MA is perpendicular to the base, and the opposite edge
MD is inclined to the base at an angle o Determine the angle of
inclination of the lateral faces to the base.

§52. The base of a pyramid is an isosceles triangle ABC in which
AB — AC. The altitude of the pyramid SO passes through the mid-
point of the altitude 4D of the base. Through the side BC a plane is
drawn perpendicular to the lateral edge AS and at an angle o to the
base. Determine the volume of the pyramid cut off the given one and
having vertex S in common with it, if the volume of the other cut-off
portion is equal to V.

653. The side of the base of a regular triangular pyramid is equal
to a. A section bisecting an angle between the lateral faces repre-
sents a right-angled triangle. Determine the volume of the pyramid
and the angle between its lateral face and the plane containing the
base.

634. Through a side of the base of a regular triangular pyramid
a plane is drawn perpendicular to the opposite lateral edge. Deter-
mine the total surface area of the pyramid, if the plane divides the
latoral vdge in the ratio m:n, and the side of the base is equal
L0 q.
635. The diagonal of a rectangular parallelepiped is equal to d
and forms equal angles o with two adjacent lateral faces. Determine
the volime of the parallelepiped and the angle between the base
and a plane passing through the end points of three edges emanating
from one vertex.

656. In a rectangular parallelepiped the point of intersection of the
diagonals of the lower base is joined with the midpoint of one of the
lateral edges by a straight line, whose length is equal to m. This line
forms an angle o with the base and angle B == 2o with one of the la-
teral faces. Taking the other adjacent lateral face for the base of the
parallelepiped. find its lateral area a nd volume, (Prove that o <<30°)

537 The base of a right prism is a trapezoid inscribed in 2 semicir-
cle of rading f =0 that its larger base coincides with the diameter.
and the smaller one subtends an are equal to 2. Determine the volure
of the prism. if the diagonal of a face passing through one of the
uonparaltlel sides of the base is inclined to the latter at an angle a.

§58. The diagonal of a rectangular parallelepiped, equal to d.
forms an angle § = 80° — o with the lateral face. The plane drawn
through this diagonal and the lateral edge intersecting with it forms
an angle oo with the same lateral face (prove that & > 453°). Determine
the volume of the parallelepiped.
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659. In a regular triangular prism two vertices of the upper base
are joined with the midpoints of the opposite sides of the lower base
by straight lines. The angle between these lines which faces the base
is equal to «. The side of the base is equal to b. Determine the volume
of the prism.

660. In a regular triangnlar prism the angle between a diagonal
of a lateral face and another lateral face is equal to . Determine the
lateral area of the prism, if the edge of the base is equal tu a.

661. The base of a right prism is a right-angled triangle 4BC
in which £ C = 90° £ A ==« and the leg AC == b. The diagonal of
the lateral face of the prism which passes through the hypotenuse
AB, forms an angle p with the lateral face passing thraugh the leg
AC. Find the volume of the prism.

662. The total surface area of a regular quadrangular pyramid is
equal to S, and the face angle at the vertex, to a. Find the altitude of
the pyramid,

663. In a regular n-gonal pyramid the face angle al the vertex is
equal to ¢, and the side of the base, to a. Determine the volume of the
pyramid.

664. In a regular quadrangulav prism a plane is drawn through
a diagonal of the lower base and one of the vertices of the upper base,
which cuts off a pyramid with a total surface area S. Find the total
surface area of the prism, if the angle at the vertex of the triangle
obtained in the section is equal to a.

665. The lateral edges of a triangular pyramid are of equal length
1. Out of the three face angles formed by these edges at the vertex of
the pyramid two are equal to o, and the third, to B. Find the volume
of the pyramid.

666. The base of a pyramid is a right-angled triangle, which is
a projection of the lateral face passing through a leg. The angle oppo-
site this leg in the base of the pyramid is equal to «, and the one lying
in the lateral face is equal to B. The area of this lateral face exceeds
that of the base by S. Determine the difference between the areas
of the other two faces and the angles formed by the lateral faces with
the base.

667. In a triangular pyramid two lateral faces are isosceles right-
angled triangles, whose hypotenuses are equal to b and form an

angle . Determive the volume of the pyramid.

668, In a pyramid with a rectangular base each of the lateral edges
is equal to I; one of the face angles at the vertex is equal to «, the
other, to §. Determine the area of the section passing through the
bisectors of the angles equal to B.
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669. In a parallelepiped the lengths of three edges emanating from
a common vertex are respectively equal to a, b and ¢. The edges
a and b are mutually perpendicular, and the edge ¢ forms an angle
« with each of them. Determine the volume of the parallelepiped, its
lateral area and the angle between the edge ¢ and the plane containing
the base. (For what values of the angle a is the problem solvable?)

670. All the faces of a parallelepiped are equal rhombuses with si-
des @ and acule angles «. Determine the volume of the paralle-
lepiped.

671. The base of an oblique parallelepiped is a rhombus ABCD
wilh the side a and acute angle «. The edge A4, isequalto band
forms an angle ¢ with the edges AB and 4D. Determine the volume of
the parallelepiped.

672. In a rectangular parallelepiped a plane is drawn through
a diagonal of the base and a diagonal of the larger lateral face, both
emanating from one vertex. The angle between these diagonals is
equal to B. Determine the lateral area of the parallelepiped, the area
of the section figure and the angle of inclination of the cutting plane
to the base, if it is known that the radius of the cirele circumscribed
about the base of the parallelepiped is equal to R and the smaller
angle between the diagonals of the base, to 20,

673. The base of a right prism is a right-angled triangle ABC.
The radius of the cirele circumscribed about it is equal to R. the
leg AC subtends an are equal to 2B. Through a diagonal of the late-
ral face passing through the other leg BC a plane is drawn perpendi-
ceular to this face and inclined to the base at an angle . Determine
the lateral area of the prism and the volume of the cut-oif quadrangu-
lar pyramid.

674. The base of a pyramid is a trapezoid, whose nonparallel sides
and smaller base are of equal length, The larger base of the trapezoid
is equal to a. and the obtuse angle, to a. All the lateral edges of the
pyramid are inclined to the base at an angle §. Determine the volume
of the pyramid.

675. The base of a pyramid is a trapezoid, whose diagonal is per-
pendicular to one of the nonparallel sides and forms an angle « with
the base. All the lateral edges are of equal length. The lateral face
passing through the larger base of the trapezoid has an angle ¢ = 2a
at the vertex of the pyramid and its area is equal to §. Determine
the volume of the pyramid and the angles at which the lateral faces
are inclined to the base.

676. The base of a pyramid is a regular triangle, whose side is equal
to a. The altitnde, dropped from the vertex of the pyramid, passes
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through one of the vertices of the base. The lateral face passing
through the side of the base opposite this vertex is at an angle ¢ to
the base. Determine the lateral area of the pyramid, if one of the
equal lateral faces is taken as the base.

677. The base of a right prism is an isosceles triangle with the equal
sides of length a and the base angle «. Through the base of the trian-
gle, which is the upper base of the prism, and the opposite vertex of
the lower base a cutting plane is drawn at an angle B to the base.
Determine the lateral area of the prism and the volume of the cut-off
quadrangular pyramid.

678. The base of a pyramid is a square. Its two lateral faces are
perpendicular to the base, and the remaining two are inclined to
it at an angle .. The radius of the circle circumscribed about thelate-
ral face perpendicular to the base is equal to R. Determine the total
surface area of the pyramid.

679. The base of a right prism is a right-angled triangle with aleg
a and angle o opposite it. Through the vertex of the right angle of
the lower base a plane is drawn which is parallel to the hypotenuse
and intersects the opposite lateral face at an angle § = 90° — «a.
Determine the volume of the portion of the prism contained between
its base and the cutting plane and the lateral area of the prism, if
the area of the lateral face passing through the leg a is equal to
the area of the section figure. Determine the value of the angle  at
which the cutting plane intersects the lateral face passing through
the hypotenuse of the base.

680. The base of a pyramid is a rectangle. One lateral edge is per-
pendicular to the base, and two lateral faces are inclined to it at
angles @ and f, respectively. Determine the lateral area of the pyra-
mid, if its altitude is equal to H.

681. The base of a pyramid is a right-angled triangle with an acute
angle ¢; the radius of the inscribed circle is equal to r. Each lateral
face is inclined to the base at an angle . Determine the volume and
the lateral and total surface arcas of the pyramid.

682. The base of a prism ABCA,B,Cy is an isosceles triangle ABC
{AB = AC and < ABC = a}. The vertex By of the upper base of the
prism is projected into the centre of the circle of radius r inseribed
in the lower base. Through the side AC of the baso and the vertex B,
a cutting plane is drawn at an angle o to the base. Find the total
surface area of the cut-off triangular pyramid ABCB, and the volume
of the prism.

683. The base of a pyramid is a right-angled triangle. The altitude
of the pyramid passes through the point of intersection of the hypote.
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nuse and the bisector of the right angle of the base. The lateral edge
passing through the vertex of the right angle is inclined to the base at
an angle a. Determine the volume of the pyramid and the angles of
inclination of the lateral faces to the base, if the bisector of the right
angle of the base is equal to m and forms an angle of 45° + o« with
the hypotenuse.

684. The base of a pyramid is a rhombus with the side a. Two adja-
cent faces are inclined to the plane of the base at an angle «, the third
one, at an angle § (prove that the fourth lateral face is inclined to the
base at the same angle). The altitude of the pyramid is H. Find its
volume and total surface area.

685. The base of a quadrangular pyramid is a rhombus, whose side
is equal to ¢ and acute angle, to a. The planes passing through the
vertex of the pyramid and diagonals of the base are inclined to the
base at angles ¢ and . Determine the volume of the pyramid, if its
altitude intersects a side of the hase.

686. The base of an oblique prism is a right-angled triangle 4BC
with the leg BC = a. The vertex B, of the upper base is projected into
the midpoint of the leg BC. The dihedral angle formed by the lateral
faces passing through the leg BC and hypotenuse AB is equal to c.
The lateral edges are inclined to the base at an angle f. Determine
the lateral area of the prism.

687. The base of a prism ABCAB,C, is &n isosceles triangle ABC
(AB == AC and » BAC = 2a). The vertex A, of the upper base is
projected into the centre of the circle of radius R circumscribed about
the lower base. The lateral edge 44, forms with the side AB of the
base an angle equal to 2q. Determine the volume and the lateral
area of the prism.

688. Determine the volume of a regular quadrangular pyramid,
whose lateral edge is equal to [ and the dihedral angle between two
adjacent lateral faces is equal to B.

689. Given in a frustum of a regular quadrangular pyramid: diago-
nal d, dihedral angle « at the lower base and altitude H. Find the
volume of the frustum.

690. The lateral edge of a frustum of a regular quadrangular pyra-
mid is equal to £ and inelined to the base at an angle §. The diagonal
of the pyramid is perpendicular to its lateral edge. Determine the
volume of the pyramid.

691. The altitude of a frustum of a regular quadrangular pyramid
i equal to /1, the lateral edge and diagonal of the pyramid are
inclined to the base at angles « and B, respectively. Find the lateral
area of the frustum.
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692. The sides of the bases of a frustum of a regular quadrangular
pyramid are equal to a and a I 3. respectively; the lateral face is in-
clined to the base al an angle y. Determine the volume and total sur-
face area of the frustum.

693. A cube is inscribed in a regular quadrangular pyramid so
that its four vertices are found on the lateral edges. and the remaining
four, in the planc of its base. Determine the edge of the cube, if the
altitude of the pyramid is equal to //, and the lateral edge, to 1.

694. A cube is inscribed in a regular quadrangular pyramid so that
its vertices lie on the slant heights of the pyramid. Find the ratio of
the volume of the pyramid to the volume of the cube, if the angle bet-
ween the altitude of the pyramid and its lateral face is equal to c.

695. The base of a pyramid is a right-angled triangle withlegs equ-
al to 6 and 8, respectively. The vertex of the pyramid is at a distance
of 24 from the base and is prejected onlo its plane at a point lying
inside the base. Find the edge of the cube, whose fonr vertices lie in
the plane of the base of the given pyramid, and the edges joining these
vertices are parallel to the corresponding legs of the base triangle
of the pyramid. The other four vertices of the cube lie on the lateral
faces of the given pyramid.

696. In a regular quadrangular pyramid the dihedral angle at the
base is equal to o. Through its edge a cutting plane is drawn at an
angle B Lo the basc. The side of the base is equal to a. Determine the
area of the section figure.

697. In aregular quad rangular pyramid the side of the base is equal
to a, and the dihedral angle at the base, to a. Through two opposite
sides of the base of the pyramid two planes are drawn at right angles
1o each other. Determine the length of the line of intersection of the
planes contained inside the pyramid, if it is known that it intersects
the axis of the pyramid.

698. In a regular quadrangular pyramid a plane is drawn through
a vertex of the base perpendicular to the opposite lateral edge.
Determine the area of the section figure thus obtained, if the side of
the base of the pyramid is equal to a, and the lateral edge is inclined
to the planc containing the base at an angle ¢ (> 43°% prove this).

699. It isrequired to cut a regular guadrangular prism with a plane
to obtain a section viclding a rhombus with the acute angle «.
Find the angle of inclination of the cutting plane to the base.

700. The base of a right parallelepiped is a rhombus with the acute
angle o. At what angle to the base must a cutting plane be drawn to
obtain a section yielding a square with its vertices lying on the late-
ral edges of the parallelepiped?
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701. A right parallelepiped, whose base is a rhombus with the side
@ and acute angle a is cut with a plane passing through the vertex

of the angle a, the section yielding arhombus with the acute angle = .

Determine the area of this section.

702. The edge of a tetrahedron is equal to b. Through the midpoint
of one of the edges a plane is drawn parallel to two non-intersecting
edges. Determine the area of the section thus obtained.

703. The base of a pyramid is a right-angled triangle with a leg a.
One of the lateral edges of the pyramid is perpendicular to the base,
the other two being inclined to it at one and the same angle «.
A plane perpendicular to the base cutsthe pyramid, yielding a square.
Determine the area of this square.

704. In a frustum of a regular quadrangular pyramid the sides of
the upper and lower bases are respectively equal to @ and 3a and the
lateral faces are inclined to the plane containing the lower base at
an angle «. Through a side of the upper base a plane is drawn paral-
lel to the opposite lateral face. Determine the volume of the quadran-
gular prism cut off the given frustum and the total surface area of
the remaining portion of the frustum.

705. Two planes are drawn through a point taken on a lateral edge
of a regular triangular prism with the side of the base a. One of them
passes through a side of the lower base of the prism at an angle
to the base. the other, through the parallel side of the upper base and
at an angle P to it. Determine the volume of the prism and the sum of
the areas of the sections thus obtained.

706. In a regular quadrangular prism a plane is drawn through
the midpoints of two adjacent sides of the base at an angle o to the
latter to intersect three lateral edges. Determine the area of the sec-
tion figure obtained and its acute angle, if the side of the prism’s
base is equal to b.

707. The base of a right prism is an isosceles trapezoid (with the
acute angle «) circumscribed about a circle of radius r. Through one
of the nonparallel sides of the base and the opposite vertex of the
acute angle of the upper base a plane is drawn at an angle o to the
base. Determine the lateral avea of the prism and the area of the sec-
tion figure thus obtained.

708.4The base of a right prism ABCABC; is an isosceles triangle
ABC withlangle o at the base BC. The lateral area of the prism is equ-
2l to S. Find the area of the section by a plane passing through a dia-"
gonal of the face BCCyB, parallel to the altitude 4D of the base of
the prism and at an angle j to the base.
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709. The base of a right prism ABCA,BCyis a right-angled trian-
gle ABC with an angle f at the verlex B (B << 45°). The difference
between the areas of its lateral faces passing through the legs BC
and AC is equal to S. Find the area of the section by a plane forming
an angle ¢ with the base and passing through three points: the vertex
B, of the angle B of the upper base, midpoint of the lateral edge 44,
and point D situated on the base and symmetrical to the vertex B
with respect te the leg AC.

710. Non-intersecting diagonals of two adjacent lateral faces of
arectangular parallelepiped are inclined to its base at anglesa and 8.
Find the angle between these diagonals.

711. Given three plane angles of the trihedral angle SABC:
£ BSC=a; , CSA =§; £ ASB =y. Find the dibedral angles of
this trihedral angle.

712. One of the dihedral angles of a trihedral angle is equal to 4;
the plane angles adjacent to the given dihedral angle are equaltoa
and B. Find the third plane angle.

713. Given in a trihedral angle are three plane angles: 45°, 60° and
45°, Determine the dihedral angle contained between the two faces
with plane angles of 45°

714. A line-segment AB is given on the edge of a dihedral angle.
In one of the faces a point A/ is given, at which a straight line drawn
from A at an angle a to AB intersects a line drawn from B perpendicu-
lar to AB. Determine the dihedral angle, if the straight line 4.1/ is
inclined to the second face of the dihedral angle at an angle f.

715. Given two skew lines inclined at an angle ¢ to each other and
having a common perpendicular PQ =k which interseets both of
them. Given on these lines are two points A and B, from which the
line-segment PQ is seen at angles o and B, respectively. Determine
the length of the line-segment AB.

716. Given on two mutually perpendicular skew lines, the perpen-
dicular distance between which PQ = h, are two points 4 and B,
from which the line-segment PQ is seen at angles o and B, respecti-
vely. Determine the angle of inclination of the segment AB to PQ.

747. A cutting plane divides the lateral edges of a triangular pyra-
mid in the ratios (as measured from the vertex): %’L —’I'TL l,?_‘

1 2
In what ratio is the volume of the pyramid divided by this plane?

718. From the midpoint of the altitude of a regular quadrangular
pyramid a perpendicular, equal to &, is dropped to a lateral edge, and
another perpendicular, equal to b, to a lateral face. Find the'volume
of the ‘pyramid. ’
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CHAPTER X
SOLIDS OF REVOLUTION

719. The generator of a cone is equal to ! and forms an angle of 60°
with the plane of the base. Determine the volume of the cone.

720. The length of the generator of a cone is equal to I, and the
circumference of the base, to ¢. Determine the volume.

721. The lateral surface of a cylinder is developed into a square
with the side a. Find the volume of the cylinder.

722, When developed, the curved surface of a cylinder represents
a rectangle, whose diagonal is equal to d and forms an angle o with
the base. Determine the volume of the cylinder.

723. The angle at the vertex of an axial section of a cone is equal
to 2a, and the sum of the lengths of its altitude and the generator, to
m. Find the volume and surface of the cone.

724. The volume of a cone is V. Its altitude is trisected and through
the points of division two planes are drawn parallel to the base. Find
the volume of the medium portion.

725, Determine the volume of a cone, if a chord, equal to a, drawn
in its base circle sublends an arc o, and the altitude of the cone
forms an angle § with the generator.

726. Two cones (one inside the other) are constructed on one and
the same base; the angle between the altitude and the generator of
the smaller cone is equal to «, and that of the larger cone, to f. The
dilference between the altitudes is equal to k. Find the velume of
the solid bounded by the curved surfaces of the cones.

727, The curved surface of a cone is equal to S. and the total one,
to £. Determine the angle between the altitude and the gene-
rator.

728. When developed on a plane, the curved surface of a cone
represents a cirenlar sector with the angle o and chord a. Determine
the volume of the cone.

729. A plane, drawn through the vertex of a cone and at an angle
¢ to the base, culs off the circle of the base an arc o} the distance bet-
ween the plane and the centre of the base isequalto a. Find the volu-
me of the cone.

730. A square, whose side is cqual Lo a. is inseribed in the base of
a cone. A plane drawn through the vertex of the cone and a side of
the square intersects the surface of the cone along a triangle, the angle
at the vertex of which is «o. Determine the volume and surface of the
cone.
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731. The element [ of a frustum of a cone forms an angle o with
the plane of the lower base and is perpendicular to the straight line
joining its upper end point with the lower end point of the opposite
clement. Find the curved surface of the frustum.

732. Given a cone of volume V, whose generator is inclined to the
base at an angle «. At what height should a cutting plane be drawn
perpendicular to the axis of the cone to divide the curved surface of
the cone into two equal parts? The same question for the total surface.

733. Determine the volume and surface of a spherical sector cut
off a sphere of radius R and having an angle o in the axial section.

734. The surface of a spherical segment of radius R is §. Find its
altitude.

735. The area of a triangle ABC is equal to S, the side AC =5 b
and / CAB == u. Find the volume of the solid foermed by rotating
the triangle ABC about the side AB.

736. Given in a triangle ABC: the side a. angle B and angle C.
Determine the volume of a solid obtained by rotating the triangle
about the given side.

737. A rhombus with the larger diagonal d and acute angle y ro-
‘tates about an axis passing outside it through its vertex and perpen-
dicular to its larger diagonal. Determine the volume of the solid thus
obtained.

738. Givenin a triangle: sidesb and ¢ and the angle o between them.
The triangle rotates about an axis which passes outside it through
the vertex of the angle o and is inclined to the sides b and ¢ at equal
angles. Determine the volume of the solid thus generated.

739. In an isosceles trapezoid a diagonal is perpendicular to one of
the nonparallel sides. The side is equal to b and forms an angle «
with the larger base. Determine the surface of the solid generated by
rotating the trapezoid about the larger base.

740. Two planes are drawn through the vertex of a cone. One of
them is inclined to the base of the cone at an angle a and intersects
it along a chord of length a, the other is inclined to the hase at an
angle P and intersects it along a chord of length b. Determine the
volume of the cone.

744 . A sphere is inscribed in a conc. Find the volume of the sphere.
if the generator of the cone is equal to [ and is inclined to the base at
an angle «.

742. A straight line, tangent to the curved surface of a cone, forms
an angle 6 with the element passing through the point of tangency.
What angle (@) does this line form with the plane of the base P of
the cone, if its generator is inclined to the plane P at an angle o?
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743. An obtuse triangle with acute angles « and § and the smaller
altitude k rotates about the side opposite the angle §. Find the sur-
face of the solid thus generated.

744. In a cone (whose axial section represents an equilateral tri-
angle) installed with its base up and filled with water a ball of radius
r is placed flush with the water level. Determine the height of the
water level in the cone after the ball is removed.

745. In a cone, the radius of the base circle of which is equal to /#

and whose generator is inclined to the base at an angle-g» , a right

triangular prism is inscribed so that its lower base lies on the base of
the cone, and the vertices of the upper base are on the curved surface
of the cone. Determine the lateral area of the prism, if the base of the
prism is a right-angled triangle with an acute angle «, and its altitu-
de is equal to the radius of the circle along which the plane passing
through the upper base of the prism intersects the cone.

746. In a triangular pyramid, whose base is a regular triangle with
the side a, a cylinder is inscribed so that its lower base is found on the
base of the pyramid, its upper base touching all the lateral faces.
Find the volumes of the eylinder and the pyramid cut-off by the plane
passing thivough the upper base of the cylinder, if the altitude of the

. . a . .
cylinder is equal to = , one of the lateral edges of the pyramid is per-

pendicular to the base, and one of its lateral faces is inclined to the
base at an angle « (define the values of o for which the problem is sol-
vable).

747. A right triangular prism is inscribed in a sphere of radius R.
The base of the prism is a right-angled triangle with an acute angle o
and its largest lateral face is a square. Find the volume of the prism.

748. The base of a pyramid is a rectangle with an acute angle a bet-
ween the diagonals, and its lateral edges form an angle ¢ with the
base. Determine the volume of the pyramid, if the radius of the cir-
cumscribed sphere is equal to R.

749. The radius of the base circle of a cone is equal to R and the
angle at the vertex of its axial section is «. Find the volume of a re-
qular triangular pyramid circumscribed about the cone.

750. A sphere of radius r is inscribed in a frustum of a cone. The
generator of the cone is inclined to the base at an angle «. Find the
curved surface of the frustum.

751. Circumscribed about a sphere is a frustum of a cone, whose
elements are inclined to the base at an angle a. Determine the sur-
face of the frustum, if the radius of the sphere is equal to r.
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752. A sphere of radius r is inscribed in a frustum of a cone, whose
generator is inclined to the plane of the base at an angle «. Find the
volume of the frustum.

753. From a point on the surface of a sphere of radius R three equal
chords are drawn at an angle a to one another. Determine their
lengths.

754. A frustum of a cone is inseribed in a sphere of radius R. The
bases of the frustum cut off the sphere twe segments with ares in the
axial section equal to o and f, respectively. Find the curved surface
of the frustum.

753. The lateral faces of a regular quadrangular pyramid are incli-
ned to the base at an angle a.. The slant height of the pyramid is equal
to m. Find the surface of a cone inscribed in the pyramid and the an-
gle of inclination of the lateral edge to the base.

756. A cone is circumseribed about a regular hexagonal pyramid.
Find its volume, if the lateral edge of the pyramid is equal to /
and the face angle between two adjacent lateral edges is equal to a.

757. A cone is inscribed in a regular triangular pyramid. Find the
volume of the cone if the lateral edge of the pyramid is equal to /
and the face angle between two adjacent lateral edges is equal
to a.

758. A cone is inscribed in a sphere and its volume is equal to one
fourth of that of the sphere. Find the volume of the sphere. if the al-
titude of the cone is equal to H.

759. A sphere is inscribed in a regular triangular prism. It touches
the three lateral faces and both bases of the prism. Find the ratio of
the surface of the sphere to the total surface area of the prism.

760. A sphere of radius R is inscribed in a pyramid, whose base is
arhombus with the acute angle ce. The lateral faces of the pyramid are
inclined to the base at an angle ¢. Find the volume of the pyramid.

761. A hemisphere is inscribed in a regular quadrangular pyramid
so that its base is parallel to the base of the pyramid and the spheri-
cal surface is in contact with it. Determine the total surface area of
the pyramid, if its lateral faces are inclined to the base at an angle
« and the radius of the sphere is equal to 7.

762. A hemisphere is inscribed in a regular quadrangular pyramid
$o that its base lies on the base of the pyramid and the spherical sur-
face touches the lateral faces of the pyramid. Find the ratio of the
surface of the hemisphere to the total surface area of the pyramid and

the velume of the hemisphere, if the lateral faces are inclined to the
base at an angle of @ and the difference between the lengths of the
side of the base and the diameter of the sphere is equal to m.
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763. In a cone, with the radius of the base circle R and an angle ¢
between the altitude and generator, a sphere is inscribed which tou-
ches the base and the curved surface of the cone. Determine the volu-
me of the portion of the cone situated above the sphere.

764. The surface of a right circular cone is » times as large as the
surface of the sphere inscribed in it. At what angle is the generator
of the cone inclined to the base?

765. A sphere is inscribed in a cone. The ratio of their volumes is
equal to n. Find the angle of inclination of the generator to the base
{calculate for n == 4).

766. Determine the angle between the axis and generator of a cone,
whose surface is n times as large as the area of its axial section.

767. Inscribed in a cone is a hemisphere, whose great circle lies on
the base of the cone. Determine the angle at the vertex of the cone,
if the ratio of the surface area of the cone to the curved surface area
of the hemisphere is 18: 5.

768. Determine the angle between the altitude and generator of a

. : 1.,
cone, if the volume of the cone is 1+ times as large as that of the

hemisphere inscribed in the cone so that the base of the hemisphere
lies on the base of the cone and the spherical surface touches the cur-
ved surface of the cone.

769. Determine the angle between the altitude and generator of
a cone, whose curved surface is divided into two equal parts by the
line of its intersection with a spherical surface, whose centre is loca-
ted at the vertex of the cone and the radius is equal to the altitude of
the cone.

770. A cone with the altitude #/ and the angle between the genera-
tor and altitude equal to e is eut by a spherical surface with the centre
at the vertex of the cone to divide the volume of the cone into two
equal portions. Find the radius of the sphere.

771. On the altitude of a cone, equal to H, as on the diameter, a

.o It .
sphere of radius 5 is constructed. Determine the volume of the portion

of the sphere situated outside the cone, if the angle between the
generator and altitude is equal to o,

772. Given two externally tangent spheres O and O,. and a cone
circumseribed about them. Compute the area of the curved surface of
the frustum, whose bases are the circles along which the spheres con-
tact the surface of the cone, if the radii of the spheres are equal to R
and R,.

773. Four balls of one and the same radius r lie on a table so that
they touch one another. A fifth ball of the same radius is placed on
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them at the centre. Find the distance between the top point of the
fifth ball and the plane of the table.

774. Determine the angle at the vertex of the axial section of a cone
circumscribed about four equal balls arranged so that each of them
is in contact with the three remaining ones.

775. The faces of a frustum of a regular triangular pyramid touch
a sphere. Determine the ratio of the surface of the sphere to the total
surface area of the pyramid, if the lateral faces of the pyramid are
inclined to the base at an angle a.

776. Inscribed in a cone is a cylinder, whose altitude is equal to
the radius of the base circle of the cone. Find the angle between the
axis of the cone and its generator, if the ratio of the surface of the
cylinder to the area of the base of the cone is 3:2.

777. The radius of a sphere inscribed in a regular quadrangular
pyramid is equal to 7. The dihedral angle formed by two adjacent
lateral faces of the pyramid is equal Lo «. Determine the volume of
the pyramid, whose vertex is al the centre of the sphere and the ver-
tices of the base lie at the four points of tangency of the sphere and
the lateral faces of the pyramid.

778. A sphere of radius r is inscribed in a cone. Find the volume
of the cone, if it is known that a plane tangent to the sphere and per-
pendicular to the generator of the cone is drawn at a distance d
from the vertex of the cone.

779. The edge of a cube is a, A7 being its diagonal. Find the radius
of a sphere tangent to the threc faces converging al the vertex 4 and
to the three edges emanating from the vertex B. Also find the area
of the portion of the spherical surface outside the cube.

780. In a regular tetrahedron, whose edge is equal to a, a sphere is
inscribed so that it is in contact with all the edges. Determine the
radius of the sphere and the volume of its portion outside the tetra-
hedron.

CHAPTER XI
TRIGONOMETRIC TRANSFORMATIONS
Prove the following identities:

781. sec (-%‘--f—a)sec(%-—a):.?secza
sin (2a+B) . __sinp

782, 1"'—si—n-&—ﬁ—~-—2cos(a+ﬁ)~-——sma

783, 2(csc2a+cot2a)=cot—%—-tan-g—

884338
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cosa-sina o . cosa--sina
784. e i = tan (45°+-a); 785. -——-—-—-———msa__sina_tanZa-}-sec 2¢
YR aint () Sin2e
786. sin (8 +a) sin' (8 a) -—-—-VE
2cos2a—1
. =1
o 2tan(i——a) .sinz(f—+a)
4 4
af® _\_1-sinla
788. tan’ (4 a)“__“1+sin2a
cos 2a 1
e T
sin a4-cos (B—a) o
790. cos a—sin (2f—a) cot ( 4 ﬁ)
14-sin2e  i4-tana L
1. cos2e  l—tana = tan (7_7 0L)
sinz4cos (2y—=z) _ 14sin 2y
792. cos z—sin(2y —z)  cos 2y
793. tan®o — tan® = sin (- P)sin (a — B) sec® « sec* §
T a
tan { ———2-}-(4-+sina)
794. (5 2 ) =cota
sina
= n fe 1—sinao
795. tan(z—vv}—z—-)-—@a—~1
796 2 {sin2a 2 cos2 @ — 1) — esca
" cos a—sin a—c¢os 3at-sin 3 ”
sin @ -—sin 3¢ 4-sin Sa 5
7. €08 ¢ — CUS 3% -+ €08 ba tan oo
798. sin(a-—b)-+sin{a—c)+sin(b—c)=4 cosg—;:fsina 5 Ccosb'z'c
799. 2(sin®z - cos®z)— 3 (sin*z -t costz)+1=0
P | ar 2N\ , 4y
800. sina-i-sin (azi.—-—g—-) j- sin (oc w,«—-g—) == )
801. sin®(45° 4 a) — sin®(30° —a) —sin 15° cos (15° + 2a) =sin 2a
802. Show that

1—2cost ¢ '
m_mn ¢ —cot ¢
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803. Show that
s o 2sing—sinla
tan® 5 = 5 @ Sin 2o
804. Prove the identity
€08? @ - ¢0s? (&t -+ @) — 2 €08 & €08 P €08 (&t + @) = sint o
805. Simplify the expression
sin® o - sin? $-+ 2sin o sin B cos (@ -+ B)
806. Prove that
sin®a - sin® - sin®y — 2 cosa cos Pcos y =2,
if oL Btyp=n.
807. Prove that
cot Acot B-f-cot AcotC+cot Beot C=1,
if A4-B+4C= n.
808. Prove that
b 2 i
COS = €08 ~— = —
5 5 4

809. Prove that
08 =< -} CO 3=
€08 = 4- €05 =

1
2

Reduce to a form convenient for taking logarithms:

810. 1+cosa+cos—;—; 811. 1—¥ 2 cos o -} cos 2a

812. 1 sin® (- B)— sin® (e — f)
813. 14-sina--cosa--tana; 814, 1 sino—cosa
sin —-

2
815. 1—tanc+seca; 816, cosa-}-sin2u—cos 3u

817. tan (a—}—-z—) -+ tan (a—%)

2sinf—sin2f | V2 —cos a—sina
818. 2sin B-+sin2f ’ 819. TTSin g —cos @
820. cot o - cot 2o -+ cse 2a; 821, cos2a-+sin 2o tana
. T o . 1+ tan 2o tan o
822. 2sin*a 4} 3sin2a—1; 823, T
(i
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824, 2 tan 2¢+-cot 2
825. tanx-—1+sinz(1—~tanx)+r_*—_—é;.;;

826. +§:::i;°:£::353“ ; 827, 1 -—-% sin? 2o — sin® f —costa

sin (z+y-+2)
828. tan z4-tany--tanz— COS £ COS § COS 2

829, sinc--sinp+siny if a+p+y=180"

CHAPTER XII
TRIGONOMETRIC EQUATIONS

Solve the following equations:

830. 1 —sindzr= (cos %z--—sin%f—)z

834. sinz-+sin2z--sin3z4-sindz=0

832. sin (z - 30°) 4+ cos (z+ 60°) =4 - cos 2x

833. sinz--sin 2z - sin 3z = cos z + cos 2z -+ cos 3z

834. cos 22— cos 8z 4 cos 6z = 1; 835, cosz—cos 2z =sin 3z

836. sin (z—60°) = cos(z--30°); 837. sin b5z +sinz 4 2sintz=1
838. sin®z(tang - 1)=3sinz(cosz—sinz)+ 3

839. cos4z == —2cos?z; 840. sinx-4-cosz= Y

841. sin3x =cos2r; 842. sin %+ cos‘—g- = %

843. Staniz—sec’z=1; 844. (1 +cosdz)sindz =cos? 2z
845. sind -+ cost z =cos 4r; 846, 3 cos®z—sin®z—sin 2z=0
847. costz+3sintz -2V 3sinzcosz=1

848, Bsin’z 4 3sinzcosz—Scostzr=2

. 5 .
849, sin®z 4 —g— cos? x == 3 sinzcosz

850, sinx+V§cosx=1; 854. sinx4-cosz=1
852, sinz - cosz =1--sin 2z; 853. sin3x+cos3z=V§
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854,
856.

858,

860.
862.

863.
864.
865.
866.
867,

868,

869.

870.

871.
872.
873.

874.
875.
876.
877.

sinz sin 7z = sin 3z sin 5z; 855, cosz sin 7z = cos 3rsin Sz

. . . i . . N .
sin z sin 2z sin 3z = 7 sin 4z; 857. 2costx-t+4bcosxr=3sin*z

5cos2r=4sinz; 859. t;an(-Z—,L z) 4 tanz—2=0

s{Z
8 tana = 1-secz; 861. %———" sec? & — 1
’ 14 cos z = ReCT g

n+ 0

1 —cos (5t — x) -+ sin

2 [1-sin (%-—1)] :1/1—5 tan 5

sinz-——cosx —4costrsinz =4sindz

sinz
cot x+m=2

2 cot (z — m)——(cos x - sin z) (esc x — sec ) =4

sin (n—z) 4 cot (—f;-»z) :ic%fg—i—?‘——rcgs—{
1—-—'.311—,’i
2 .z
==25m—§
1—cot =
2

sin (n—z) -+ cot (—3—"- + x) = se¢ (—2)— 08 (20— 1)
sec?x—tan®z - cot( ES .z) = 05 2 sec® z

sind z (14 cot x) -+ cos? 2 (1 - tan x) = cos 2z

sin3 z cos 3z -+ sin 3z cos® z == 0.375

tan z + tan 2z = tan 3z

14 sinz -+ cosz=2cos (-;——45")

1—-cos’21=sin33:—cos(-g-~1[ J;)

__ese{n—z)
1—3cos 2+ c08 27 = e
2sint z
H 2 . i
[c(zs:c—-sm(x——n)] t =gy
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878, (sinz -} cosz)?=2sin (—2—‘-4—::) sin(%——-z)

879. 2—sinxcos 2r—sin 2z cos r =
_ 3z EE:IANL
= [COS (T——T) - 811 (‘4—————2—)]
880. (f—tanz)(1+sin2z)=1+tanz

cos 2z
4 —sin 2z

882. (1-+sin2z)(cosz—sinz)=1—2sin*z

883 cos? z—sin? 2z

881. coszx+tsinz=

= sin (z 4 30°) sin (z — 30°)

4 cos? z
sin (60°-4-z) 4-sin (60°—z) tan z cot z
884, 2 T tan? z) + (1 +-cot2 z)2
885. sec®z - (cos z 4-sin z tan f_) — 0 (£ 30%) 005 (60°—7)
: 2 o5 T
T x
tan - cot -
. x . n 2 2
X X gy —sin{Z —z) = a2
886 sm(4 x) <1n(4 x) PRYG

887. 217 sin (45° + 2) = %“s%?

888, 1— 2 (sin thcos 2z tan z)
V3sectz

889. sin 3z =4 sinzcos 2z

= cos*z —sintz

890. secz-+-1=sin{m—r)—cosxtan H—ZH

tan 2 : o : Cl
891. mi—nhz—-mT:(—f—z—Zsm (45° + 2) sin (45° —x)=0

2
892, tan(z —45°) tan z tan (z + 45°) = 4;05 z =
tan 5 cot 5

893, ang +45°’;' tan (245) _ tan (x —45°) tan (z -+ 45°) tan z
894. tan(z -b-o)-+tan(x—a)=2cotx

2 9
895. (sin-ff-—cos,i) = =
2 2 tan;;———-mn r+n

2 -
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sin z Y I i 4no s=2 z
896. T OF T e 0 x)~1 L tan (—z L 45 )——-tan ( 45 _.._2_)
g aind AP 1
897. sintx-sin (x—i T )~~4

897a. sin®x-sin? (x —{—%) -} sin® (z——%) =-2,—

Solve the following systems of equations:

RS

898, cos z;y cosi—gi:%; COS L COS Y =
899, x4-y=o;sinzsiny=m; 900, z+y=a; tanz{tany=m
901. x-}-yz-”—; tanz -+ tany=1

902, 2tinHeOSY g5 465 4

1
903. sinxsiny:m; tanztany ==+

904. sinz=2siny; cosz = %cos y
CHAPTER XIII
INVERSE TRIGONOMETRIC FUNCTIONS
905. Compute
2arcsin ( —-l/—) +arccot (— 1) -}- arccos == V +— arccos ( ~- 1)
906. Prove that
tan (arccos ) = _1_/_1_;_2

907. Prove that

x

Vi—z2

tan (aresin ) =

Compute: "
908. sin [—} arccot ( —--2—)]; 909. sin [% aresin ( ———213/—{)]

910. cot [—-12— arccos ( — %)], 911. tan (5 arclan 1—?——-2— aresin ——‘g—g)
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912. sin (3 arctan J/'3 -+ 2arccos —;—)

913. cos [3 arcsinlg—g—}-arccos ( -—-—;-)]

Prove the following identities:
914, arotan (3+2)/Z) —arctan ? = ..:_

915. arccos ]/é-——Larccos ZG{/'; %

.4 .. 8 . 16 =
916. arcsin 5 +aresin g+ arcsing =

It

917. arccos —1—+arccos ( -—-%—) == arcCos ( —g)

918. 2arctan - 5+ arctan - 7= arctang—;—

[n

919. arctan T+ arctan 5 4 arctan % -+-arctan T

F =
Solve the following equations:

920. 4arctan (4 — 3z —3)—n =0

921. 6 arcsin(2*—6248.5)=n

922. arctan (z -+ 2) —arctan (z -+ 1) = 343-

923. 2arctan % —arctan z = —2—

924. arcsin 3 ]2/_ ~—aresin Y 1 -z =arcsin 1

3

ia
925. arctan -+ arctan = ﬂ =arctan
+102

926. arcsin 3z =arccos 4z; 927. 2arcsin z = arcsin R

928. Solve the system of equations

z -+ y=arctan g a2' tanztany=a® (Ja|<<1)
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90 Answers and Solulions

CHAPTER II
ALGEBRAIC TRANSFORMATIONS

Preliminaries

In solving problems of the present chapter (beginning with Problem 62)
the following should be taken into consideration.

1. The radical }/@ is called principal, or arithmetical, if the radicand a is
positive (or equal to zero)and if, furthermore, the root itself is taken positive.

Examples. The expression 3 —27 cannot represent an arithmetical root,

since the radicand is negative. The expression }/16 is an arithmetical root, if
==

we consider only its positive value (i.e. 2). The expression 327 represents an

arithmetical root (i.e. 3), if we consider only its real value (it also has two

imaginary values — —hf— —+ 2—1/,——? i and — ~3)— — 3 1‘)/3 i) . The expression '1/——16

cannot represent an arithmetical root, since the radicand is a negative number.

2. The rules for transformation of radicals set forth in algebra are true only
for arithmetical roots.

For instance, the equality 77 = }72% is not true for negative values of z.
Thus, at « == —8 the left member of the equality has only one real value 3 —8 =
== 2, while the right member has two real values /64 = -+2 (if imaginary
values are also considered, then §°—8 has three values, and } G4—six values).

In view of this, in the present section dedicated to the identity transformations
of irrational expressions we assume that all radicands may have only positive
tand zero) values*, which means that literal quantities entering the expressions
to be simplified should meet some additional conditions. In a number of cases
(see, for instance, notes to Problems 65 to 71) we indicate such conditions.

Sometimes the conditions to be satisfied by literal quantities are given in
the problem itself. Then in solving such a problem one is to prove that under
these conditions all radicands are positive, _

3. It should be particularly noted that the equality V%=1 (where }/a?
is an arithmetical root) holds true only for z 3> 0. For a negative z it is inva-
lid; instead we have the equality /22 = —z. Both cases may be covered by
the equality /z2=x|z|. Thus, if z=—3, then V{(=3P=V8=—(-3
(and '} (—3)% is an arithmetical root, since the radicand (—3)2 is positive
and the root is taken in its positive value). We may also write J/(—d)=
=={3]. The importance of this note is seen from the following examples.

Example 1. Simplify the expression V/m%—2mn -+ n2. Tho solution

Vm2—2ma+4nt= "V (m—n2=m-—n
i= true only for m > n. For m <n it should be written instead
‘,.,’

* With the exception of Problem 64, where the radicand of the cube radical
can uever be positive (see the solution of this problem on pages 96-97).

2Imn-+tnl= —(m—n}, L. e. Y m2—2mn4-nd=n—m
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Thus, if m=2 and n=3, then m—n= -1, whereas
Vi E = VIS T e= V1=t
A general formula has the form
Vm:{ln-nl or Vm®
Example 2. Simplify the expression
Vaithpr - Vi—dptp
Vatap+p+ Vi—ie+r*

Denoting (for the sake of brovity) the given expression by A, we have
{for p=£ —2):

ZmnA4-nt == fn—-ne |

1= g:_ﬁl
=12+Pt-~l2—~n!: 24p]
[ZEpl+2—el 4. 2~1)l

5T
. 2—p . .
If the {raction —— is positive, then
57y P
A
2—p
1”2-% p P
A= 3 =y
gpt =
24-p
and if it is negative, then
2—p
VT
2+p
Let us analyse what values of p vield the first or/and the second cases. The
fraction z;ﬁ is positive when 2 — p and 2 -+ p are of the same sign. Let us

first require that both guantitics 2 — p and 2 4 p be positive. The quantity
2 — p is positive for p < 2, the quantity 2+ p is positive for p > 2. Con-
sequently, both quantities are positive for —2 <p < 2. Now we rel uire that
both quantities 2 — p and 24 p be negative, but soon find out that this requi-
rement cannot be fulfilled, since 2 — p is negative for p > 2, and 2 4 p is
negative for p < —2, but these conditions are incompatible. Hence, the fraction
2;'; is positive only for —2 < p < 2. For p > 2 and p < —2 this fraction
is negative.

Thus, A:—g‘ for | p} <2 and A:—i— for {p{> 2. At |pl=2 hoth expres-

sions are valid. _
Example 3. The equality V@ ==ad is true only for a3> 0. For negative
values of a we have instead of it the equality Va8 = —ad. Thus, al a=—1
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we have 1/ {—1)8== —(~1)=+1. Here V/[—1)® is an arithmetical root,
since the radicand {(—1)$==1 is positive and we take the positive value of

the root, X
Example 4. Take the factors outside the radical sign in the expression

V/ (a5} (a— 3)3.
The given root may be arithmetical only for a7 3, since for 2 <3 the
factor (a—3)3, and, hence, the whole radicand are negative. The equality

Vie—5) (a—3)2=(a—5)3 (e—3) Va—3
holds true for a = 5. For @ <5 the following should be written instead
Vie—58 (8—3)3= —(a—5)% (a—3) Ya—3
A general formula is
Via—58(a—3)3=|a—53(a—3) Va—s (for e3> 3).

4. In general, the equality 7% = z (where the left member denotes an
arithmetical root) holds true only for positive values of z (and at z = 0), If n
is an even number, then at a negative z instead of 3 7% = z we have the equali-
ty§ on = —x. I 0 is an odd number, then at negative values of r there exists

uo arithmetical root at all.
4. Grouping the last three terms of the expression in parentheses, factor it

at = b — et - Qe = — (b — )= (a+ b—c)(a— b+ c)

The given expression takes the form
(at+c-t-W(atc—b)={a-+ ) — b
91

Answer: (@a-4-e)2—b2; 139 555 -
Fr. - . 1 . .
47. The expression in parentheses is equal to P It is convenient to rever-

se all the signs hoth in the numerator and denominator of the last fraction, and
then to factor the numerator; the fraction takes the form
(@4r) (n—1) (n>4-n4-1)

ae—1

n%tnt

n )

48. The denominator of the second fraction is equal to (I - x) (x — 2a).
The parenthesized expression is equal to 1 - z, The given expression is equal to

Answer:

T 2 1
air—2a) z-—2a a

Answer: -,
“

49, Answer: 5 .
a2z
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50. Represent the second addend in the form a3:—i_310 . Reduce the paren-

— 2
thesized fractions to a common denominator; this yields .i(az‘z__ﬁ‘:—;'&;

equating the trinomial 24249210 to zero and finding the roots ay=—2;

g == - -5— factor it

2024 G2+ 10=2(a+2) (a+%)

Now the expression in parentheses takes the form
—3{a+2) (28+5)
a(3a—1)

Multiplying it by
303+ 8¢ —3a  4a (a--3)(3a—1)

e Ztoe—a
'+

12(2a4-5) (a+3)

Answer:
a—2
51. Reduce each fraction, factering both the numerator and denominator.
Answer:
52. Factor the denominator of the second fraction and reduce the latter

z y(x—y) i

FEE T @O ETY | Ty

Answer: .;l_y—
53. After simplification the denominators of the fractions take the form

4(z2+x+1) and 4(22—z41)
3

The given expression is transformed in the following way
2 3 1 1 )_ 2241 R
73 ( 2242414 + zi— 41 (L R—a2  xta4t

Answer: ______'ti_._
282241
54, Factor v,be denominators of the first four fractions, reduce the first
fracuon by a—1. The expression in parentheses takes the form
. 2(a—1) 4(at1) a -
a-—1 Grga—2 (a—D@E+2 + (a1} (8~2)

_ 2(a+3)
(a~-1) (a-4-2) (a2)
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3. 8642
This should be multiplied by the fraction 364 1?‘:—236.1 +144 .

the numerator of the last fraction by grouping the terms, and the denomi-
nator, as the sum of cubes a3-1-33; then this fraction takes the form

36 (a—1) (a+2) (a~2)
(@ 3) (@321

Factor

72
a2—3a-+9 '
55. Let us denote the dividend (the sum of fractions) by 4 and the divi~
sor, by B. Factoring the polynomials which enter 4, we fin
A 3+ , (z4+2(@2z—5)
2(z+1) (224+1) T 2(z—1) (22 +19)

4
Taking —2—(%1-2—1)— outside parentheses, we have

Answer:

Ao =2 ( 3 | 22—5 )_ (24 2) (z2—4)
T2EHD \TH a1 )T @D ) @=D)
Then we find
Be 2 (z2 - 4)
TEIHEFT =D
Dividing 4 by B, we get 212

2

Answer: i%l?— .

56. Let A denote the dividend and B, the divisor, Equating the trinomial
2% — zy — 2y® entering the expression 4 to zero, we solve the oblained equation
for one of the unknowns, say, for the unknown z; on finding z4 = —y and
zy = 2y, we get the following factorization of the trinomial: 22 — 2y — 2% =
== {z 4+ y) (z — 2y). Now we have
A= ZTY  Zbyity—2

W—s  GFN 1)

Write in the subtrahend 2y — z instead of x — 2y, simultaneously reversing
the signs in the numerator of this fraction. Reducing the fractions to a common
denominator, we get

o 22242
T (y—2) =ty
In the expression B factor the numerator by representing it in the form
(22® + y)* — 2%, and the denominator, by grouping z* + zy and y -+ z. Then
B2 u+2) (222 4-y—2)
(=+9) (z+1)
z+4
@y—a) (222+y+2) °

Dividing 4 by B, we get
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z+14
(@y—x) 222+ y+2) ~
57. Factoring the polynomials contained in the given expression, we obtain
{e+42) (a—1) [ 4{ad-1) _ 3 J
at {a—3) 4(a-+1)(a—1) a(a—1)

a2
Answer: s

58, Let A denote the dividend and B, the divisor. The pumerator of the
fraction A is

-;‘[4a2(b—|—c)27‘—1]=—;—[2a(b+c)"+1] {2a (b+c)n—1]

Answer:

and the denominator
a{n?—a?—2a~)=a[n2—~{at+1)2}=a(ntat1)(n—~a—1)
Leave the numerator of the fraction B unchanged and write its denominator
in the form —ac{n—a—1).
_2aptoniic
2(ntai1) .
89, First method, Reduce all the fractions to a common denominator;
be (b—c)—ac (a—c)+ab (a—b)
abe (a—b) (a—¢) (b—c)

Having multiplied the binemijals in the denominator, we get a*h — gb? -i-

-+ b% — aPc -+ ac® — be?, i.c. the same expression as in the numerator. After

Answer:

{a}

reduction we obtain -~ ,
abe

Second method. Putting in the numerator of the fraction (a) a = b, we find
that in this case the numerator vanishes, Conscquently, aceording to Bézout's
theorem, it is divisible by (¢ — b). The guotient is

ath—¢)—eclb—c)=(b—¢c)(a—r¢)

Thus, the numerator is equal to (a — b) (b — ¢) (2 — o).

Third method. Let us reduce to a common denominator only the first two
fractions of the given expression. We get

b2 be —a? - ac
ab (a—b) (a—c) {b—¢)

Grouping the terms in the numerator (the first one with the third and the

second with the fourth), we arrive at the expression
(b+a)(b—a)~c(b—a)=(a—b)(c—a—b)

Now reduce the fraction by (¢ — b) and add the third fraction of the given
expression,

1
Answer: il
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60. The first factor is equal to -Z;‘-'f—:‘:-_i:—}—
(ad4-22—1 _ (atz-t1)(@tz—1)
2azx - 2az

. The expression in brackets is

. Multiplying the given expres-

equal to

2
sions, we find ﬂ}xa—}—i)—. Substitute z= ai the numerator takes

)
3
the form .(;im-, the denominator becoming equal to ~— ai .
3
Answer: <

2a—1)

61, Let us denote lhe expression in brackets by A and the expression in
parentheses, by B. We have A:B-1:==AB. Getting rid of the powers with
negative exponents in the expression 4, we have

 Wr—3ab—22  (b—20)(2bta)  b—Da
T aer o (@b—a) | a(atb)(B—a)  a(2b—a)

Transforming B, we get

6a’ ):a" b {a— 2b)
2a—b 2a—b
Finally, we find 4B = an-b {reverse the signs of the terms both in the numera-
tor and denominator in one of the fractions to be multiplied).

Answer: an-lb.
62, The numerator is transformed to the form a? — §?, the denominater,
b

Boan (2b +3a

to a -

e .

Note, For the roots to be arithmetical ones, the numbers ¢ and b must not
¢ negative.

63. The first radical is equal to

V=t @R = a0 ¥ {a - b

Answer: b {a® — ).

Note. 1t is assumed that ¢ > b (otherwise the first root will not be arithme-
tical).

64. This is an exception from the rule considered on page 90 which states
that radicands may have only positive values. The thing is that the radicand of
the cube radical is always negative. Indeed, we must consider the expressions
1/6z and V' 2z (which havereal values only forx 2> 0) to be positive (otherwise
the expression 2 Yoz — 4 1/2: loses its uniqueness). But then the difference
2 Vir — 4 V3 = V3r — Y32z is negative.

And so, we admit that the radicand of the cube radical is a negative number.
Then the cube root itself has a negative value. Prior to applying the rule for
transforming radicals, we have to accomplish such a transformation:

Y Ve —4Viz=—y 4 Viz—2 Vbr

Now the radical on the right is an arithmetical root. After reduction to the
same index as that of the first of the given factors we obtain

LY VG Vs ==Y A Va2 V651 =y Ba (—4 V3)

=y
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o
~3

Multiplying the roots, we get: ——-)/(7412 49—(41/3)2)= —27"7.

Answer: —27 z

Note. If no attelmon is paid to the fact that Lhe radicand of the cube
root is negative, one obtains the wrong answer 21 x.

65. The first radical is equal to 3/ (@ 1)3 (¢ —1). Taking the factor (a-+1)
outside the radical sign, we get |e-+1 ]‘; a—1. The given expression is

equal lo
Va1
(@+1) (a+2)

%;a+1|;~/;{.—1-

Bring the radicals to a common index:

fat+t1ya—1?

(a-+1) (a+2) .
If the number a--1 is positive, then [a+1|=a-}-1, and on reducing, we get
y ta—1p

a2
Note. The number a -+ 1 is just positive. Indeed, since the radicand
(a4 1 (a—1) is assumed to be po\ltne {or equal to zero), and the factor
(a J~ 19 is mmmuaz.w m all cases, then @ — 1 32 0, fe. 2 2> 1, and under
this condition a +
a 3 ((1——1)J
T T a2 :
66. Assuming all the roots to be arithmetical, bring the factors

3 3 _
d+ayyiia 3/ 13 B V' 3a2
1/ Ta and l/ 9 Ba1 7 9a2 ST ar

10 a common index 6. The first and second factors take the respective form
S T 0 vaP (e | V 3ai
V P7a3 : ST (1+a)

1
Multiplying them, we gel 5 Va.

Note, The first factor is an arithmetical root only if @ > 0 (if @ < 0, the
radicand is negative, at a == 0 it loses its sense). The second factor is an arithme-
tical root at any a {except fur a4 = ~1). Consequently, the quantity a may have
any positive value,

a
z

a
T

Answer:

1 g-
Answer: 5 ; a.

67. Place ah under the first radical sign. The given expression takes the form

D 1
=

Note. For the given radicals to be arithmetical roots the following condi-

tion must be observed: a = b. The case a = b is excluded, since the second
factor loses its sense.

701338
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Answer: 1.
68. Rationalizing the denominators, we get

(VB 1) (VB4 1) = —115
Answer: - 115, .
69. The dividend is equal to ————-m”_”:va‘”’

; the divisor, teo
Va=b
g

3 the quotient, to

Nete, For all the given roots to be arithmetical the following three conditions
must be simultaneously satisfied: ¢ > 0, ¢ — & >> 0, a -+ b > 0 (they may be
replaced by the following two conditions: ¢ >0, | b| <|a}).

Va—b

Answer: ———m—
b

3b

[

2

b2y

70. The dividend is equal to ;s the divisor, to the quo-

tient, to —;— The quantity e may have any positive value; b may have any
value, except for =+ 1/a.

Answer: 3

71. The numerator of the first fraction is reduced to the form

(ViTa+(Vi=a)? _Mtatsii—al
Vi—a? Vi=az

If the expressions $+a and 1—e are positive. then {see Prelimivaries

9

on page 90, Item 3) the numerator is equal to 1‘7—1—;—2- Under the same
—
. — 11— 2
condition the denominator is equal to HVL,“ ]__L_ al == ,_1._ 1 the
V1—a2 Vi—a

1 . .
fraction is equal to - and the given expression, to 0.

Note. For the radicals contained in the given expression to be arithmetical
roots it is necessary that the quantities 1 + ¢ and { — a be of the same sign.
But it is impossible that both of them are negative, since { + ¢ < 0if g < —1
and 1 -- a < 0 if @ > 1, but these conditions are incompatible. For the quanti-
ties 1 -~ @ and 1 — a to be simultaneously positive the following condition
should be fulfilled: —1 <a < L e }al <1 {the 1\'alues a == 4-1 are exclud-

4a f—

. n . a N
ed, since at each of them one of the given expressions loses its sensc;
a

the value @ = 0 is also excluded, since the fraction —%loses its sense).

Answer: Q.
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- _— 1 1y . . e
72, Substituting z=— (a—l,——a—) into the expression Vz2—1, we got

T Ty Tt ot

Since, by hypothesis, a > 4, then a—%,) 0. Therefore

VAT ()

Similarly we find '
/-———“__ {
VE=i=g (0-7)

Substitute the values of the radicals found into the given expression.
a2 b

Answer: -m .
73. Sulstituting = = o into the expressions Va -bx
= b (1 4-m?2) ) N T

Va—bz, we find

Zam Y -
vaTni=)/ ot Lo Trm =Y 1

Va—br={l—m] I/T?:T—"

Since 1 - m? is always positive, then a must also be positive (at 2 <0
both roots are imaginary; at a = 0 they are equal to zero and the given expres-
sion is indeterminate). Since, according to the additional condition, fm] <4,
then both { -}~ m and 1 — m are positive.

The given expression takes the form

) i ta-m )

(1+m)]/"——"1_:mz —(1—m) ]/———-1 e "

and

Answer: —— (for a> 0},
. The pmblﬁm is similar to the previous one. \Ve have
A l
1 |
T 2mn \ % V(n»i)’ 7 fn—1]
(m—1) —-(m PR ) =m* VT =m VT
Since, by bypothesis, n <1, then
1
1 —
()7 - m (1—n)
Va1
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By analogy, .

1 -
2 _.m:{+n

(mt2)? =

1
Answer: -,
n

753. Substituting z== 2VE

into the expression {--z2, we get

1+k
kR (k2
A+u2 (k2
Now we find

—a2 7 “+’~|

(1—22) 2 =1:YT—22 T
Bince, by the additional condition, k> 1, ,then the quantity 14k is positive
and 1—k, negative. Therefore (l-—-zz)_ L. Z_il; . Inside the first brackets

. 1 . [
, inside the second, =i The given expression is equal’to

]
we get =1
-1 4 J—

( ~k-1) 2+( kli) *- ‘/1;2?1 + Vi

Answer: VE—1 (1-{-— SV )

76. The expression in the first parentheses is equal to —-——--——— (the
exponent —2 refers’ only to the numerator of the third addend!). Sxmphh-
—a—1)p —(—a?
cations yield — OF g

The expressions s

s i 2 S
3 3. o — 3
Vet hB=—gy and @+ =V @+
wilt be arithmetical roots only if #2>—1. At this condition the radical
V@@= @—~=Vi—~12 @+

will also be an arithmetical root (since the factor (a—1)2 cannot be nega-
tive). The equality

Va—1E e+t h=@e—1)ViFi
is true only for a >» 1. If a <1, then
Ve 1Re+D=—ta—11Vax1

(see Preliminaries, Item 3, page 80).
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The given expression is equal to

(a—1)2 [a—i a4-1 -

4a a1 Ta—11 J

41 the expression loses its sense.
l

(@2+1) (1 —a) ; .
for a >1; W for —t1<a<t, le. Qo

Note. At a=

Answer:

lal<1
77. The given expression may be represented in the form

P ) T gt
o[V ) e | — Y

=x

1t is assumed that 22—a2>> 0, ic. Jz|>]a] (otherwise the root V.7
will not be arithinetical, the case [z]={a| is excluded, since the second
radicand loses its sense).
The first factor is reduced to the form
2. g2 —a? 2 g2
2z |22 —a?|—a =2z 1220
Va2 a? Vae-a

(since 22—a2>> 0, then | 22— a®|=22—a?).

The expression
x

1/—‘12‘._' 2a2\2 _ | 22— 202}
( az ) lailz]
Here the numerator can be written in the form z2—2¢% only if 22—
ie, if jz|> /2. . .
Now the given expression is written in the form

t.2a? Y2Z—dt|al-|z]

a2 2ax | z2—2a2|

.‘.’_)2 is transformed to the form

Taking into consideration that {z|-|z|=|z{2=22 and reducing, we obtain
- 2a% el or 22— 2a2 a
a | 22— 202 a 22— Za%
Answer: I [x[>|a| the gnen expression is equal to -+ z; the p1u~. <ign

lz, which is the same.

2a%

. 22— 2
is taken when ————-> 0, and the minus one, when ——"— <0,

22 2a? . . = . .
if -—;-————m(). ie. if |zl=={a| V2, the given expression loses ils sense.
78. Get rid of negative exponents. The numerator takes the form

2bVa | 2abYE
[ AR = 2ab,
Var Vi T Var i
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the denominator becomes

1 1
2ab { e e
(e i)
Noting that
a+Vab=Va(Va+V?) and b+ Vab=V5(Vb+Va)
represent the denominator in the form
1 1 2ab e
|71 (S S G —— . T V4
(Va(VaH/b) w(va+1/b)) Vab
Now the given expression is equal to )
2ab =V@

2 Vb
Answer: Y ab.
79. The expression in the first parentheses is reduced.to the form
2Vaz
Vatz(Vat+V7)
Raising it to the power —2, we get

@+9{(Vat V)P

4ax .

Similarly, the expression in the second parentheses is reduced to the form

(a2 {(Va— V)P

4ax
When subtracting, factor out a;-: (simplifications yield 4 Vaz inside

the parentheses).
a-d-r

I

Answer: e
|/ ax

a
2V 22 a
Reducing all the fractions to a common denominator and summing, we get

2(z%4-a e
_.“L_i__)..=1/,z+a

2 VY12 fa
Answer: Vil

81, Answer: 2{x -+ 1/,z'lm 1).

80, After simplification the last addend takes the form

82, Inside the brackets we have a 2ba 2ba’==q
sion is cqual to a~106, Substitute into it
V3
2

b2, The given expres-

a == and bs=—m—0-
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Answer: 1.
13 . HT? R i 1 1
83. We represent the given expression in the form m—-{- TrT and

make the following substitutions

1 o__4/T 1 n /T
= =213 and b= e 2413
o=y V T 2t
We find a+1= Py ;‘-éj;s.ﬁ- and 50 on.
+

Answer: 1.

84, Answer: V22 4z,

83, Answer: n.

86, For all the roots to be arithmetical it is necessary that z—a®> 0.
PRV Vv

The expression in parentheses is reduced to the form = —

The given expression is equal to

'1/_[ (_ a2 )=‘ a2

Vr—a 4V Vr—ad 4{r—a?)

a?
4 (L a2}
87, The denominator of the second fraction is equal to

1
e} (x -} 12 1)

Answer:

i
P e e

(St
Yo

Answer: a1
88, The dividend is u]ual to
! LI 11
@ )3 @ = (24 30) @ 3238 a0
Lo
the divisor is m;\ml 1o 22+'3y5_':_
Arswer; 2—3" Y BZy2-9y R
89, Let us get rid of negative expon(*nlﬁ in the second term by multiplying

both the numeratov and denominator by a2
We obtain in the numerator a8—1, “and in the denominator

s

3
5

151

LI | 1 LA ¢ 2
a@f—a H=a®fa® (@ —a I =a®a—1).

a

2 1 o
On reducing we get —a——i——u—j—?——}'—. Similarly, the third term is equal to

a
G
T

Pasts
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90, The dividend and divisor are respectively transformed to the form

3 3 L)
a? 42 (a—by3
Tz Tzg g
a® (a—b)3 3 az—b)z

3 3 3 3
Taking inte account that (a® 4-5%) (e —b%) =383, we obtain the guotient
a2+ab4-b2, At a=1.2 and bz—g— we gel 2,52,
Answer: a%+4 ab--b2; 2,52,

91. Removing brackets and collecting like terms, we represent the dividend
i1 i i i 1 1 1

in the form 6s25% 4 9b=35 207+ 36%); and the divisor, a%(2s2 L 363). The
quotient is 3]/%; at the given values a==54 and b=6 it is equal to 1.

Answer: 3]/£; 1
a

92. Multiplying both the numerator and denominator of the given fraction by

1 e 1 13
lat8) 24(a—b) 2@+t *—(a—b) 7]
we get for the numerator
_ _4 1 1t _1
[a+b) *—(a—b) %J4{(a Pte—b) *|=2(atb) 2
and for the denominator
1 Lt _3 _t _t
Ka-+8) *—(—b) *—[a+b) 24(a—b) ZJ=—a—b) I

a— b
Answer:  —
@b

93. The first factor of the subtrahend is reduced to the form 1—a2, then
we have

1

1 z -3

"3 =y [(l—a?) a2 (l—a?) 7

2 (1—a?) T

Reducing the fraction by (1 —a2), we obtain
1 - i
~(l—a2)"’—-a3(1-—a‘-’) = e (1 a2)?

(=
bog -

a% (l—az}-
Answer: )/ T—a2.
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94, The given expression is equal to

23 —1 _\/I—kzz. —1
Vze+0E2+0 Ve (4 VIES
23! 1

1 £
Vre+n2+1) Vid+ad

Answer: -
x--1
-1
95, The numerator of the third term is reduced to the form™R2 (R2—z2) 2
The denominator is equal to B2 The given expression takes the form
1 1 .4
(R2—2?)? 22 (R2ma?) 24 R2(R2—2%) =
i S 1
= (R2—22)% 4 (R2 - 22)% = (R2 — z2) =2 (B2 — 12)°

Answer: 2"/32-—13.
96, The first and second addends are reduced, respectively, to the form

[
pta . _2004e) 2
[ S U W U R U S A
pript a2 (PR ple P hadpiet
Reducing these addends to a common denominator, we get

1t
p--a4-2p%q
1

pa(pt g%
11
The numerator of this expression is equal to (p®-¢%)2.

1
Answer: — .
Pe 2
97. Introduce here fractional exponents. Factor out e in the expression
21 2 {
a+a%23, and z° in the expression z-had x

] - Then the numerator of the
first fraction will he
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11
. - a®La8 Kotad
and thus the first fraction is reduced to the form - The br
13
expression takes the form
L 1
a3+z3 1 a®
TTTTITE
13 13 I:’

2
Answer: —g—;— . ~ B ~
98. Represent the binomial a—V/az in the form Va(}z—Vz)» The

numerator of the fraction will be

(Va+1P—Va=a+t+ Va4t
The denominator is equal to 3(a+Va-1).

Answer: 27.
99. Get rid of j negative exponents; reduced by 223, the first addend
takes the form 2axt3 ; reduced by a—1, the second addend yields ‘1:17-§ .
a’? atl:

Answer: 9a.

100. Take a—b outside the brackets in the first factor. The quantity
a-t+b
a—
The given expression then takes the form

b \2 N b
@—e2[ () 4155) —1]=(a—b)—( ath —1)
Answer: 2b (@ —b).
101. Represent the dividend and divisor, respectively, in the form

VB __ oV _. 53—y
Ve Vit Ve et

The quotient may be reduced by (Va4 V5)(3 a—yF), taking into
account that

a—b=(Va+ VB (Va—VB) = (Va+ VE) (a+¥/5) (Vi—y5)
Answer: a3 b (ya+3 ).
102. Represent the given expression in the form
(Val+(VbP  a—VaVb+b
Vi Vava-va

cannot be negative (otherwise the roots are not arithmetical).

(2
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Factor the numerator of the dividend as the sum of cubes. On reducing
we have in the brackets

Vit VO (Va— VD) =a—b
Answer; ;(0———5)_2

3~
103. Reduce the fraction 2y e

sy 74y 1

Veg2
r—%

by ¥"z. The bracketed expression
is reduced to the form . BReduce this fraction by V/z--2. The

given expression is equal to
- J— -
(TLT) —VEFR=(V7—2 244
F—

It is assumed that x> 0 (at negative x the root 3 = will not be arith-
metical; at z=:0 the given expression loses its sense). Therefore 44> 0.

Answer: -—4'\/;.
104. The bracheted fraction is equal to

VeV 2
VeV Vy) Ve

The given expression is cqual to

)5 ;yrx V= 13'321:— :

Answer: 32z. .
105, Factor out 3 az in the numerator of the first fraction. Taking into
account that § 22— 3 a2== V& —Va, reduce the fraction. The first faclor

takes the form . .
e L A e (LT V>

) i
y ux y ar

= _
. £ a\y- L. - . N .
The second factor is l/ (l~‘r~l/-;) . Since ,/% is an aritlunetical root,

the expression 1-}-"//% is always positive.

Answer: '\/E(V;—}- V;)

106, The quantitics « and ¢ must be positive. Therefore, the denominator
of the first fraction, which is reduced to the form

V2 (4 —b%)2 - Bab? - Vz (0 + 682,
is equal to V2 (a+%). The numeralor of this fraction is equal to 173 (¢ 1%

Vi '
> Vac.

The second fraction is ——
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Answer: — Y ac.
107. The minuend is equal to

——gg )=
(V seidioaf 2

The radicand of the subtrahend is equal to (a2--2%)2 the quantity a2--:z2
being positive.

Answer: —1.
2y

108. The bracketed cxpression is equal to Ve ; raising to the

Ve —
- =\2
power — 2, we get '(l/’i:i:/“m . On reducing by V7 +V a the divisor is
x

Vi—Va
%

equal to

Ve—Va )

Answer:

109, Factor outy 'z in the numerator; reduce the fraction; the given expres-
sion takes the form

Y ZP 44z +4 (VT 4 1) =52-+10 V2 +5

Answer: 5 (VT + 1),
1

116, In the first fraction transpose r ¥ from the numerator to the deno-
minator {with a positive exponent); the fraction turns out to be equal to
i

. Reduce the second fraction by 2. The given expression takes the form

3 1 \~t 127\t (z—2(r—1) 3r-2
(x~2":—--1> '"(3:”—2) =TT 1-9z
22
Answer: T

. . 1 . .
1. The lirst factor is equal to - Squaring the bracketed expression, we

get gt b.
Ansicer: 2 (a ~b).

2, ]Luhe the difference 37 —} @==2’ —a’; the numerator of the fraction
is equal to

soles

Lot
@ +'~)z‘a

2
3z 32" 4

the denwninator being cqual to

'x

—3a—3s"%" 1 3%
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169
1
3
Reducing the fraction, we get - The given expression is equal to

a3

1.3 ey

3 2

x 313.

—Z )+ V e+ 2% 0=t
&3

Answer: 1.
113. The numerator of the first fraction is equal to
a2 VB3 = (VD) -2 Va Vi3 (VD= (Va 13 VI (Vam VD)
Answer: 511—,- .
114. The denominator of the first fraction in parentheses is
1 11 ! 1 s M
(@24 a*b” 6 (1%)2 = (a2 —2b7) (@% 4 307)
Lot
The denominator of the second fraction is equal to (¢ +3b%)2. The numerators
are factored in a similar way.
Answer: Do
nswer: T 5
115. Reduce the fraction in parentheses by 1/a-+ 176, The first of the
fractions entering the given expression is equal to

3Vala—Vabtb) 1
3Val(Var+(Ve'l  Va+VE
The second fraction is equal to
Va (Vb= Va) _ 1

Va(a—b) Vat+ V5

Answer: 0,
116, Answer: 3.

117, Get rid of negative exponents. Factor the exprossion

i 3 1 1
a?—b? = (a?p3— (b2
Answer: 1.
118. Transforming the first bracketed addend, we get

{—a
Valli el + Va7 ey = 1)
The numerator of this fraction is equal to

A—a)(-tay=[1— (V2P 1+ (12)
Factor the sum and difference of cubes.
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Answer: a.
119. Factor out ; ‘@ in the numerator of the fraction. The maultiplicand
is equal to § @— 3z, and the multiplier, to

s(y @+ am + 3.
Answer: 4 (a-—1z). '
120. Represent the fraction in the form

/ 3_ 3 - R
VellVaP— vl ;e ya V5+VE)
Va-—— y b
The expression in the first parentheses (the dividend) is equal to
Vilar2 Vi o+ B =Va(Vat V5)

The divisor is equal to Va(Va-+'Vb).

Answer: a.

121. The denominator of the minuend is equal to Va 3y 2(Va+4-3 ), and
the numerator, te /2 ¥z [{1Va)®+(372)*]. Reduce the minuend to the form
a—Vay 4+ Vz. The subtrahend is equal to l/ (a+Vz)P=|a+VZ=l.
Instead of the latter expression we may write a+ V7, since a—,—']/x is a posi-
tive quantlt_) (the quantity e cannot be negative, since the given expression
contains «"u).

Auswcr az,

122, The factors of the denominator are equal to 1+37 and 1—¥7.
The numerator may be represented in the form —1(1——-1/1).

Answer; I

123, The numerator of the bracketed fraction is equal to

4

VG ar VR4 YR G T VD= 2 VDI + (VEPl=
=@+ VG T+ VE(Va—Va Vits)

The given expression is equal to

R _
T R Vot R O S - I
Va(Va—y a V)4 Yy ;E( ,,r‘;__-‘/g 0

Anstwer; 0.
124, The numerator of the minuend is equal to

GaP+ (7P Var (;/——; ) _

3~  ar=
TS d NG =y a—y ¥
GG Ge—i7%)?
Answer: y @
125, First add the first two fractions; the common denominator is equal to
1 11 1 i t 1t
7 T

(a2 1)+ a¥ (@ = 1) — a5 —(@F 12— at =a® o ab
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1

i
We get -—21-(“—_7"-9— « Now subtract the third fraction; the common denomina-

a5+az+1
1
tor is a-+a® 1.
4

Answer: —

a+ai+i
126, VVE~1y 312 1 0my (VI 1P B2 Vi =1. A similac
transformation is performed in the denominator. The, literal radicand in the
numerator is equal to (V'z—2)°. The fraction =—Vr is reduced by

z—1
Vet
Answer: 1.
127. The numerator of the first fraction is equal to

at ) @b L abg TP =a (a--b)y asbs
The denominator is transformed to the form (b4 a) (b'Ba)ﬁ ‘a3, Thus, the
3=
first fraction i3 equal to :_1‘,‘; . The dividend in parcntheses is equal to
3a2 a-d-b

{b—2a) (3—b) " 3e—ab
ab ey @ {302 2ab b2
Pl we find —-—-—-——(”+b) 5
The given expression is equal to

Dividing it by » we obtain (—b—__—,fz—(-;m. Subtra-~

cting then

aya 0- a{3a—¥b
=3 T h—%a

i

a1

@ -
=¥

b3
Answer: }/;.

5
128. The multiplicand is equal to ;t: . The expression in the second

brackets is equal to }/2r_g.
Answer: 2z+-a. _
129, Answer: /2.

130. Answer; T

131. The minuend is equal to

b
pearel} and subtrabend, to IV

Answe, :

1
a+ 26"
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132. The {irst addend is equal to a ; the second, to i 2a+b .
a-+b a a+b
Answer: atb B
‘ 1 1
133. The first addend is equal to a;;b ; the second, to - Answer: T
2b—a
4 sier:
134, Answer: Hra

CHAPTER IHI
ALGEBRAIC EQUATIONS *

133. Write the fraction Sbtia in the form H—%%. Then the given

equation takes the form

ath—3a) T a
Py A
whence y z-;;%—’:—:% .
Answer: y= jib([()b—_:;; .

136. Get rid of the denominator (the common denominator is a? — b%).

Answer; 1 = 0,

137. Solving the given equation by the general method, we get
rWBnbc+ab(a+b}+bc(b+c)+m {cta)

ab - be -+ ca

This fraction may be reduced by factoring the numerator (represent the expres-
sion Jabe in the form of the trinomial abe + abe + abe and group each ol the
suceessive terms with abe). We get

r=a+b+r¢

The solution is simplified with the aid of the following artificial method.
b z—lathbte)

Represent the addend = in the form 1 and perform
P P P

* In solving prablems of the present chapter we do not consider singular
valnes of the known quantities, at which a given equation loses its sense or has
no solution, or acquires more solutions.

For instance, in Problem 135 the given equation loses sense at b = 0 and
at b - a = 0, since at b == 0 the denominators of the first and second terms
vanish. and at b — a == 0 the same happens to the last term. Furthermore, at
@ = 0 the given equation has an infinite number of solutions, because it takes
the form { = 1, becoming an identity. Finally, at b = 3a the given equation

has no solutions at all, since it is reduced to the form 0.y = iig




Chapter III. Algebraic Equations 113

stmilar transformations with the other two addends of the left member. The
equation takes the form: )

fr—(atb+a)) (T4 g ) =0

Answer: z=a4-b4-c.
138. The common denominator is 6ed (2¢ 4 3d) (2c —~3d).

. ¢ (42 — 9d2)
Answer: z_——s—cm—— . \ ,
— 2 —
139. Represent the fraction 2—"":‘(—{-_——1—2-)— in the form ‘:’l‘{‘(j—n«ﬂ(w obtain
the same denominator as in the next fraction). It is advisable to transform

z—1 11—z

— 0 T Transpose all the terms to the left and group

them (the first one with the fourth, and the second with the third ope),
We get

the fraction

1 1 1
(1-;)(‘1__,1 +17% )-h_nd (202 (£ — 1) — (22— 1)] =0

b

Transforming —1—'{—"—}-—1—_—:—_7 to the form 1—__2;; , we get rid of the denomi-

nator.
Answer: z= —?— .
{3
140, Transpose all the terms containing z to the left side of the cquation,
and all the kpown ones, to the right side. Reducing each member to a common
denominator, we get
@ab41) (a4 12—Qat1)  3ablaf 12 4a?

a(a-1)2 (a+-1)3

or
3ab(at-1)2+a?t2at1—2a—1 a|3b(a+1)24a]

a (a-+1)2 @103

Whence
a(3b(at+1)24a) e a [3b{a+-1)2 4 a)

afat1)? (a1

Reducing it, we find
a
EEET

a
Answer: z == “IT
141. Group the terms as in Problem 140; on transforming we get
ab[3c (a4b)2-+ab]  a[3clatb)24ab]
(a4-b)3 YT

801338
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Answer; z== b .

a-+b
142, The common denominator is (a--b)? (a—b).
Answer: z = _’"_(_“z‘_"_b)_

. Then the common

. N ms . mz
143. Rewrite the fraction —— in the form (—~ s
me— g 2% — !

denominator is mz {22 — m?). Getting rid of it and collecting like terms, we get
m2% — 4m3z = 0. This equation has two roots: z == 0 and z = 4m. But when
rejecting a denominator containing an unknown quantity, extraneous roots may
appear; and namely, these are the roots which, when substituted into the com-
mon denominator, nullify it. In the given case z = 0 is an extraneous rootf.
1t does not satisfy the given equation, since the first and third terms lose their
sense at z = U, The root z = 4m does not nullify the common denominator,
therefore it is not an extraneous one.

Answer: z = 4m.

144. The common denominator is b%—az2. Getting rid of it, we obtain

2z (a2 b2 — 2ab) = 2 (a2 —b2), whente z= Z

There are no extraneous

pony
. . .2 . atb
roots, since the denominator b4 —z2 does not vanish at z= 5"
Answer; z== atb .
a—b

145. Thg common denominator is (z%-a2) (z--n). Getting rid of it, we
find :=—"&~. At this value of z the denominator does pot vanish. Hence,

z= '»E— is the root of the given equation.

ne
Answer: == —,
a

146. Rewrite z-+a~! in the form z+—2— . After transformations we get

2 2 oz
az-+1 ' ard-1 T 2

Reducing by az-+1, we find z==2a.

Note. The reduction by az41 is gosible, provided az -1 is not equal
to zero. But at x==2a we have az-+1=:2g241>>0. Therefore, the obtained
root is l})ot an cx'.)mneous one. But suppose, for example, we have the equa-

tion

xz
Y e e e H HY 41 p— ] -y
—5a T T B this case the reduction by z—2e would also

2a

give zs=2a. However, this root is of no use because the fractions

2a

and

. 2
lose their sense at z=2a. Thus, the equation P S
I

r—2a —2a " z—2la

T .
= - has no solution.
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Answer: ze=2a.
147. Rewrite the equation in the form

a-}-z , a—z _ 3a
224 ar | aldx2—azx  z(af-a22t 4 zd)

The common denominator of the left member (a2 224 az) (a® -4 22— az)
may be transformed to
(a2 + 22)2 ~ (az)? &= ab 4 a222 4 24
We get
2a3 3a
P S S x (a% 4 a2z2 4 V)

3
2aq2 7
148. Transpose the terms containing the unknown to the left side of the
equation, and the constant terms, to the right:
(a—b—1) Vz = (02— 82} —~(a 4+ b)
After factorization of the right member we obtain
(a—b—1) V7Z =(a+b)a—b—1)

Whence we have Yz ==a-}-b.

Since thie expression }/z means the positive value of the square root, for
a+b <0 the problem has po solution.

Answer: = (a+ b (if a+b>0).

149, Getting rid of the denominator and collecting like terms, we get
222 4-6az |- 3a? = 0.

e (V3 -3 Izm_“a('l/5-+3)
’ 2

150. The common denominator is 4 (z-+b) (z—b). Simplification yields
1222 bbz — b2 =0

Answer: z==

Answer: x=:

Answer: z,-———i—; -‘tz:——g—.
151, The common denominator is (z—a)2. Getting rid of it, we obtain
(z— a)2—2a (z—a)-- (a2 —~b2) =0
From this quadratic equation we find
T - b

Answer: zy=2a+4-b; 1,=2a—b,
152. The common denominator is be? (a—2b). Rejecting it, we get

{ex)2—(a —2b)«(cz)—b{a—b) =0
From this cquation we find
(a—2b) - a

ez ==

g
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N b
3 Tg= —m— .

<
153. Rejecting the demominator, we obtain the equation 4z(z—a)4-
-+ 8z (z-+-a)==5e? or, after simplification,

1222 4-4az —5a2 == 0

a—
Answer: zy==

Answer: x4 z-g- 3 lzg= ———562- .
154. The common denominator is n (nz—2). After simplifications the equa-
tion takes the form
(n—1) 22—2z—{n+1)=0

n
Answer: zy= 3 o —1.

n—1i
155. The common denominator is a (@ — z)2. After simplifications we get
the equation

@12 —2az+ (8 —1) =0

Answer: zy=1; zz.—:—:—;——}- .

156. The common denominator is (z — a)%. Getting rid of the denominator,
we obtain the equatior

(z—a2 —2b(—a)— (@ —b) =0
Solving it, we find
z—~a=bsa

Answer: x4 = 2a + by zp = b.

157. The common denominator is nz (z — 2) (z - 2). After simplifications
we obtain the equation

2—2—nz— 2+ 4n)=0

Answer: x3 = n -+ 2, 7, = —2n.

158. First method. After standard transformations we get the following
equation

22+ (@ — 2n — 2a + n)z — (@ — 2n) (2a — n) = 0

1ts sclution can be found at once, if we draw our attention to the jact that
the constant term is the product of the quantities —(a — 2n) and {2a — n),
and the coefficient at r is the sum of the same quantities taken with the reversed
sign. .

Second method. Transposing unity from the right to the left, we get

efz—2n a—2ntz
srFoen ameRTToo
2a—n z

or

1 1
(@—2n+2) (g — 5 ) =0
whence: (1) a—2n-z=0 or zy=2n--a

2) -ﬁz_—n——i-=0 or 2g==2a-~1N
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Answer: z4 = 2n — a; 7 = 2a — n.
159, We get the equation
(n—1P2t—ma(n—tzt+{a—1H=20
to avoid operations with fractions it is advisable to put (n — 1) z = z or directly

find (n — 1) = from the equation
n—N2f—al(n—1)z]+a—1=0

We get
(n—1zp, =1

(n —1ay=a—1;
Answer: (= ‘;:‘1 ; Tg== n1—1 .
160. The denominator of the left member is equal to (a—z)2. Multiplying

both members of the equation by it, we fin

5 ( a—zx )2 .

()~ () =3 (5=

i(a—:z )22(_5}‘_5_)2

9 z
Taking the square root, we get one of the two equations:
2 a—x @ and _%a—z_ a
3 Tz a¥b 3 Tz T agd

L. _2afatby  2a(etb)
Answer: zy= TR Zg == T purant
161, First transform the expression
(A + az)* — (@ + 2 = 1 + a%2® — a® — 2*
Grouping the first term with the Jast one, and the second with the third
ge right member, we get (1 — 2%) (1 — a%). Now the given equation is

one in ¢
reduced to the form
ab

)=

A . e gy
RSWEr: Ty g | LTy
162. The trinomial az?.4-bz4-c is factored into first-degree factors in the

following way: az2+-bz+4c=a(z— ) (z—x2), where zy and zy are the roots
of the cquation ax?-4-bir-tc==0. In this case a=—3; 7,=T, 3= 130 ;

thus we get —3(z—7) (1.{_1_30.) .

Answer: {7z} (3z - 10).
163. Since
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otb g A

a b
to —:——{—%) . Now it is necessary to find out whether this solution is unique.
Let u and v be the required factors. By hypothesis,

we may, by guess, factor —%——Z— into (their sum i3 equal

e b a b
w=g—— and u+v77+—n—-

Consequently, u and v are the roots of the quadratic equation

o (32 (5-2)

a
The expressions for u and v will contain the radical

a b2 a b
V (5+2) 4 (5-7)
Knowing for sure that a rational solution is possible here, let us try to get

2
rid of the radical. For this purpose instead of {2 b write the expression
purpo: T ¥

a b

2 a. i . a
(.5__..0-) and, for compensation, add 4-

b
cal sign we get a perfect square [(%-——; —2]2.
a-Lb . a-—b

b
164, 1523 4 22— 2=z (15224 z—2). The roots of the equation 15224
4 z—2==0 are = and 1-_‘::—--::1

3

—2—. i.e. 4; then under the radi-

Answer:

- Consequently,

o
15zﬁ+z~.2::15(:—-,§-) (1+—_5~)=(3:—1)(5t+2)
Answer: z (3x — 1) (152 -+ 2). '

165. First method. Represent the sum 2zt 4- 42% -~ 2 in the form 2 (z° - 1),

Second method. Arrange the polynomial terms in the order of decreasing of
their expenents and break up the term 422 into two summands 22 - 22%; then
group the first three terms and the last three ones and carry out factorization.

Answer: {2 4 1) (22° 4 = -+ 2).

165a. Rewrite the left member in the following way

(1 — 2% - 4a?
The equation takes the form
(1 — 2% — br (1 — %) -+ 4 == 0
or
1 — 2% — 2r]F = O
Answer: 73 —1+ V3 zpe= —1— V2.

166. The required equation is (r———i—) (1—--%—) =0.
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Answer: abz? — (a® + %) z  ab = Q.
167. By Viéte's theorem the sum of the roots z, and z, of the equation
22 4 pr 4 ¢ == 0 is —p, while their product is equal to ¢. Hence,

w_( t_ 1 )_ —2.40 20
PE=\—vE  wavn )T To-TE T TR
S SR R T
10—V72 10+Y72 B

g=

The required equation is zz——@—x-{-‘—&%:()

Answer; 2822 20z +1=0.

168, Solved like the plccedmg problem.

Answer:  bz?—2a 1/ax+a2—

169. According to Viete's theorem, 212 == 12; by hypothesis, 2, — 75 = 1.,
From these equations it is possible to find z, and 7, (4 and 3, or —3 and —4)
and then p = — () + z5) = 7.

But to find z, + z, there is no need to determine separately 7, and 2. We
may compute

(zg 4 22)% = (24 — €)% + Aray = 12 4 412 = 49
whence p = — (24 + ap) = &7,
Answer: p = £7.
170. We have

T4k, LI Ly 1
(Tp==g= ) Ty Zp==

5

. . 3 .
Then, as in the previous problem, find 42— —?—F— and take into
IRy
k

account that z «}-zy:——s«.

Answer: k=435,

17t. We have

i+ x} = 175 xyap = 4 &y o+ xp = 3a

‘There are three unknowns here: z, r,, a. \We Lave to Imd a. Squaring the third

equation and subtracting twice the second one, we find x} - «§ = Ta*. Compa-
ring this with the first equatlon we find 74* = 1.75.

Answer: a = -+ —1— B
172. By Viédte’s theorem

p+g=-p, and pg=gq
This system has two solutions: (1) p == 0, ¢ = 0; (2) p = 1, q = 2, In the
first case we have the equation 2 == 0, in the second 2tz — 2= 0.
Answer: (1) p=0; ¢g=10
2) p=1;, ¢g=—2

173. The roots of the required equation are: g,:.—_-g-’— and g, :_;'L,

. . . 1
Express y(-b-y, in terms of coefficients a, &, ¢. For this purpose transform
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B i (234 29)2 — 27475 dute 2
Yty = P to v and substitute —— for (z¢+2o)

b2 — 2ac . zy
. Besides, we have piyz=—.—t-=1.
ac Zg Ty

and "fi" for zyz,. We get
Consequently, the required equation is
b2 —2ac
e 2O -
y ———y+1=0

Answer: acy® — (b2 — 2ac) y + ac = 0.

174, This problem may be solved like the preceding one, but a shorter way
is preferable. .

In the first case both roots of the required equation must be twice as large
as those of the given equation. Hence, we have to find the unknown quantity y
whose value is twice the value of the unknown quantity z satisfying the equation

az® 4 bz -+ ¢ = 0. From the condition y = 2z we find z = -g—-; substituting
it into the given equation, we get
AN v
a ('E‘) +b(-—2—-)+c=0
In the second case make the substitution :c.-:%. We get
132 1
— bi{— =0,
() e (g)e
Answer: (1) ay* + 2by + 4e = 0
2) ey + by +a=0
175, First method (see solution of Problem 173). We have

y1-hye==ai - ad= (24t 22)3 —Bayz0 (74 + 72)

« s . b8 — 3abe
Substituting zy - zs= »—--g— and x‘zz=v§« , we find yy+yz= ——

3
Then, yyyq== (1,13)3m~§r, and, using Viéte's theorern, set up the required

equation.
Second method (see solution of Problem 174). By hypothesis, y=2z3, ie.

z==} y. Substituting it into the given equation, we get
a Y ttby =

To rationalize this equation raise bo}h members to the third_ power ?gd
transform the sum3 @ | g2 b P 7-+3e V2 (0 ¥ 1) to 3abyla (P 92+ vl
By virtue of the found equation the bracketed expression is equal to —e.

Answer: ay® ~i- (b — 3abe) y + ¢ = 0.

176, Any equation of the ath degree having the roots zy, zz, .« v Tny
may be represented in the form

(g —z){x —ag). . fx—x2,)=0

A biquadratic equation always has two pairs of roots of the same absolute value
and of opposite signs. Putting z; = —x; and z, = —z,, Wwe may write the bi-
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quadratic equation in the form
@—z)(e—z)z+a)lz+a2)=0le -1} —1p =0
or
24— (2F -+ 23) 22 4-x32 = 0.

But, by hypothesis,

2}t (— 202+ (— 222 =50
and

Zy2p (— 13} (— 22} =144

Hence,

z}4-2§==25 and zfzi=144

Answer: zt — 25z% 4 144 = 0.

177, 1f an algebraic equation (with real coefficients) has a complex root
@ + bi, then the conjugate complex number a — bi will also be its root. Thus,
we know two conjugate roots of the given equation: 3 -+ i /6 and 3 — i /6.
Both of them can be verified directly, but it is simpler to accomplish the follow~
ing transformation beforehand.

According to the remainder theorem, the left member of the equation must
be divisible by the expressions z — (3 + i V/B) and z — (3 ~ i V/6), and con-
sequently, by their product as well, i.e. by [(z — 8)—i VB [(z—3) + | VB =
= g% — bz -+ 15. On dividing, we factor the left member into two factors:
bzt — 242> + 57a® + 18z — 45 == (z* — bx -} 15) (42® — 3), and the given
equation decomposes into the following two:

(1) 2% e 6z 4 15 = 0 and (2) 422 — 3 = 0

The first one has two roots zy=23-i /8 and zg=3—i VB, 23= 113 and

Zye= — Vs being the roots of the second.

2
I 3

Answer: x,:s-]AEVG; 12:3——3'1/6; Zg 1/23 T ']g:; .

178. By hypothesis, z = 2 must satisfy the given equation, Therefore we
have 6.23°— 7.22 — 46-2 4+ m = 0, whence m = 12. We get the equation
62% — 742 — 162 + 12 == 0, one of the roots of which is equal to 2. By the
remainder theorem the left member must be divisible by (z — 2). Dividing, we
find 62* 4 5z — 6. Consequently, the equation may he represented in the form
(z — 2) (62 + 5x — 6) = 0. In addition to the root r, = 2, its roots are also
the reots x, and z; of the equation 622 + 52 — 6 = 0.

Answer: m = 12, z, = .?; zy = —
179. Substituting z == 2 and z = 3 into the given equation {see solution
of the preceding problem), we get

4m -+ n =10 and 9m - n = —15
From this system we find m == —5, n == 30 and obtain the equation 2z% —

— 5a2% — 13z 4 30 == 0, whese left member must be divisible by x — 2 d
z - 3, and, consequently, by the product (z — 2) (z — 3). The equ)x,nfun is tfx:‘xu
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rewritten in the form (z — 2) {z — 3) {2z -+ §) = 0. Its roots are: zy = 2;
zg = 3} xy3 = — 5
Answer: m = —5; n = 30; 23 = — —;— .
180. The guadratic equation 2% - pr -+ ¢ = O has equal roots when the
radicand (%) - gis equal to zero. In this case it must be that (¢ V& — 3) —
— 4 = 0, i.e. @ ~ 3a® — 4 = 0. This biquadratic equation has two real roots

(2 = 2 and a = ~2) and two imaginary roots (a = i and ¢ == —i). Confining
ourselves to the real roots*, we get the following pair of equations: 2® - 4r +
+ 4 = 0and z? — 4z 4+ 4 = 0. The {irst equation has the roots z; = z, = -2,
the second one, 7y = x, = 2,

Answer: at e = 2 and a = —2.

180a. The roots of the equation are
zyo=m=4 Vmi—mi{te=m 414
By hypothesis, we have
{ —2m+1 <4 { —3<Lm<L3
or
—2<m—~1 <4 —t<m L5

Answer: —1 <m <3,

181, Isolate ome of the radicals, for instance, the first one. We get
VyF2=241y=5b.

Square both members. Collecting like terms and reducing by 4, we have
Vy—6=1, whence y=7. A check shows that this root is valid.

Answer: y = 7.

Note 1. Here and henceforward we consider square roots and, in gencral,
roots of even indices to be arithmetical rvots. See Preliminaries for Chapter 11
{pages 90 to 92), For roots of odd indices see the footnote to Problem 209.

Note 2. A check is carried out to reveal extraneous roots (they may appear
as a result of squaring both membhers of the equation). There are no extraneous
roots in the given problem. But let us take the equation VVy 4 2 4 Vy —6 =
= 2, which differs from the given one only in sign. Solving it in the same way,
we get Vi — 6 = —~1. Squaring the latter, we find the same root y=17.1tis
invalid; the taken equation has no solution at all. Here it is not necessary to
carry out a check, since it is obvious that '}y — G cannot be equal to —1 (see
Note 1). But in other cases (see Problems 184 and 140) such a check is necessary.

182. Solved in the same way as the preceding problem.

Answer: x == 6.

183. Isolate the first radical and square it. After simplification we obtain
z— 1 =2z — 1. Squaring ence again, we find (r — 1)2 — 4 (z — 1) = 0,
This equation may be divided by = - 1, taking into account that z = 1 is
one of its roots. We find then the other root r = 5. We may also remove the
parentheses and solve the quadratic equation thus obtained., A check shows
that both roots are valid.

Answer: 2y = 1; 2o = 5,

* We assume that the coefficients of the given equation are real numbers,
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184. Proceeding in the same way as in the previous problem, we find x +
422 =7 /32 — 7, hence, 7° — 103z - 582 = 0, This equation has two roots:
2= 6 and z, = 97. The given equation is satisfied only by the first root, the
second being an extraneous one (it satisfies the equation /37 — 2 ~— Vit 3=
== 7, which differs from the given one in the sign at the radical).

Answer: z = 6.

185. Solved in the same way as the preceding problem. Out of the two roots .
zy = —1; 2, = 3 the second is extraneous,

Note. z = 3 is a root of the equation

YT+ VBT
Answer: z = —1.

186. Answer: z; = 34; z, = 2.
187, Answer: z = 4.
188. Square it. We get the equation

2 Y BFHm 22— 20 =0
which decomposes into the following two:
r=0 and V4 24—z—2=0
The second one gives z = 5. Perform a verification.

Answer: zy = 0; 22 = 2.
189, Reduce the given equation to the form

11 l/ 101 A
tg=V g+7V vt=
Square it and multiply by z2 (through which an extraneous root z=0
may introduced). We obtain the equation

2 4 2
1+"3":’i/?“‘"?2'

Square it once again.
Answer: T
190. Multiplying both members of the equation by VEF2 (z+3), we get
VETH 1)+ V- E+n=7
Proceeding in the same way as in Problem 181, we find

Vie={z 48 =4

Hence, we get two rools zy=6, 7= —4. A check shows that z, is invalid,
since it yields 2 wrong equality —%—Vﬁ: »—%- V3.

Answer: z=0.
191. Getting rid of the denominator, we get

VEZT 4+ Y22 - 0T
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This equation has two roots z == 5 and z = —5. But at z = —~5 the expression
V= = 3 has no real value (see Note 1 to Problem 181).
Answer: z = 3.

192. Reduce the left member of the equation to a common denominater
325V fz 3
—z Tz
Hence
3+ 1)=5Vz(z+1)
Squaring it, we obtain
G+ 1?28+ =0

or
(z-+ 19+ 1) — 252} =0
Answer: zq4= —1; 12:.1%..
193, Solved in the same way as the preceding problem.
Answer: zy = 2; o = —1.6

194, Square both members ;)_f.the given equation. After the identity transfor-

mations we get VB _z=7V7. In squaring this equation an extraneous
root may be introduced which satisfies an equation differing from the given

one only in the sign of the right member. The equation VZS—-—J:'\/'-I has
the only root z=21, which is not an extraneous one, since VeVi+svai>
SVevi—-ye
Answer: =21,
195. Rewrite the equation in the following way:

JRS— ] /z
1/ 4 ‘/x—VJ:——-V.z:-.ﬂ.f—__
2V z4+Vz
Geot rid of the denominator; this may result in that an extraneous root x = 0
will be introduced (since the denominator vanishes at z = 0). There cannot be
other extraneous roots, because z == 0 is the unique root of the equation
Vz -+ Vx = 0 (see solution of Problem 143).
After simplification we get the equation

%2 VA7~ Yi=0

one of the roots of which is z-=0. But this root is an extrapeous one,
since at x==0 the right member of the original eguation loses its sense.

Factor out Vz:

VreVi-2Vr—i—1)=0

Solving the equati()m 2V z-2Vz—1—1=0 (see solution of Problem
181), we find :c::-;—ﬁ—. Carry out a check.
25

Answer; T =s—ge

16



Chapter I1I1. Algebraic Equations 125

196, First rationalize the denominator. To this end multiply both the
numerator and denominater by V27+z+ V3T —=2; we get
(VI T4 VE==) _ 21

2z z
or, after simplifications,
27+ V0222 27
Tz Tz

wherefrom we find z = +27. Both roots are valid.
Answer: z = +27. .
197, Isolating the radical, square both members of the equation. We have
2% —azr = —z V14 a2

One of the roots of this equation is z = 0. To find other roots divide both
members of the equation by z (it can be done, since now x == 0). Then square

both members once again. We get z = 7 a.
When verifying the result, one may arrive at the wrong conclusion that the

values z = 0 and = = Te always satisfy the given equation. For a better

understanding of the essence of the error let us consider a numerical example.
At a = —1 the given equation has the form

T= —«1‘—1/1-—1 Vet

Neither z = 0, nor = = %—a = —-—"Z— satisfy this equation (it has no solu-

tion). The same result is obtained for any other negative value of a.

And here is the mistake: the quantity Va2 is considered to be equal to q,
whereas it is true only for a » 0. For a <0 we have 1/a2= —a: for instance,
Vit =—(—3). .

The correct genoral formula (see Preliminaries, Item 3 on page 90) is:

Vat=|a|
Using this formula, we find that at z == 0 (when the left member of the equation
vanishes) the right member is equal to a — V 2= ¢ —|a|. For a > 0 this
-expression is also equal to zero, but for a < 0 it is equal to 24. Consequently,
if a > 0, the value z = 0 is a root of the equation; but if ¢ < 0, then z =0

is not the root. The same refers to the value z = e

3 .
Answer: if a 20, then zy = 0, z, = T if @ <0, the equation has no

solution. . R R
198. Written without powers having negative exponents the given equation

has the form
V(e -2

V(e s

.\[»
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First method. Reject the denominator: 3]/1-{-(—2—)2:5.%. The left

member is positive; hence, the right member is also positive. Squaring

. z \2 | z 3 3 . ; .
yields (T) =T5" whence — = (the value — I8 rejected, since

-§-> o).
Second method. Rationalize the denominator

V(3]

The bracketed expression cannot be negative; therefore

e A C e A
Squaring yields: 1-{-—(-—2—)2:—2—4—%—{—(—2—)2. whence —2—:—:2—.

Answer: J:—_~—[;~a.
199. Solved in the same way as the preceding problem. Using the second
method, we find

AP S 1
(VI1F a2zt —az)2= =

The expression VT¥atz2 —az is always positive; therefore
Vi +a3x2~az=—1— , e, Vit a22t=az+ lic{_

lel
fejz—1 2 —1

2 o
Squaring it, we get x:-m—c—l—, or z= SaTe] ! which is the same.

2
Check. Substituting z=—§7l——:T, we find

4e 4 (c2—1)2 (c24-1)2
222 o —
1+ atat = %c? T b2

Taking into account that e241 is always positive, we find

c24-1

2fe]

Further computations show that the given equution“is always satisfied.

2 . 2 — "
TTeT j.e. for ¢>0 we have z= Tar for ¢ <0 we

VIiFati=

Answer: x==

have z=+=
T 2ae
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260. Factor out the expression }/7 = ¢ both in the numerator and denomi-
nator of the left member, and reduce the fraction by this expression®,
After performing these operations we get

Vide+Vize 8@+
Vite—Vri—e &
Then rationalize the denominator. After simplifications we find
8V 22— 2=z 9. Hence, z:—?;— or x:—-—,)—(‘:—a
A check shows that both values satisfy the equation when ¢ >0 and do
not satisfy it if ¢ - 0.

5 29 . .
Answer: At ¢>> 0 we have Ty e and zp== -3 @ if ¢ <L 0 the equation
has no solution.
201. Transform the first radicand in the following way:

243—4 Vi d=(z—)—4 Vi-l+4=(YV7i-1-2)®

Similarly, the second radicand is equal to (1/z—1—3)°. The given equation
takes the form

[Vr=T—2[+] V7ZT—3]=1 (A)
(see Preliminaries to Chapter I, ltem 3). The following three cases are pos-

sible: (1) YZ—1>3; 2 Va—1<2; 3 2< Va—1<3.
In the first case the equation (A) takes the form:

Vi=i—24Vr<1—3=1, or YVzr—i=3

This result does not agree with the condition V/z—1> 3.
In the second case the equation (A) takes the form:

(V=T =2 —(VT—1—8)=1 or VZ—1=2

This result does not agree with the condition }/z—1 <2 either. Consider,
finally, the third case, when the equation (A} takes the form:

(VrZi—2)—(Vz—1-3)=1 (B

This equality is an identity, hence, the equation (A) is satisfied by all =
for which

2 V=143

Since J/z—1>> 0, all the three members of the inequality may be squa-
red, and we find

_* Reducing by /7 F ¢, we assume that z 5= —c. If the solution of the ob-
tained equation had yielded z= —¢, this value would not have been a root of
the given equation. But, as we see below, we do not obtain such a root,
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i.e. the solutions of the given equation are contained within the range bounded
by 5 and 40 {the values 5 and 10 included). All of them are the solutions of the
given equation, since they suit the third case, when the given equation (A)
becomes identity (B).

Answer: 5 Lz <10,

202. Square both members of the equation, transpose all the terms to the

left and factor out Va + x

Vatzla VaFe+4Va—a—Vz)=0
This equation decomposes into two. From the first one: Vo + z =0, we find
z = —a. A check shows that with a > 0 this value satisfies the given equation.
If ¢ < 0, the equation loses its sense (since Va—z becomes an imaginary value).
The second equation is 4 (V& + = + Ve — z) = V= If it is solved as in

Problems 183 to 187, we get (besides the extraneous root z = 0) z = 1%4;—5.

A check will show that this root is also an extraneous one, which means that
the second equation has no solutions at all. We may make sure of this fact more
casily, if the following method of solution is applied. Let us trapsform the second
equation to
8z Vz
Vatz—Vae—z =ve
which is done by multiplying and dividing Va+x+'\/a—z by the comju-
gate expression Va+tz—Va—z.
Dividing it by V/z (which is possible without losing roots, since r=0
is not a root), we get Vatz— 1 a—z=8Y 7. Subtracting this equation
from the above obtained Va+z+ Va~—x=—14— V=, we find

2Vim=—2 Vs

But this equality is impossible, since its left member is a positive number,
whereas the right one is negative. Suppose, neglecting this fact, we square both

members. This operation would yield an extraneous root z = 475 a.

Answer: 1I a is positive, then z = —a; if e is negative, the equation has
no solution.
203. Here we may successfully apply the method of transferring the irrationa-
lity to the denominator (see the preceding problem).
Answer: z = 0,
204, Answer: xy == a; x3 = —b.

(a—1)
[

205. Answer: x= (for a > 1).

For ¢ < 1 the equation has no solution.
206. The given equation may be represented in the form

W _y s
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or

(@t 1) =ax

2
Raising it to the power 5 we get af-re=a

Check:

2 3
3 kg
a ) T
ad g (05 2) =
a®—1 (a7 —

3 1
(11-5—1)2 a*

ax P

(@@ —1)?

Answer: z== s if @ <1, the equation has no solutien.

The equation takes the form

2

22z — it
. 4,7
Hence, z;==3, sy=~4. Since y z
root is an extrancous one.
Answer: z = 35i.
1
208, Put (r—1)*=:z. Then proceed as in the previous problem.
Answer: r==17.
209*. Cubing both members, we get

VioFez+ VB —2c=1.
Here the isolation of one of the radicals is nol essential.

musl be a positive number, the second

Answer: xy=3; Ty= —=5 .
210. Cube both members of the equation by using the formula (a+-b)3=
=a3 4 3ab (a--b)-+b3. We obtain

37T @9 VT4V TR 2312 (e )

* Here and henceforward we do not consider cube radicals, and, in general,
radicals of odd indices to be arithmetical, assuming that the radicand may be
negative as well {but obligatorily real). The value of the radical is also consider-
ed to be a real number,

001338
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By virtue of the given equation the bracketed expression may be replaced
by the expression Y12 (z—1). We get
ViGz—3R2E—1=3(—1)
Cube it. Transposing all the terms to the left, we find
(r—1) 122 22— 3) — 27 (z—1)2]=0
This equation is decomposed into the following two:
z—1==0 and 12z (2z—3) —27 (z—1)2=0
Check the found roots.
Answer: xy=1; xp==3.
211. Solved in the same way as the preceding problem.
Answer: xy=a; Tg=b; a:;,:g—z—- .

212, Put ¥ 7=1z; then }/a2=:2, Substituting into the original equation,

we get 2:%-+z--3=0, whence z=1; sy — s
27
Answer: zy=1; rg= %
213. Solved in the same way as the preceding problem.
4 25
Answer: zy=84; z3== -5 -
244, Put %/ a--z==1z; then Va+z=1:3and %/ a-zr=12,
Answer: zy= —a; Tg==1—a.
- e 4 1
215. Put V s hakd then V s and, after a number of
transformations, the equation takes the form
4222 72—12=0
hence,
5 ad a3
=g ad m=—gp

The second solution is rejected as a negative one (see Note I to Problem 8%
2z + i
242 3"

on page 122). To determine z we get an equation

Answer: z=T.
216, Answer: x=x 5.
217, Put 3 z=z; then §/22=22 and z=2%. We obtain:
44 221

e == b
—1 oz
Reduce the first fraction by 22 — 1, and the second, by z - 1. We get: =
- — 9 = 0. But the reduction of the first Iraction is lawful, provided z
{ =% 0, and that of the second fraction, ifo 150 Meanwhile, out of th
two roots zy == 2 and z, = ~1 the second one gives z -+ 1 = 0. It does not suit,
since at z == —1 wo have z = —1, and the left member of the given equation
loses its sense.
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Answer: z = 8.
218. Putting V/z==z, transform the equation to

Reduce the fraction by z - 2 (sec the explanation to the preceding problem).
We get 7% — z — 6 = 0, whence z; = 3, z, = —2. The second root does not
A

. . N 4 .

suit, because, firstly, the expression T3 loses its sense and, secondly, z cannot
I

be a negative number,

Answer: x = 9. .

219. Here the introduction of an anxiliary unknown, used in the previous
problems, is of no help. Represent the equation in the form

and reduce it by Va—r-+Va—b (the reduction is lawful, since this num-
her cannot be equal to zero). After simplifications we obtain Vig—ay@—by=0.
Answer; xy=ua; £a==b. .
220, Represent the given cquation in the form

Vi=h

This equation decomposes inte the following two: the first equation i:
V320, its root being ry=2; the second ome is VIl —r=2-V17
: 16
tafter getting rid of the denominator). Its roots are: zp==(n 13:.9_' .
16
Answer: ry=2; ry=1; YS":T;‘ .

221, Answer: r = 81.

222. Isolating the radical and squaring both members of the obtained equa-
tion, we get a fourth-degree equation. But in the present case it is possible
10 apply an artificial method. Rewrite the equation in the form

V3 4 5 a2 B 4 S 12

Putting Va2 —3z4+5=1z, we gt z2-4-z-ai2=0. Take only the positive
root z==3.

Answer: zy=4; To= —14.

223, We may usc the same method as in the preceding problem. But it is
obvious that the equation has no solution. Indeed, the quantity 322 -+ 5z -+
exceeds 3% 4 5z ~— 8 at any z. Therefore

Vit or+1> Vi 52—8

which means that the left member of the given equation is negative at any
and, consequently, cannot be equal to unity.
Answer: The equation has no solution.

g
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224. Denote one of the radicands by z; it is most convenient to put y* -
4 4y 4 6 = z. The equation takes the form

ViFe+Veirt=Va
Getting rid of the radicals, we find z* = 4. Only the root z = 2 suits (at z =
= —2 the two radicands are negative). Solve the equation 32 + 4y 4- 6 = 2.
Check on solution.

Answer: y = —2.

225.* It may be solved by using the substitution method (from the second
equation find y = 6 — z or z = 6 — y and substitute it into the first equation),
but the following artificial method is somewhat more effective. The first equati-
on is transformed to (x — y)* = 4, whenee £ —y =2 or 2 — y = —2. We
obtain two systems of equations:

(1) {z—-—yzz {2y {z~y=_2
z4-y=6 z4y=6
.2

Answer: (1) ry=4, y;
(2) xp==2, yy

226, Represent the given system in the form

{ Y4 (x -+ y)=11

zy (x+y)=30

Put for the sake of brevity zy=azg z-+y==zo. Then we have
=11
30

a

By Vidte's theorem z; and zy are the roots of the quadratic equation 22—
— 41z 4+ 30=0. We find: zy=6, zoa==3 or z;=5, 53=86. We get two systems:

{("azs = {705

Each of them may be solved by applying Viéte's theorem or the substitution
method.

Answer: (1) x:

(3

227, Putl y

g1 @ z=1, y=5
2, y=3 (4) re=3, y=2

then we have the following system

{ z42=T

ro=1{2

Answer: (8} =4, y:—:"‘/ﬁ
{(2) o é =

<k

4)
228. Put 1% .. We get the system
2yt 2a =23
Z42a == — 50

* Most problems of this chapter are successfully solved by using artificial
mothods, The main difficulty here is to find out an adequate artificial method.



Chapter 111. Algebraic Equations 133

Answer: (1) z=35, y=2
() z=~5,  y=2
@) 2=t V2, y=-25
@) 2= —i V2, y=—25
229, Put —zry=1z;; 22— y==2,. We obtain the system

{ == 180
zybag = —11
We find z;=9; z3=—20 or zy= —20; 3p==0. Now we have lwo systems
It zy=—9 ) 3] zy=20
{ 22 y2 = 20 and 12y @
Solve the first system. From its first equation we find y= -—;2-. Substitute

it into the second ope and find the biquadratic equation %+ 2027 —81=0.
Its roots are:

pra= V —104+ V18l = = V35~ £1.86
eaam V —10= V18l ~ = VIR I &~ 4500
Now we find

=9 o
¥, 2= ;—:z%z;&m
V-1 yist L
F9
ys,,,zé—”:sa ~ 4 1.860
Solve the second system using the same method.
Answer; (1) z = 1.86, y =458
(2) z ~—1.86, y &~ 4.84
(3) = ~ 4.84i, y &~ 1.86i
(4) z~ —4.84i, y =~ —1.86i
(5) z=35, y=4
(6) z==—35, yo= —4
(7) z==4i, yo==—5i
8) z= —4i, y=>oi

230. Eliminate the constant terms by multiplying the second equation by 7
and subtracting the result from the first one. We get

3227 2ry - Thyt = O
This is a bomogeneous cquation of the second degree (i.c. an equation con-

taining only terms of the sgcond degreg). Dividing both members of the equation
by #* (this may be done since z = 0 is not a root), we transform it to —32 —

Yy y 2_ Ivi . . . g 1 2
28 475 (L) =0, and, solving this quadratic equation, we find ~ = or
z z r 3
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or % = 16 . By using this method we can find the ratio % from any homoge-

neous equation of the second degree.
Now we solve two systems:

(1) 522 — 10yt —5=0 (2) ( 52210y —5=0
and
¥ .2 y. 16
z 3 z 25
(by the substitution method).
’ 25 16
Answer: (1) z=3, y=2 3) I—V-ﬁ, y _1./_1;1_-3-

16
Ny

25
Vi Vi

231. Rewrite the first equation: .r'-’-——~2.:y+y'-"=% zy. Then we have

) 2= —3, y=-—2 (4) = o

(z—y)2=—}7 zy. Write the second equation in the form 2(1—_1/):%— zy.

Hence, (z--y)2—2(z—y)=0, wherefrom s—y=0 and z-—y==2. We ges two
systems:

) (z2—y=0 2 {z—y=2
{ and
Ty ==0 ry=8
Answer: () =y =0, (D z =4, y=2; B) 2 = —2, y = —4,

232. Rewtite the first equation in the following way:
@42y + ) =13+ zy or (z+ y —~ 13 =2y

From the second equation: z - y = 4; substituting, we get 16 — 13 = oy,
Now we solve the system
{ zy=3
zty=4
Answer: (1) 2=3, y=1; (2) z=1, y==3.
233. Solved in the same way as the preceding problem. We get a new

system
Ty=6
z—y=1
Answer: (1) z=3 (2) z= -2
y=2 yom 3

234, Put _‘y'.:;; then .:.:-:-, and the first equation takes the form

~

|
] n

or 12:2252+12=0. Its roots are :,:—;i and zz=—‘2—. Now we
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have two systems:

O] KR 2 z_3
{ T3 { y 4
2Byl T Z e y2m= T

They are solved by substituting the value of = obtained from the first ejqua-
tion into the second one.

Answer: (1) z=4, y=3
(2) 2= —4, y=~—3
3) r=3i, y=4i
(4) 7= —3i, y= —4&i

235, The system can be written in the form

Ty == cambn
iy dambn

Multiply these equations and divide one of them by the other. We get
(zy)m+n = edatmi?n and (.:r.)m—":-—;—; whence
¥

i

i Im  In
l,yﬁ((d)mqknamg&nbm-#n and %; (&)m—u

Multiplying these equations, we find
2Zm 2n 2m 2n
22 o B E GRS TRE g meEn
¥ may be expressed in a similar way proceeding from the equation
m-n
L zi. It differs from the corresponding cquation for x only in the

z 4
order in which follow the letters ¢ and d.
m " m n
Answer: = ::cmi'-n? dnﬂ—-m‘l avn+1lbm+n
n m m "
y= cnl—m'l dmﬁ—n* uvll+rl[)m+1n
236. In the second equation we factor =* -+ ¢* into (z -+ ) (&% — ay
and divide the second equation by the first one. We get z -ty = 5. Adding
3z¢ to both members of the first equation, we obtain (z -+ y)?=1T7-43
Substituting 5 for (£ - y) in this equation, we find zy = 6. We solve now the
system
{ T4 y=5
ry=6
Answer: (1) 7==3, p=2
(2) x==2, ye= .
237. Multiplying the second equation by 3 and adding it to the first one, we
get (z + y)® = 1. Confining ourselves to real solutions, we find z + y = L.
Substituting 4 for z + y in the second equation, we have zy = —2. We solve
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now the system
{ romy=1
ry=-—2

y= 1

Answer: (1) =2

(2} o= —1, y=2
238. Solved in the same way as the preceding problem.
Answer: (1) 223, y=2

(2) 222, y=38

239, Put —;—E—Z-:z. The first equation takes the form :»7——{—=5%.
Hence, z=5 and B,y i.e.
e - 1
TTy =5 a“d ad - y == —_
2y z—y 5
z-ly

From the equation

2
5 we fi - 3 e thi i -
- =5 we f{ind y 3 * Solve this cquation toge

. . . v N . A
ther with the given equation zy==6. Use the equation l__::'/’ =g

same way.
Answer: (1) =3,
(2) = )
(3) x=23i,
(4) 2= —3i, y=2i . . .
240. Eliminate the unknown z from the given system. To this end (1) sub-
tract the second equation from the first one multiplied by ¢, and (2) subtract
the third equation from the second one multiplied also by ¢. As a result, we get
the following system
{ (e—ayz--(c—b)y=(c—a)
gl{c—ayr-+blc—b)y=d(c—d}

wherefrom we {ind x and y: : is found in a similar way.

Answor: 2= G=d  a—d)(c—d) __ (b—d) @ —d)

e T b=y YT Eh (e—B) (TGO a—a

241. First eliminate u; for this purpose: (1) multiply the second equation
by 2 and add it to the first one; (2) multiply the third equation by (~2) and add
it to the second one; (3) multiply the third equation by (—3) and add the result
to the fourth one. Finally we obtain the following system

{ Sz w4y - 132 == 36

—br— Yy 92=1
B — 13y - 123==5

Lliminate  from this system, subtracting the third equation from the second
one beforehand. \We get
() Sp = 4y - 13z = 38
(h 3= Dy - 4
() =30 = 13y -

1

Z
12
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Add (a) to (c), multiply (b) by 5 and add it to {c). We obtain the followings
{ — 1Ty + 25241 or f — 1Ty 25z=41
— 3y 3z = L y4z=5

2: z is found from (b) and u, from the third of

Hence we find z = 3 and y =
the given equations.

Answer: x = 1; y=2; 2= 3; u= 4 7

242. Subtracting the first equation from the sycond one. we get y ~+ 2z = .
Hence, y = 1 — 2z. Substituting this value of y into the first equation, we find
x == z - 3. Substituting then the found values of o and y into the third equation,
we get 3z% - 1 — 2 == 0. Its roots are z; = — and z; = —1. Substituting now
the values of z into the equations « = z -- 3 and y = 1 — 2z, we find two valu~
es for each of the unknowns r and y.

1 1 2
Answer: (1) T, =g, iEg
@) r==2, y=3, 2o 1

243, Square the first equation, cube the second one, and square the third
one on having transposed the second term to the right member of the equation.
And so we get the following system.

4t by —Brmm -3
{51+2y+: 1.5
br—y—z=0.
Answers gt sy B 208
nswer: z=§§' ""N”:.)_—&—J‘ i=gg5 -

244, Squaring the first equation and subtracting the second one from it, we
obtain zy - 2z - y= 4. By virtue of the third equation the first two addends

-y t
may be replaced by 2yz. We get 3ys = 54, i.e.
yz == 18 (a)

Now the third equation may be written in the form zy + 2z = 2-18, ie.
afy -+ ) = 36 by

Since the first equation has the form
z - (y -+ z) = 13 (€}

z and y -+ z may be found from (b) and (c). We get

=9 or { r==4
{!levf/t y4z=9

To find y and z separately, make use of (a). Thus we obtain two systems:

)y fytz=4 (2) f y+2==9
1 yz=18 and yz==18
Note. When squaring the first equation there appears a danger of introducing
extraneous roots. But if they had appeared, they would have satisfied the equa-
tion z - y -+ —13, which contradicts the equation (c).
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Answer: (1) z=9, y=2+im, z:2-——-iv’1‘z
@ z=9, y=2—1V1, z=241 VH
3) z=4, y =6, z=3
(4) z==4, y =3, z=0
245. Represent the third equation in the form
2 —zz—yz Lt ay=2
Adding it to the second one, we get
22 4 2zy = 49 (a)

whence 22 = 49 — 2ry. Substitute this expression into the first equation. We
get (z -+ y)* =49, jie. z~+ y= 7. First put z+ y=T.
Represent the second equation in the form
zy + z (x4 y) = 47

4922
9 5 2., obtained from (a), and the

value z-+y="7. r’We get z2—14z-4-45=0, whence z4==5 apnd zp=9. If z=35,

g2 e 22

and substitute into it the expression zy=

then zy=: 5 ==12; but if 2=9, then zy= = —16. And so we have
two systems

(1) {z+y=7 2 fzty=T

Ty ==12 and { zy = — 18

each having two solutions. Thus, we obtain four solutions:

) z=3, y=4, z=5

(2) z==4, y=3, z2=5

74+ VI3 71113
(3) z= }z . oy=s 12 y z=9

I VATT 113
@ o=l 12113’ y:7+;/us’ I

Now put z 4 y=-—7 and find four more solutions by using the same method.
Answer:
(1) £==3, y=4, z=5
(2) =4, y =3, 2==3
L1143 7 V113

(3)227,})14 ) y= Y1 i sm9

7—V/113 74+ V113
@o=I=VIB TV
{8 z=—3, y=—4, ]

{6) 2= —4, y=—3, 2= —5
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) 2= —7+2V113 R b TS T

5 , z=x—@
—7— V113 — 74+ V113
8 z= 2V . Y= 3‘

, f=—9

246. Subtract first the second equation and then the third from the first
one. We get

(a* — %) + (a® — V%) e 4 {a — by y == 0 {a}
(@ — )+ (@ — Aot (a—c)y=0 (b)
Reduce the equation (a) by (¢ — b) and equation (b}, by (s — ). We have
(@+ab+40)+lat+bzt+y=0 tc)
(@ +ac-+ ) +(atc)e+y=20 «d)
Subtracting (d) from (c), we get
(ab—ac+ b2 — )+ (b—c)z=0

Hence, "
b—ac b2 c2
p= TR e et bto)
The unknown y is found from (¢) or (d). Now find z from any of the given
equations.

Answer: == —(a-+b-c)
y==ab+bc--ca

== ——abc
247, Putting —=== V =u and —/.—1._:—1_-& we get the following system:
B Vovtg
12u450=35
8u+4-10v =6
Its roots are:
et -2 i 11, 1
umom, U=, L =

[N

Hence, z==17; G.
Answer: z~—17
248. By virtue of the second equation the first one may be rewritten in the

form 10—2 Y/ zy=4. Hence, zy=9. We get the system

4y =10
{ zy =9
Answer: (1) =9, y=1; (2) =4, y=9.

3z

249, Put z+ysz. The first equation takes the form z-——2+%=0‘

Hence, z==1, i.e, ]/%:1. From this equation we find y == 2z and substi-
tute it into the second one.
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Answer: (1) z =6, y=12; (2) = —4.5, y=—9.
250. The first equation is reduced to the form VAT =2y 17, whence

224 Y% =136 {a)
Square the second equation to obtain V@2 =18—2z, whence
' y* = 36z — 324 (b)
Substitute this expression into {a). We get »* 4 362 — 460 = 0, whence = = 10
and x = —46. Substituting into (b}, we find y and obtain four pairs of solutions:

(1) r=10, y=6; (3) z=—46, y=86)55i
@ 2=10, y=—6; (4) z=—46, y=-—6)55i

The third and fourth pairs of solutions do not suit, since the expressions

7z -y and Vz — y, where the radicals must mean arithmetical values of
the root (otherwise they are indefinite since the root has two values), make
no sense at complex values of z -+ y and & ~ y. The first and second pairs of
solutions should be checked.

Answer: (1) 2= 10, y = 6; 2) v = ), y = —6.

251. The system makes sense only if a > 0 (see the preceding explanation).
Square the first equation:

VEF=8a—z (a)
Substituting this expression into the second equation, we get
VEFE=(VH +5)e—z {b)
Square the equations (a) and (h):
¥ == — B4a%-f- 16ax (a")
g (VAT 45 a2 —2 (Va4 5) ax (b

Eliminating y from (a’) and (b'), we get
(130410 Val) a2 = (26 +2 V&) az
whence x = 3a. From (a’) we find y==-+4a and then perform a check.
Answer: (1) xr=>5a, y==4a; (2) v==5a, y= —4a.

252, Square the first equation: 2r2—27/z—yi=y2 Substitute bere the
value #%— yt= l44at from the second cquation. We get

gF = 2t e Hat (a)

wherefrom we lind »* and substitute it into the second of the given egquations.
We get
° 24— 32022 -+ 2400t = 0

Hence. 2= 2: V20 a and 2= V'12a. We find y from the equation (a). For
vach of the values z==-- }/20a we have y== = 4a, and for each of the values
<= 1 12a we have y==0. A check shows that out of the six pairs of obtained
roots some are extraneous for a>> 0, others, for a < 0. Let us take, for instance,
the pait x="1/20e, y=4a. Substituting it into the first equation, we find
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V36a2—~V4a% =4a, ie. 6]a]—2]a|=4ae. This equality is an identity for
a >0, but it does not hold true for a <C0.
Answer: For a > 0 the solutions are:
(1) z=VY3a, y=4q; (2) 7= —VM0a, y=tha
3) 2=V 12 y=0; @) e=—11%a, y=0
For a <0 the sohmom are:
5} z=V3Wa, y=—4a; (6) x=—12Wa, p=—4a.
253. First method. From the second equation we find z+4y=14— 1/ 7y.
Squaring it, we get
By 2ry = 19642y — 28V 1y
whence
22 e y2 4 zy =196 28 Vzy
By virtue of the first equation we have 84=196—28 /zy, whence Vry =4,
i.0. 2y =16. Substituting }/zy =4 into the second equation, we find z +y = 10,
and then solve the system
z4+y=10
{ ay =10

Second method. Factorvize the left member of the first equation
22pzy gt (2= (V) = (e v+ Vigd e+ y—Vig) =84
Hence, by virtue of the second equation, we get
16(z+4py— )V 1y) =84
ie. £+ y— ) Ty=06. From the system
iy Ty =6
- { FENE S A
we may find z+y and Vg,
Answer; (1) x==2, y=8
(2) 2==8, y=2

253a. From the first equation we find /~..1 - , from the second y=

24z . . T-—m 24-x
Fre— . pse expressions, L] A, . hence, we
" equating these expressions, we ge g Fp hence,  wu

have li:a following equation:
A4+m)a24-(2-4m) r3-(2—m)=0

This equation las real roots, provided
24+ mpt—b(14-m)(2—m) >0
Simplifying the left member, we get the expression 5m2—4 >0, whence
Iml‘,}—;?—. Under this condition z has real values, which means that y==
<
%-;—1 also has real values.
“t+

Answer: |m | >

2
v .
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CHAPTER IV
LOGARITHMIC AND EXPONENTIAL EQUATIONS

Preliminaries

To solve equations containing logarithms to different bases (see, for example,
Problems 267, 268, 309 to 313) it may turn out to be convenient to reduce all
the logarithms to onc base. So, let us introduce some relevant formulas supplied
with necessary explanations.

1. The formula

i

logp a= loga b

(a)

enables us to change the roles of the logarithmic base and the number.
Example.

1 1
10g32=1—;g-2-§=.§.

Ezplanation. According to the definition of the logarithm, logs 8 is the expo-
nent indicating the power to which it is necessary to raise the base 2 to obtain
the number 8. Thus, symbolically, logs 8 = 3 is equivalent to 2% = 8. But

1

the last equality may be written in a different way: 3E8=2ie 8% = 2, Hence,
loge 2 = ER
!

In general, the equality a* = b may be written as b* = a. The former equa--
lity means that log, b = z, the latter, that log, ¢ = -;— , wherefrom the formu-
la (a) is derived.

2. The formula (a) is a particular case of the general formula
logp V
logpa

log, ¥N= (b}
which expresses the following important fact: if we know the logarithms of
various numbers to the base b, we can find the logarithms of the same numbers
to the base a; to this effect it is sufficient to divide the former by logy a (i.e.
by the logarithm of the new base to the old one). Instead of dividing log, ¥
by log, a we may [by virtue of (a)] multiply it by leg, b:

log, N = log, b.log, ¥ (Y

The number by which logarithms in one system are multiplied to give lo-
carithms in a second system is called the modulus of the second system with res-
pect to the first. That is to say, the factor log, b is the modulus of the system
of logarithms to the base  with respect to the system of logarithms to the base b.

Example. Having a table of common logarithms, we can compile a table
of logarithms to the base 2. To this end it is sufficient to perform division by
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log 2 == 0.3010 or multiplication by log, 10 = 3.322, Thus,

log3 _0.4771
log2 ~ 0.3010

Explanation. By the definition of the logarithm we have B‘Ogﬁsz'}. Take
the logarithms of this equality to the base 10. We get log,3-log 2==jog 3.

1‘ —_
0.3010 —
== 1.585

logy 3=

log ¢ . .
whence log, 3= 10"’ 5 - Just in the same way we obtain the formula (b) from
the identity aO%® ey by taking the logaritbms to the base b,

In order not to confuse the notations, it is advisable to use the following
method for a check: write the fraction - instead of the expression log, bl(of

course, these expressions are not equal to each other): treat the expressions
log, a, log, ¥ and so on in a similar way. Then instead of the formulas (a),
(b), (¢) we get other formulas, which are abso true. Thus, fostead of () we get

254, First method

9
g -

1
2 (g tog 9-1og 2)=1O.i0“’“ 9-21022 _y0.4g ¢

z=x1010
9
L8

9 Q
=—, therefore == 10-—7;:22‘5.

io
By definition, 10 A

Answer: z==22.5. .
Second method. Taking the logarithms, we have

log r == log 10 (%— log 9——]og2) log 100

or
log x=log 10+ log 9—2 log2=10g%zl9

Answer: x==22.5.
235, As in Problem 254 (second method), we have

logz:(—ji—-—-—;‘—log/;) log 100

log z=1—-—,1— logé:log——i-(;: J:—fi—()-_—
2 Vi V'

Arswer: x == 5. . R
256. Proceeding in the same way as in the previous problems, wel have

logz=—;— (2+%logm) 10;;10:1.;-.}: log 16 =1log (10 }/16);

z=10316
Answer: z==20,
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257, First method
2-210g;2 1 7% 1 49, 1 25

=17

(cf. solution of Problem 254 by the first method).

Second method
1-log, 2 ~log.4
Lot us denote y==49'"7° and z=5 53", then

X=p-z

Taking the logarithms, we find that logy y= (1—log; 2) legz 40, er

9
logs y = (logs 7—logy 2) 2 =2 log; —-=logy 5
9!
whence y::%; similarly, we find that :::71—. Hence, z::? .

oz
25
Answer: =5 .

238, We have log; logs logs 7 —log 1, whenee loggloga z=1; logo r=3.
Answer: z=35.
259, Like in the preceding problem, we have
14 logy [1+loge (1 +1ogp 1)) =1
logy 11 + loge (1 log, )] =0
then
1+ loge (1 -Hlog, 2y =1, log, (1-+ log,, x) =0

1-4-logy, r=1; logp o= 0 r=1

Answer: == 1.

260. The expression in braces must be a pesitive number since a negative
number has no (real) logarithm to base 4. Therefore, having rewritten the given
equation in the form

(e

2logy 11+ loga (1 - 3 lagy ) = 47 == VT

we should take only the positive value of V4. i.e. 2. Applying similar transfor-
mations for the second time, we then obtain

togy [1 - logy (1 <& 3 loge 1)) == 1, 1 - logs (1 - 3 loga 1) = &,
loge (1 + 3 logs ) == 2
hence, 1 - 3 logax = 4, loga r = 1.
Answer: x o= 2,
261. Represent the given equation in the form logs (¢ - 14) (r + 2} =
or (== 14) (¢ -~ 2) == 2% == 64, whenee 4% - 160 — 30 = 0, o
2= 18, The second Toot does not suit, since the left member contai

sions log, (= -- 14) and log: (x - 2), which have no real value at a negative .
Answer: 1 2

262. Represent the given equation in the form

log, fy (¢ - 5).0.02] = ¢
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hence,
y(y+5)-002=1o0ry*+ 5 —50=20
we get two roots: yy == 5, y, = —10. The second root does not suit (see solution
of the preceding problem).
Answer: y == 5.

263. We have

log (35 — 23) = 3 log (5 - x) or log (35 — z%) = log (5 — 1)°
hence,
35 = (5 2P or 2? — Sz -+6=20
Answer: zy = 2, z, = 3.
264. Transformmg the bracketed expression, we get

(3a—b) (a® +ab)l _ bla—b)

b— b2 T Ta(a-b)
Then the given equation takes the form
b(a—b 4 1
1+logx———log a((aa-}—b‘) —g log b4~ logfa (a ) (a—b))

pplying the theorem on the logarithm of a product (and of a fraction) to the
ng t member, we obtain

1+ logz = log(a — b) — log &
Substituting log 10 for unity, rewrite the equation in the form
a—b

log 10+ log z == log (@ —b}—log b or log (10z) = log

a—b
T
a—b
Answer: z== 5
265. The given equatiou may be represented in the form

log‘(: Vi _}ogl/-i_l_ +log]/d(i——-a)

wherefrom, taking annloganthm we find
T ‘/ l /af{l a{l—a)
|/ ‘l+a

== [/i—-a

hence, 10z=

or

z-—

Vi——a

whence

e
Vi——-n

1

Vi—a

Answer: z ==

16-01338
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266. The given equation may be written in a different way:
2
—%—logx 5+10g,5+logxz—2.25=(—;—long)

since log, x = 1, after simplifications we get
logi 5 — 6loge 5+ 5 =0

Solving the quadratic equation (in the unknown log, 5), we find two roots:
loge 5=05 and log,5=1

Answer: z3=}5; z,=5.

267. First method. Putting logy » = z, we have z = 162, hence,

log, z = z log, 16 == 2z and logy z = z log, 16 = 4z

The given equation takes the form z 4 2z -k 4z = 7, ie. z = 4.

Second method. Reduce all the logarithms to the base 2 by the formula (b)
logaz  logsz log, = We

log-4 2 4

get the equation —[i— loge z —}-—;— logs z-+logs z==7, whence log, z=4.

(page 142). We find log, z== ; similarly, logygz =

Answer: z=16.
268. Solved in the same way as the preceding problem.
Answer: z=a.
269. Rewrite the given equation in the form
whence 3z —~7=3—Tz.

3\32-7 31\3-7x
(+)7=(3)
Answer: z==1.

270. Represent the given equation in the form
7.3%+) e 3N+ g 5XH2 L BXHI
Factoring out 3% and 5%, wo bave
- 3yx 5
3B =53 (52253 oF o) =
3¢ (7.3— 8% == 5% (52— 5% or (a) >
whence z==z —1.

Answer; z= —1. L
271. Rewrite the given equation in the form

3,94 2 2 24x~g ogx
2-3.28x8 = 53% or 2 =2
Hence,
5
4.:———9:-51-

Answer: x=0. X .
272. The given equation may be written as

2—::2.22.:—{»2:2—6 or 2-¥+lx42 . 9-6

Consequently, —z%+2z2:== —6.
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Answer: zy=4; ry= 2,
273. Represent the given equation in the form
S{x+5) Hx+17)
2 x-7 =g9-2,9 x-3
whence
SE+8) _ ., T@-H1D)
z—17 T3

Answer; z:li(). .
. og 4 2log2 2 . . . .
274, Since Tog% = SlegZ ~ 3" the given equation may be rewritten in
the following way:
2\2x 0 2\(1-:)3 2

2043 (1—1x)=1

Hence,
Answer: z==2,
275. Represent the given equation in the form
Vats ) 2
1 - =
2( t Vs Va-t _ o
equating the exponents, we f{ind

7%=2’ or 22—5YF—3=0

Let us denote V/Z by z; then we have

2:2—5z—3==0, whence z;=3, z2=—-%
But the second root does not suit, bccaufe the quantity z (which represents
the al:_i_thmetical value of the radical V:r) must be positive. Thus, we have
z="YZ; hence z=9.
Answer: z==9.
276. The given equation may be represented in the form
Vits 4
i r —
2 tvE =2 Vx-t

Hence,
g VEe3 4
" 2Vz: Vz—t
therefrom 3z—8 V/z—3=0. Putling V/z=z, we have 322 —82—3=0; 2, =3;
B o) the second root z,=: -y does not suit (see solution of Problem 275).

Consequently, z=9.
Answer; z==9.

10*
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277. The given equation may be written as

3 i
dFETTETE T T g
Consequently,
3 1 1

w1t E—r 770

After simplifications we get z2—2x—15=0.
Answer: Ty==5; Za== —3.
278, Using the formula (a) (page 142), we obtain
3 , 1 2
] T =
loge 242 logx @ 2 (IogJc :c—-—i— logy a)

or
3 1
N
T ohogea T 2—logra

Solving for log, a, we get

7 VB _ Tkt
3 T8

logy a=

4

Answer: zy==@, Za

3
=as .,
279. By formula (b) (page 142) we find

log, 2 1
D i et T ot
logy 2= Tog, =z 2log iz
Then the given equation takes the form log, (r + 12) = 2 log, =, whence z <4~
- 12 == 2%, We take only the positive root r = 4; at negative z the expression
log, 2 has no real value.

Answer: 1 == 4.

280. Write the given eguation in the form:

(logy 5 - 2) logd z = 1

Since lofzxﬁrs—]—gg—;, we get the equation

1
P 2 _—
( Tome s~ 2)10;;,)1 1
Solving it for log; », we find

(logs 1)1:71)- and (logs 1)z = —1
1

Answer: zy="V5; 1s= T
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281. The left member of the equation is the sum of r -+ 1 terms of a geomet-
ric progression, and therefore we have (for a = 1
e gl
Tr:"(i-%'a) (1-+a?) (1+af) (14 a8)
or
1—a¥tl= (1 —a) (1-+a) (1 +a?) (1 +a%) (1 +a5)
or
1o g¥tl oz gl
whence @x+! == g16; 7 4 { = 16; z = 15. At o = 1 the general formula for
the sum of the terms of a geometric progression is not applicable. In this case
the left member of the given equation is the sum of z -- 1 addends, each being
equal to 1, and so, the equation takes the form x -+ 1 = 16, hence, z = 15.
Answer: z = 15.
282, Rewrite the given equation in the form
524464 +2x 556
whence
244464+ ... F2c=560r1-+2-+F3+...+2=28

The left member of the cquation is the sum of the terms of an arithmetic pro-
gression. Therefore we get the equation

(1»{;1)1228

whence zy = 7, 2, = —8. The second root does not suit, since the number z
must be a positive integer.
| Answer: z = 7.
283. Rewrite the given equation in the form
22224 047,252~ 4 { = 0
Denoting 2% by z, we get
22— 17z 16 = 0; zy = 16; z, = 1
whence z; = 4; z, = 0.
Answer: z¢ = 4; a5 = 0 .
284. As in the preceding problem, putting 4% = z, we have 2z — 17z 4
+ 8= 0.
3
Answer: z,=-§-;
|
285, Putting 9% =z, we obtain the equation

322 — 10z 4 3 =0

Zp== —

[

Answer: z( = 2} x5 = —2. X
286. Taking the logarithms of the given equation (to the base 10), we obtain
—lgg——zﬂlogzmlogz'ki or logZz+4-3logzr—4=0

whence log z, = 1; log z, = —4.
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Answer: zg = 10; x, = 0,0001.

287. Transform the given equation so that either of its members represents
the logarithm of a certain expression. For this purpose substitute log 10 for
unity in the left member of the equation. Now the given equation may be writ-
ten in the form
4"’2 V;-—i o I/ gV=x~2 +2

T T8 =

Since the logarithms are equal, the numbers are also equal

log

SRy VarEig,
10 4
After simplifications we get the equation

YE
2VE 5.9 7 _2%=0
_aE Yi
Since 2V"=(2 232, then putting 2 2 =z, we have the equation z2—351—
—24==0, whose roots are z;=8 and zp= —3. Taking z;=8, we get the
¥z -

equation 2 2 =8, whence 2”

=3, i.e, z=36.

el
The second root z= —3 leads to the equation 2 ¢ = —3 which has no
solutions since no power of the positive number 2 can be a negative number.

Answer: z==36.
288. Find successively (see solution of the preceding problem):

2 2
2 log w4~ I VXL gy 45
0g 75+ log (5 %+ 1) =log ( == 5)
132 yv3 1 5(1_{_53'.;)
- Iy - 2039 )
e[ () 6%+ 1 )= oe PYE:
hence, _
1 i,y 50ESTY
55 (&' 4 1)= o (A)
After simplification we get
SV E 124571050
whence 51 % =125, or 5 F= 1, The second cquation has no solution; the

first one gives Vz=3; r=9. )
The equation (A) may be solved in a different way. It may be reduced

5 1
by 5' *4-1:£0, and then we got 5—S=——;‘i—:-; hence, 51% =125 and z==9.
%z



Chapter IV. Logarithmic and Ezponential Equations 154

Answer: z=9.
289. Represent the given equation in the form

lo 10g x~1 _ alog x-+1 -
5 gx_l_sogx :So"x+ +310gx 1
Factoring out 5% and 3!98° , we have

B X (14571 = 3108 % (3437
or

51985 95 4 5ylekx 512
3103:::—9—’ (“5) :(3-)
whence log z =2.
Answer: z==100.
290. Taking the logarithms to the base 10, we get

2logtr—1.5 Iog%t:—%—

This biquadratic equation (in the unknown log z) has two real roots: log z = 1
and log r = —1; hence, z; = 10, 7, = 0.1,

Answer: z, = 10; z, = 0.1.

291, Taking antilogarithms, we obtain

W R hbx x2-40x i 24
64y 2 =1 or 2 _(64) ,

ie g¥-i0x_p-0-24 hence, z—40z + 144 =0.

Answer: z,==36; z

292, By the deimmon of the logarithm, the given equation is equivalent
t0 9 2% =23~ or 9 2":—2;, whence 22¥—9.2% 1 8:=0. Solving this equa-
tion (quadratic equation in the unknown 2%), we find

2y=3; Zp=0
Answer: xy=3; z5:==0.
293. As in Problem 288, we get
2 (4524 9) = 10 (2572 - 1)

Noting that

9x-2 . 9% Q=2 :%. 2%, and 4% 2==4%.4-2.=

al-‘

we obtain the equation
—20.2% 464 =0
whence, like in the preceding problem, we find zy=4; z,=2.

Answer: z(=4; #;=2.
294. 1t is convenient to iranspose the last term to the right. Then, as in
14 5=
Problem 288, we get 4.3 % =8 --27. Noting that 3 3. 32", we get
the equation
Lo
1203%% = 3% 4.27
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1 1 i

Putting 35;2;, we have 3;=(3‘2-;)2, and so, we get the equation 22— 12z
+27=0, with z,=9; z,=3 being its roots.
1

Answer: Tyl Ty
295. Taking antilogarithms (cf. solution of Problem 288), we have
VEF _gb-VEFT 475
100 T Ve
The equation may be represented in the form

A (31/;,,“___16__) -2
100 Vet ) Vet

Getting rid of the denominator, we obtain
6V 15200, o, 6V g3,

whence z=2,

Answer: z = 2.

296. Represent the given equation in the form

4log 2+ 2log (2 ~ 3) = log (72 + 1) + log (= — 6) + log 3
whence, taking antilogarithms, we find
26 (z — 3P = 3 (7 + 1) (= — 6)

The roots of this quadratic equation are z, = 9; z, = —3.6. The second root
does not suit, since it yields # — 3 == —8.6, which means that the expression
log (z —~ 3) has no real value [the same can be stated about the expressions
fog (7z - 1) and log (z — 6)].

Answer: z = 9.

297. Represent the right member in the form

—logg (0.2 — 0.2.5%-9) = —log; 0.2 — logg (1 — 53-3)

Represent the addend {z — 3) in the form log; 5%-%. Transposing the terms, we
get the equation

logs 120 + logs 553 - logg 0.2 = 2 logs (1 — 5%-3) — log,; (1 — 5%-3)
120.0.2.5%-3 == { — 5x-3

or
Answer: z = 1.
298, The given equations may be represented in the form
96x+3 __ obytd
[ and
[ sttx-v_5 2
Equating the exponents, we get the following system
{ 6z —4y == 14
z—3y=0

Answer: =3 ; pe=in
Answer: x=gp g,
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289. Taking antilogarithms of the first equation, we get the following

system of equations:
ry=1
z+y== -1:-;-)

Answer: xy=3; ylzé—; xz-::—;—; ¥z == 3.

?00. In algebra, consideration is usually given only to the logarithms of
Fosuive numbers to positive bases, otherwise a number may have no (real)
ogarithm. Therefore, we consider the known quautities a and b (logarithmic
bases) to be positive; the unknown quantities x, y ("numbers”) must also be posi-
tive,

Taking antilogarithms, we find

ry =g, Ayt

The system has two solutions:

) ¢ =abt?,  y==z
P a
(9 r=—ab?, y=—m

But the second solution does not suit, since at positive values of e and b, it
yields negative values of x and y.

Answer: z=ab?; y:—fz—.
301. Taking antilogarithms, we get the systemn

2 i y2
i TS 2ty g
10 z—y

. 7 . .
from the second ecquation we find y=g substituting it linto the first

equation, we have two solutions:
1) xy==9, y=7 (2) 7o~ —9, ypu= —7
The second solution does not fit, since it yields -+ y <0 and z — y < 0
(see solution of Problem 300).
Answer: z = 9, y =T,
302. Taking antilogarithms, we have

Ty =2y
{ ry=1
This system has two solutions:
=1+ V5 o 3=V5
Ty e Yy =
—1—75 3+V5
i VB, 34 VS
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The first solution yields

T—ymzy=—2+15>0
The second one gives us

r—y=ay=—2—15<0

The second solution does not suit, since the base of the logarithms zy must
be positive (see Problem 300).
3—V5
Y= 3 -

_ —1+V5
2
303, Taking antilogarithms, we get the following system

Answer: Z -

’

z  a®

1= ry=bt
vy ooy’ Y
or
{ T y==a?
zy=b*
This system has two solutions:
2L VA P Ve w7 |
O i N /)

at— N at—4bd 2 ad —4b%
@ 12:;___1/?____, y:x“_tl/_g_____
Considering the given quantities ¢ and & to be positive (as the logarithmic bases),
we must distinguish between the following two cases:

(1) a* < 4%, ie. @ < V/2b, and (2) a* = 4b4, ie. 2 > V5. In the first
case the system has no solution, since = and y are imaginary numbers. In the
second case z and y are not only real, but also positive, since both the sum
z -~ y = a* and the preduct zy = b* are positive,

a4 Vel —4b = a®— Vel Z 4R
) YT Z

Answer: ==

304. Taking antilogarithms of the first equation, we obtain the system
{ bzy ==9a2
z-y=>35a
Both solutions are suitable.

a 9 9
Answer: (1) my=, wy=a; (2) 1p=a, yp=

o) &

305. Since in the second equation the unknowns z and y are preceded by the
logarithm symbols, both of them are positive (if a solution exists). As far as the
quantity a is concerned, it may be negative as well (since the logarithm symbol
is followed by the positive number a®). But in this case it should be written
fog (a%) == 2 log | a | instead of the equality log (s%) = 2 log a. For the sake
of brevity let us denote logz = X; logy == Y; log}a] = A. Taking loga-
rithms of the first equation in the given system, we get the following system

X+ Y =24, X* 4 Y* = 104°
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Squaring the first equation and subtracting the second from it, we get X¥ =
= 342 Thus, we have an equivalent system

XY =24, XY = 34~
Consequently, X and Y are the roots of the equation z2— 24z —3A42==0. Hence,
one solution is X =34, Y= —4, le. z=|ef’, y:——;—', The other solution

|
. 1 3
Bz:m, y=}al’.

A check shows that both solutions suit.

1
Answer: zy=}af, y,=m; Izzm’ y2=la .

306. From the second equation we have y—z=(1/2)=4. Hence, y=z+4.
Substituting it into the first equation, we get 3%.2¥+¢=576 or 6*.24 =576,
Answer: r=22; y==8. i
307. The given system may be written &s
: Ty=a
{eis
¥
Since x and y must he positive, we get the following system
Ty=a
2
{ il
S a
Answer: szay b,y
Vb
308. The given system may be written in the form
1 3 1 3
logs o+ logay =1, 7108b1+108b!/=?
whence
s 3.
zYy=a*, Vay=i*
33 33
Multiplying them, we have zzyzw 2p2 or xy==ab. Divide the last equation

a
Answer: z ==} Y=

b
308, The solution is similar to the preceding one.
Answer: z=a W y == 2.
, ' ' 6yb
310. Using the formula (a) (page 142), write the first equation as

1
logpu+ Tomaw = 2, whence log, u==1,
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i.e, u == v. Substituting it into the second equation, we have u® - u'— 42 = 0.
Only positive solution is acceptable (see solution of Problem 300).
Answer: u = v =3,

314, Put 3/ a=u; then

Va=u?
and
x

2o 2.5
log% Va_logu U= 5
similarly,

log, bVE—_:-g-

v/

Consequently, the second equation may be written as

z . ¥y a
=

PREVE]

We get the following system:

{ 22 pay -t yt=a? )
2a
z B e 2)
+y V3 (
which is equivalent to the given one. Squaring the equation (2), we get
4a?
a2 2oy oyl (2a)
Subtracting (1) from (2a), we find
a?
=g
And so we obtain the system
2a
z P 2
[ ty=Ze @
2
=t ®
which has only one solution
a
T sms e e
¥ V3

Note. When squaring an equation there is a probability of obtaining extra-
neous solutions. It is just the case here: equation (2a) has extraneous solu-

tions as compared with equation (2). For instance, the values z=y= —
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satisfy equation (2a), but do not satisfy equation (2). In other words, the
2

equation 12+21y+3;2:_;_ is not equivalent to the equation z+y=—__‘;_ :
3

5o . . 2a 2,
it is equivalent to two equations: r 4y Vi and 2y = ___{17__ Never-

theless, the given system is equivalent to the system of equations r-+y==
2

- ' zy:—'i—, since the latter contains the cquation z -y = a the
VB 3 L Ve
fact which eliminates the possibility of equality z+y= =0 for azt0

V3
2a 2a B
(at a==0 the equations z4-y= 3 and 2y — i comcide) .

But had we taken instead of the system (2)-(3) the system (1)-(3), i.e. the

system

b zy -y =a? 1)
{ a2
Y=y 3)
it would not have been cquivalent to the given one. Indeed, in addition to
a . - a
the solution z=y=——=, it would have bad another solution 7 =y = ——2_
V3 V3

Therefore, when squaring one or several equations, it is always necessary
either to clear out the problem of equivalency, or to check by substitution
the suitability of the solutions.

a

Answer: 2=y e
312. Taking into consideration the formula (b) on page 142, we have
log, z=—;—log2 z; therefore, the first equation is reduced to the form z=y2.

Now we solve the system
= y?

22542+ 4=0

Answer: xy = &, yy == 2; 23 = 1, y» = 1.
313, With the aid of the formula (b} on page 142 we may write the given
system as

logs z+—12—- loga y +—;—log2 z2=2
1 1
logay -+ 5 logy 2 +5 logyz:=2

1 1
log, z 4 3 logy z -+ 5 log,y=2

Taking antilogarithms, we find
zVyzi—=4
y Vier=9 (@
2 Vep=16
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Multiplying all the equations (a), we obtain

(zyz)? = 4.9.16
whence
ryz = 24 (b)

(we take the arithmetical value of the root, since by virtue of the given equa-
tions z, y, z must be positive). Square each of the equations (a) and ther divide
them by (b). - %

;oys=T amny

Answer: z= ® 5.

o

a4
314. From the first equation we find z-y=2%V3 2 | from the second,
z -}y ==3.2%~¥, consequently,
]

3T =3 or ’;” =1

Hence, z -4 y=3-22=:12,
Answer: z=T; y=>5.
315, The given system is reduced to the following one:

Z1T Y
10

7
=Tv 12—y2=40

Dividing the second equation by the first one, we get z—-—y=—é7£- . Solving
the system ’

, 70 bz
Thy=— and T g=—

we have ay = 7, yy = 3; 12 = ~7, y» = 3. The roots z;, y» do not satisfy
the second equation of the given system, since the numbers z, - ys and z —
-~ yp are negative.

Answer: r = T; y = 3.

316. Represent the given system in the form

2x . 52_}1 x 2~ 2y
972 F gy
wherefrom we get
2z ., 3y z 22y
5+ < —y—-~i+ 7
Put %::t; then from the first equation we have 22—-5t—3=0; #=3,
S z x 1 . .
ty= oy G0 =23 OF - — . Hence we find the expressions z=3y
2 ¥ y 2
and x = _—3; y; substituting them into the second equation, we find
3 1
e N N

3 1
Answer: xyz== —2, yyz=4; Iy=a, Yoy
2 2
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317. The given system is reduced to the following one:

{Ei_ilzs
y z

zty=2

From the first equation (see solution of Problem 316) we find —;— =3 or —;5 = _._‘1‘.
The second equation gives z,:-g— B y,m—.’,—; Zyei ~2y Yp==4. The roots .,

¥, are rejected.

Answer: z:% s yz—;-.
318. The given system is reduced as follows:
{ Vig=4—VZ
2Vry=3+Vy
Putting Vz=u; Vy=v, we get uv=4-—u; Juv=3-+v.
Answer: zg=4, yy=1, 15=1, y =9,
319, Rewrite the given system in the form
ay = 2P, br = y?
Since z and y must be positive (as the logarithmic bases), the original system
is only solvable at positive values of a and b. From the first equation we find

- f;. ; substituting it into the second equation, we get 277 = o%ba. Rejecting
the root z = 0 (since x must be positive), we obtain the equation 279-! = a%b.
If pg = 1, then this equation cither has no solutions (for a%b = 1), or is an
identity (at «%b = 1). In the latter case the original system has an infinite

- . z . .
number of solutions {z is an arbitrary number, and y = - ; or y is an arbitra-

y
ry number, and z = 1'[7 ). H pg == 1, then we get the following solution:

Y g
=" ‘yaql), Y= & /bpa
-1 — i ,
Answer: z="" /aqb, y="7 ;/b'a (pq == 1).

CHAPTER V
PROGRESSIONS
Arithmetic Progression

320. By hypothesis, a, = 5, d = 4. Substituting these values into (3) and
performing some transformations, we get the equation
2n* + 3n — 10 877 = 0

1ts roots are: n, == 73 and n, = —74.5, only the former being suitable.
Answer: 73 terms.
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321. By hypothesis,
ag + (ag -+ d) + {2y + 2d) + (a; + 3d) = 26
ay (ay -+ d) (a1 - 2d) (a4 -+ 3d) = 880

The first equation gives 4ay -}- 64 = 26, whence ¢4 = 13;34. Substituting
it into the second equation and simplifying the parenthesized expressi we
get

13—8¢ 13—d 13--d 13-+3d
2 T3 T T2

Getting rid of the denominator and multiplying the numerators (it is most

convenient to multiply the first numerator by the fourth and the second by the

third), we find:
9d4 — 16904* - 14 481 = 0

Denoting the roots of this biquadratic equation by d’, d”, d”, d'*"’, we find
‘/ 504
d =3 "= 3 d’":-—-—%—(Eﬁ and d"":—-l—/%ﬁ—o-?;

=880

from the equation a;=

= IST;Sd we find the corresponding values of the first term:

13- V808 ., 13+1/7609
Z P H

Answer: the problem has four solutions:

(1) 2; 5; 8 11; 14; ...

{2) 11; 8 5; 27 —1;...

@ 13— 1/T600 . 30— 11609 . 394-1/7600  13--V/T609 .

a;=2; ayj==11; @f==

5 ; T ; & ; z Daes
@ 134-V1609 394+ /1609 . 39— /1608 = 13— /1609
( 5 ; 3 ; g ; = H

322. Denoting ap, and ag by ay and d, we get (by hypothesis) the following
system:
{ﬂ:+ﬂ'(p—-1)=q
as -+ dg—1)=p
Hence, d = —1 and aq = p + ¢ — 1. By the formula (1) we find:
n=W@tg—1 —~n—1)=p+t+g—n

Answer: a, = p -} q —
323. \atuml two- dlg,ll numbers form an arithmetic progression with com-
mon difference d = 1; its first term 4y == 10, and the last one a, = 99, By the

formula (1) we find the number of terms n == 90. The formula (9) gives:

4-9%. 9
S:.EW:@OS

An swer: 4805,
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324, Let us denote the odd numbers by n, (n 4+ 2), (n + %), (# -~ 6). Then

the even numbers contained between them will be (n 4 1), (n 43, {n -+ 5.
By hypothesis,

nE L (n - 22 4 (A 4 (n b 6P = (n 12 o B e (R 5)24 48
or

P2 (1 22— (1 2] ({4 42— (14 3)2] [ 612 (1 512) — 48 = 0
whence

R4 2n A 3 2+ T 2n 1) — 48 = 0
or
n? - bn — 27 = 0

Hence, n = 3 or n = —9.

Answer: (1) 3; 5; 71 9 or {2) —0: —7; 5 3,

325. The terms api aii @ .. .; 4y constitule an arithmetic progression

with common difference 2d and the number of terms 10. Using the formula (3)
(in which a, should be replaced by a, and d, by 24), we find

{20y 4-2d.9) 10 950
2
i.e.
ag - 0d = 25

Substituting a, = a; -+ d, we have

ay + 10d = 25 (@)
In the same way, proceeding from the progression ay; ay; a,: .. .: aya. we find
in the same way

ay -+ 9d = 22 )

From (a) and (b) we may find a, and d, and then all the terms of the progres~
sion. But since it is required to find the medium terms only, f.e. a4 = ay -+ 9d,
and ayy = a, - 10d, then from {(a} and (b) we immediately have: ayq = 22 and
ayy = 25,

" Answer: the medium terms are equal to 22 and 25, respectively,

326. Put by = {a - 2)% by = (0¥ - 2%, by = (@ — ). We  find by —

= by = by — by = —2ar. Hence, the terms by, bo, b, constitute an arithmetic

progression with common difference d = —2¢r. By the formula {3) we have
2. —
S"::[z_(fi])__.?_azu’_';:[az-{—(ii——n) ar4-z%fn

Answer; Sp==[a?+ (3-—~n)axrtz2}n,
327. By the formula (3) we have

2a4-4-d

S,:v—"‘ cny
Zay -

Sy =t i
2ay -t — 1

S A rd‘)(_“-n;; ) . ny

1101338
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or

S d
ke +5 (u—1)
Sa a

o= 5 (2B

S3 d
gy b {1y —
e =0ty (nz—1)
Multiplying the obtained equalities by (na—ung)s (ng—ng) and (ny—ng), res
pectively, and adding the products, we find:

s s, 3
7‘3‘ (nz— ng) "F‘;{;— (n3—ny) +—n';' {ng—ng) =

=ay {(nz—ng) +{(rg—ny) + (ny—na)} -+

+ & {ngm1) (ra )+ g 1) g ) g — 1) g = )

The bracketed expressions are identically equal to zero, consequently,

s, 8, 8

',Tl‘("z—‘ﬂs)‘r E("z—"t)f,—ta-("x—":)xo
which completes the proof.

328, By hypothesis, Sy, = 585 Expressing S5 and S by the formula (3)
and taking into sccount that e, = 1, we find i
@410 . (24D5
- 9

)

3. .

whenee d = —
357 -85 ...

Answer: 1; -
329, By hypothes

== Jn?

i d (i —
Sp=3nt or o td(n—Din ._gn Din

Since n = 0, then, reducing this equation by n, we get 2¢¢ + dn — & = 6n or
2y —d= (6 —dyn (a)

By hypothesis, the equality (a) must be satisfied at any n, but the left member
of (a) contains no », whereas the right member varies with r, provided the factor
6 — d is non-zero, Only in th«3 case 6 — o == 0 the right member is independent
of n (is cqual to zero), therefore we must have d == 6. Then from (a) we {ind
2ay — d = 0, e ay = -—fz- = 3,

Answer: 37 95 15 24 ...

330. The numbers which are not exactly divisible by 4, yielding the remain-
der 1, have the form 4k - 1 (k—any natural number). They form an arithmetic
progression with common difference 4. The first twe-digit number of this form
is 13 (it is obtained at k == 3); the last one is 97. By the formula (1), where
a7 and d - 4, we find n = 22, The formula (3) yields the requir-

ay o 138, 4y, ¢
e sum.
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To determine for what values of & the numbers of the form 4% 4- 1 will be
two-digit, we may also make use of the following system of inequalities:

4k+41> 10
4k-4-1 <100

wherefrom we find 2—1— <k <24 %; heace, & may have values equal to 3; 4

5 ...; 24, the total number of which n = (24 — 3+ 1 = 22,
Answer: 1210,

Geometrie Progression

331. The geometric mean of two (positive) numbers 2 and b is a positive
number z determined from the proportion @ : z = z : b, To insert three geomet-
ric means between the numbers 1 and 256 means to find the three numbers
43, ug, u, which satisfy the conditions:

1iup == uptuy = uytu, = ug: 256

Hence, the numbers w, = 1, u;, u;, u, and ug = 256 form a geometric
progression. By the formula of the ath term of the progression, 256 = 1.¢%
This equation has one positive root g = /756 = 4 (—4; -+4i; —&i are discard-
ed, since they are not suitable), Now, by the same formula, we find: ug = 4;
uy = 16; u, == 64,

Answer: 4; 16; 64.

332. By hypothesis, uy - 1z = 52 and uf == 100, or up = +10. By the
property of the geometric progression, wu, = uf = 100; hence, u, and u, are
the roots of the equation u? — 52u -4 100 = 0, whence uy = 50 and uj = 2,
or uy = 2 and uj = 50. X .

nswer: (1) 50; 10; 2, or {2) 50; —10; 2, or the same numbers followiny
in the reverse order. i )

333. By hypothesis: (1) uy — vy = 9 and (2) us — ug = 36. Using the for-
mula u, = yign-!, rewrite these equations in the form: (1) ug® — uy = 43
(2) uyqt — uyq? = 36, Dividing (2) by (1), we get 4* = 4, hence, q = -+2: from
(1) we find: u, = 3.

Answer: (1) 8; 6; 12; 24; 48; ...

(2) 3; —6; 12; —24; 48; ...
N U, u

334. By hypothesis, wuq-bug==27 and wpuz3=72; but since u—f:;-; )
Or uug=uzuy, we have a system of two equations:

(1) vy + u, = 27 and (2) wguy = 72

whence u; = 3 and ug = 24, or u; = 24 and u = 3. From the formula uy =
= w,® we find ¢ = 2, or g = 1/2.

Answer: 3; 6; 12; 24, or in the reverse order: 24; 12; 6; 3.

335. By hypothesis: (1) uy - ug == 35 and (2) w2+ uy = 30. As in Pro-
blem 333, for determining ¢ we get the following equation

i+¢% 35
¢dF+g 30

{1
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or, when reduced.
f—gta®
q

o~

We find:
(1) g = 3/2; uy =8 (2) g= 2/3; uy = 27.
We get two progressions:
(1) 8; 12; 18; 27; 40.5; . . .
(2) 27; 185 42 8; 51 - - -
whose first four terms are equal, but follow in the reverse order.
Answer: 8; 12; 18; 27.

336, In the second of the given sums we replace each term by the preceding
one multiplied by ¢ (by the definition of the geometric progression). We obtain
uyg + ugq -+ usg -+ ug + usg = 62
g (uy + ug 4 uz -+ ug - ug) = 62
By hypothesis, the parenthesized expression is equal to 31; hence, g=2. Using

uy (g% —1) g (23— 1)

a—1 21

Answer: 1; 2; 4 81 ...

337. By hypothesis, we have:

(1) up ~+ ua + uyg - ug = 19.5; (2) uy -+ U 4+ uy + oug = 13
‘The problem is similar to the preceding one.

Answer: uy = 1.6 and us = 8.1.

438, The terms u, and u, are equidistant from the beginning and the end
of the given sequence; therefore uyus = uslto. Since, by hypothesis, ujug = 2304,
then wuce = 2304; besides, alzo by hypothesis, u; -+ ug = 120. From these
two equations we find wj = 24; ug = 96, and uj = 96; uj = 24. Let us take
the first solution. By the formula u, = ugnt we have:

or

the formula Sy = we have 31 = , wherefrom uq==1

(1) 24 = uyg% (2) 96 = ug®
Dividing (2) by (1), we find ¢* = 4, whence g = 2 or q¢ == —2. In the first case
the equation (1) yields uy =3, in the second, uy = —3. In the first case the

nine terms of the progression are:
3 6; 12; 24; 48; 96; 192; 384; 768;
in the second:
5 12, 24; —48; 96, —192; 384; —T768
Taking the solution uj = 96, uj = 24, we find the same two sequences of the
terms, but in the reverse order.

Answer: (1) wy = 3} q =2
2) uy = —8 g = —~2
(3) uy = T68; q = 4/2
4) uy = 768 g = —1/2

339. By hypothesis: (1) u - up - uy = 126 and (2) wmpupuy = 13 824.
Since uy is the geometric mean of uy and 3, we have uyus = uf; therefore instead
of (2) we may write uf = 13 824, whence up == 3 13 824. In the given case, by
factoring 13 824, it is easy to find that uy == 24. Substituting it into (1) and (2),
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we get the following system of equations: us + u, = 102; wguy = 576. Solving
it, we find: u, = 6; uy = 96, and uy = 96; uz = Thus, we get two progres-
sions: 6; 24; 96, and 96; 24; 6, which differ only in the order of the terms.
Answer: 6; 24; 96.
340. It follows (by hypothesis) that the sum of the even terms is twice that

of the odd terms, i.e.

Uy -ty b gt tan
PRI AT AN
Replacing the terms wy w5 ¥e) . . o3 by the expressions u; = wq, u, =
= Uy L) Hap =F Uppoafy WE find ¢ = 2.
Answer: q = 2.

Infinitely Decreasing Geometric Progression
341, To prove the fact that the given numbers constitute a decreasing geo-
. u u
metric progression we have to chieck whether the ratios ;g and l—‘ﬁ are equal and
1 ?

whether cach of them is less than unity. We have:

m o1 . VL1 1 Vit
) WTIEIVE VE—t VE(VE=0 VEI-t 24VE
L N SR 2-V3 _ (=V04+VEH 1
@ =Ty Tys T 2 2(24+V/3) 2+V3
Since _u_z-:ﬂzq,: . <1, the given numbers form a decreasing
uy uy 3-be l/g
geometric progression. By the formula of its sum we find
/5 5. /5
V241 (‘/2'7'1)(2"}“/2):/‘_’_3-‘/5

S = o e

’ 3 .t (Vi—-n(vz+
(Vi1 z+AVE)

Answer: §=4+3V72

342, As in the preced

w . The whole expression then takes the form

bin:,r problem, we find that the bracketed expression

is equal to

(4134 8)‘-:—%—(—11/;172) = 71;—7~ —6(V/34+1)

Answer: —6{Y/3+1).
343. By hypothesis, 42
ug=+4 and ug—u5==g3

By the formula uy, == uyg"~! we get from the second equality

32
ugg? - "1'1“:'8-1
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Taking into account that u; = 4, we get the biquadratic equation 81¢* — 81¢% +
2 1 .

<4 8 = 0, whose roots are: gy, = = 13/2 and gq34 = = T - The negative
roots are npot suitable, since, by hypothesis, all the terms are positive; both
positive roots are suitable, since they are less than unity. And so, we get two
tnfinitely decreasing progressions.

Answer: 8' =142 (3 4 2 /2) and S” = 6,

344. By hypothesis,

uy < u; = 54 and up - w3 = 36

Using the formula u, = u;97-1, we get a system of two equations:

{ uptupgd=58 {ux(1+q)(i~q+92)=54 W
ugq -} uyq?==36 ugq (1-4-q)=36 @
Dividing (1) by (2), we obtain the equation

f—q+4q® 3

q =7
whence ¢y = 2 and g, = /,. The suitable root is g, = -%- < 1. We find from

(2) uy = 48,

Answer: § = 96,

345. First method. By hypothesis,

() wy+ ug+ ug+ ... =36

(2) ug + uy + wg -+ . 0. o== 42
The terms of the first and the second sums also constitute infinitely decreasing
progressions with one and the same common ratio ¢%. The first term of the first
progression is equal to uy, the first term of the second jprogression, to Uy, i.e.
to uyg. Expressing the sums of the first and second progressions by the formula
for the sum of an infinitely decreasing progression (where instead of ¢ we take

% and instead of u, in the second case we take u,g), we obtain (1) 1_’:"12 = 36
and (2) 1:‘_’22 = 12. Dividing (2) by (1), we get ¢ == 1/3, and from the first

equation we find wuy == 32.
Second method, Since up == uyq, u; = uzq and so on, then instead of uy
Foucdoue L= 12 we get uyg b ousg Fousg ... = 12, or

e+ ug 4w+ .. ) =12 1)

Dividing the expression uy + ug + uy -+ o .. = 36 by (1), we find ¢ = -1-.
On the other hand, the sum of all the terms of the progression is 12 4~ 36 = 48.
By the formula for the sum of an infinitely decreasing progression we have
g

48 =

=3
whence ug e 32, "
32
Answer: 32; -3-; —9-;
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346. By hypothesis,
Uy A oup A oug b oo..o= 56 uf e+ oui4 ... =448
The addends of the second sum also form an infinitely decreasing geometric
progression with the first term v} and common ratio g% Expressing the sums of
these progressions, we get
uf

=86 = s
or
ug = 56 (1 — q) [¢8]
W= 448 (1 — ) @
Dividing (2) by (1), we find
up =81+ ¢ 3

Eliminating u, from the equations (1) and (3), we get
§(1+q=>50~—9q
whence ¢ = —2- From (1) we find u( = 14
3
Answer: uy = 14, ¢ = e
347. Solved in the same way as the preceding problem. For determining u,
and ¢ we get the following system of equations:
W
=3 I
uf 108 Y
T—¢ 713 @

Eliminating u, from these equations, we get \ixe equation 3¢ — 10g -+ 3 =
= 0. Out of its two rools only one, namely ¢ = T is suitable {the other, g ==
= 3, being more than unity). From the equation (1) we find uy = 2.

Answer: 2; —-3-; T;—; e

348. Solved in the same way as Problems 346 and 347. To determine u,
and ¢ we obtain the following system of equations:

uyg="H6 N 1)
w4 uf
T T T @

Equation (2) is equivalent to the cquation uy = 8 (4 + ¢). Eliminating u,

from the system i = 6, u; = 8 (1 -+ ¢), we get the equation 4¢* 4 4q —

— 3 = O with two roots: ¢ = —3/2, ¢z = 1/2, but the {irst root is not suitable,

since its absolute value is more than unity, From (1) we find uy = 12
Answer: 125 63 3. . ..
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Arithmetic and Geometrie Progressions
349. By hypothesis, we find:
de=16 —14=2; gy =14 —d=12
ay 4+ ap + a3 =12 + 14 + 16'= 42

Consequently, in the required geometric progression (1) g = 2 and (2) u; +
ey - ug® = 42, whence u; =
Answer: 243

312, 245 ...

350, The first three terms of the geometric progression are: 3; 3¢; 3¢°. By
hypothesis, a, = 3; ay = 3¢ -+ 6; since a3 — a» = a5 — n,, we have ay = 2a5 —
- a; = 6g -1- 9. By hypothesis, this third term is equal to the third term of
the geometric progression, i.e. 3¢%. Thus, we get the equation 6g -- 9 = 3¢%,
whose roots are: ¢ = 3 and g == —1. In the first case the geometric progression
is 33 9; 27; . .. and the arithmetic one is 3; 15; 27; ... . In the sccond case
we get two sequences of numbers: 3; —3; 3; —3; ... and 3; 3; 3; ... which
may be considered respectively as a geometric progression with common ratio
g = —1, as well as an arithmetic progression with common @difference d = 0.

Answer: (1) 33 15; 27; ... 3;9; 27; ... .

) 3 33 .., ;-3 .

351. The problem is similar to the preceding one. By hypothesis, o, = u, =
5; consequently, u, == 5¢% uj = 5¢% Then, also by hypothesis, a;, = u; =
= 5¢% aje = u; = 5¢*. Henee: (1) 3¢ 5 -+ 3d, (2) 5¢% = 5 - 154, Elimi-
vating d, we get the equation ¢* — 5¢° - 4 == 0, whence ¢° = 4 or g* = {.
Since a, = 5¢°, the fourth term of the arithmetic progression is equal to 20 in
the first case, and to 5in the secend.

Note. In either of these cases we obtain two different geomelric progressions,
the arithmetic progressions being the same. Namely, in the first case we have
the following geometric progressions: 5; 10; 20; . . . and 5; —10; 205 .. ., the
5g2—5

. 2.
Mt 1PN

arithmetic progression (\\'ilh common difference d ==

10, 15, 20; .. . . Inthe second case weget 5; 5: 5; .. .and 5; —35; 5;
the corresponding arithmetic progression containing equal terms: 5; 5; 5; . ., .

Answer: 20 or A,

352, By hypothesis, ay == w3 as = uyg; a; = uyg?, wherefrom we find:
() d == ay —ay = uy (g — 1) and (2) 6d = a7 — a, = uy (¢ — 1), Elimipating
d, we get uy (g° — 1) = Guy (g — 1). Since u, == 0, then g2 —1=6( — 1),
whenee ¢ = 5 or ¢ == 1. From the condition g -+ ug + wyg® = 93 we find
uy = 3 and uy = 31, respectively.

Answer: (1) 3; 155 75, (2) 31; 31; 3%,

353. By the formula (2) on page 32 we find a; = 728; consequently, in the
geometric progression we have! u; = ay = 1; u; = a; = 729, It is required
to find the medium term which is the fourth one both from the beginning and
from the end. Hence, the first term uy, the required medium term uy and the
fast one u; form a continued proportion: uy @ ug = uy : uy. Hence, uj = wyug
and uf == 729

Answer: ug = 427,

354. By hypothesis, ay -i- as + a3 == 15. Since ay — ay = a3 — ap, then
a3 + a3, and from the given condition we have 2a, -+ a, = 15. Hence,

5 — d; ag 5; a3 == 5 -+ d and, by hypothesis, u, = a, +
4 95 uy = ay-+ 19 = 24 - d. Since u} = uyuy,

en 2y =
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we have
92 = (6 — d) {24 -+ d)

whence we find d == 3, a, = 2 or d = ~21, a, = 26,
Answer: (1) 2; 5; 8. (2) 26; 5; —16.
355, By hypothesis, ay = uy - 15 @z = 12 -
+ a2 -+ @y = (uy - ua - ougy (1 G 3 or,
uy - uy 4 uy = 26, we get

ay <} ay + ay = 26 -+ 10 = 36

&

G;"ay = ug + 3; hence ay +
by virtue of the?condition

Then proceed in the same way as in the preceding problem.

Answer: 2; 6; 18 or 18; 6; 2.

356. Suppose the required numbers are: ug uyq; g then, by hypothesis,
the numbers u,, uyg and {u;g° — 64) constitute an arithmetic progression and,
consequently,

ugg — uy = (uq® ~— G4 — ugq (H
Furthermore, by hypothesis, the mumbers uy; (ug — 8); (uyg* — 64) form &
geometric progression and, consequently,
(uyg — 8) t uy = (uyg® — 64) 1 (uyq¢ — 8) (&)
After simplifications the system of equations (1) and (2) takes the form
uy (2 —2q - 1) = G4, wylg —4) =4

4 5 4

whence ¢ = 13 and u; = - or ¢ = 5 and uw, = 4.

4 32 676 p

Answer: (1) R e (2 4; 20; 100,

357. Suppose the required numbers are: uy, vz and wy. If these pumbers are
the terms ofpa geometric progression, then

ug = uyuy (1)

and if they are the terms of an aritbmetic progression, then
=y b Uy {2)
Eliminating u, from (1) aund (2), we find (& + uy)? == dugug or (1ty — uzl = 0,
whence i, = g3, and from {2) we find wp = uy. Hence, uy = up == uj.

Answer: possible, if the three numbers are equal.

CHAPTER VI
COMBINATORICS AND NEWTON’S BINOMIAL THEOREM

Notation:

A% =total number of permutations of m elements taken n at a time

P, =total number of permutations of n elemetns

Ch = total number of combinations of m elements taken » at a time
7';;+;=Cf,,a"xm—" is (k- 1)th term of the expansion of the binomial (z 4 a)m
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358, By hypothesis,

P, 04 1.2.3... n _1
Priz 3 1283 D (n+2) 30
whence (n4-1) (n-}2)==30. The roots of this equation are: ny=4, ng= —7.

“The second root does not suit.
Answer: n==4,
359. By hypothesis, 5C3 =C}%,, or

5n(n—1)(n—2)  (n42)(n4-1)n(n—1)
4

1.2.3 - 1.2.3
whence
o
5(n_2)=("+~)4(n+1)
Answer: ny=14; na=3.
360. The required term
1
a\8 3 16.15-14-13.12.11.10.9 a8
T°=<~1)86¥“(?) S W v - % ey

ad
Answer: 12870 —- .
E4
361. We have
2 —\" 7 3 i2-n
Theg=CY (—3‘ V‘l) ( T:‘V ’12)

2{(12—n)
—_—-

‘This expression countains e to the power %-{- By hypothesis,

—;—;—-{-g——g—%——-—f—):?, whenee n==6, i.e. np1==7.

Answer: the seventh term.
362, We have
—_— 2iw~n n o n 21-n

. T A L T ,T 6
o= (V) (V)" o T T

— 29—
By hypothesis, —% — -2—1—6—11- = :1—31—- % , whence n=9,

.. Answer: the tenth term.

i

1
363. Alter simplification we get (a®—a 2

)m. We have:

IR -n_n
Tpg=(—tnCh(e @) =(—tCpe 3 °
By hypothesis, 10;—11 -——%:D, whence n =4,

Answer: Ty = 240,
364. Let z be the exponent of the first binomial. Then the sum of the bino-
mial coefficients is 2%. The sum of the binomial coefficients of the second bino-
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amial is 2x+3, We get the equation
2% A 2x¥0 = {44, 22 (1 L 8) = 144; 20 =24 =4

Answer: 4 and 7.

365. We have T—(—;-n—;—:ﬁ=105. whence m==15; then
1 12 455
—(—qyecre [ 2 3422
Tw=(=1ck (=) 000 =T
Answer: 5%5- .
Z

366. By hypothesis, C§,=C}?, hence, m=15. Then we have
Tpay=Cly (”:- )" (&2Pon = Cangd0-3n
8y hypothesis, 30—3r=0, n=10.
Answer: Ty = 3003a10,
367. By hypothesis, -3~
Ch
€00t mes —5 js not suitable). The medium term
5 STETNS
n=ca,(—m(1/ = ) (@ 2= 25
Answer: the medium (sixth) term is —252.
~1
368. By hypothesis, 1-}-m+-—'—'5—%"'-——)-

2
s Problem 367.
Answer: the required (seventh) term T7==84.
369. By hypothesis, 2m==128, whence m=7. We have

14

n 3
- (T}
Trpy=Chz 2

By hypothesis, _._g._i..g_ (7—n)==5, whence n=3.

Answer: the required (fourth) tertn ¥4==35z5.

= ie. m2—5m-—50=0, whence m =10 (the

==46. Then solved in the same way

370. We have M°=u1q5z-—i——(1+i)6. The multiplicand -i—— is equal to

¢ #

—ﬂ-=—‘—-=-—.¢. According to the binomial theorem the factor (1495 is

1
equal to 15 10i% - 103 -+ 5id - . Henco,
g = —i — 5i% — 108 = 10i* — 5i& — i®
Now replace the powers of imaginary unit by their expressions:
L I T e AR e T R

P e A |
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Note. In the given example, where the base is 1 - i {or, in general, when the
base is a binomial of the form e = ai), involution may be done in a much
simpler way. Namely, square 1 + i. We get (4 -+ )2 = 2i, hence (1 4 i)* =
= (4 (14 0 = @O0+ ) = —4 (1 + ).

Answer: ug = —4& -+ 4i.

[]

371, We have u; = { (1 -+ %) . Since —%— = i, g == § (1 = i)% Thes
we may proceed in the same way as in the preceding problem. We may find the
modulus and argument of the product of six factors, each being equal to 1 — &
The modulus of the quantity 1 — i is V3, the argument being equal to —45°.
Hence, the modulus of the product is equal to (']/':?)‘s = 8, and the argument,
to 6 (—45° == —270°. Consequently,

(1 ~— i)® = 8 [cos (—270°% -+ i sin (—270%)] = 8i

Answer: uq = -8,

372. By hypothesis, the numbers C},: Cg; €3 form an arithmetic progression.
Hence, C} -+ C§ = 2C3%, i.c.

nln—1)(n—-2y n{n-—1)
6 = )
Since n = 0, both numbers of the equality can be divided by n. We get the
equation n? — Gn -+ 14 == 0 with the Toots ry = 7 and np = 2. The second root
is not suitable, since at n = 2 the expansion of the binomial has only three
terms, whereas, by hypothesis, there is a fourth term.
Answer: n==7.

373. Solved in the same way as the preceding problem. On reducing by
n{n—1){n—2) (n—3)
41

we get nS—21n--98=0.
Answer: n=14 or n=17.

(this number is non-zero, since, by hypothesis, n > 6)

4 x—1 L
374. Rewrite the first addend in parentheses in the form a® *=a’T:

x-~1

2x . :
the second, in the formn a-a™F1 . g®F1 " The fourth term of the expansion is

sox, Ox Sz, 0x
560 *  *+!_ By hypothesis, 56 * = “T! =56a°-%. Consequently.
S5—z 6z
PR R
Answer: z==2 or = —3§.

375, Represent the given expression in the form
x-1 2(3~x)
2% 2 i

By hypothesis,
§ix—1) 4A3-x)
1.2 ¥ 9 A=x 040,
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Hence,
4{z—1) 48—z _,
= +__,._.__..4_—1 =4
Answer: =2,
1 1

376. The seventh term T of the expansion of the binomial (273'-}—3'5)’ is

1 1
Ty=CL @)™ 0@ )
and the seventh term from the end is
LIS 4
T;'-——Ci (23)3 3 S)x—ﬁ
onsequently,
x~12 x~ 12 x-42

1 1
7, T;Z(._,‘E)(xus)—s@‘ 5>6—(A~—G)=2 348 g e

x-12 =12

3 —é- Jie. 6 3 =61, Hence,

8y hypothesis, 6

Answer: z=19.

377. By hypothesisﬂﬁﬁ‘(1'”")2:10“, i.c. 1023F+2108% =406 op 32108 %0 05,
Taking logarithms of this equation, we get (34-2logx)logr==5. Solving
the last equation, we get

5
(log zy) <= 1 and (log zg) = -5
IS
A D ry =10 Tyt Fem e
nswer: I 2 1OOL/10

378. By hypothesis,
3 _logxT
CHYRPEFT (1577)8 =200, fe. 205" AO8HD 200

Dividing both members of this equation by 20 and then taking logarithms, we
get after simplifications
(logz)? -+ 3logz — 4 =10

Hence, (log z)) = 1, (log z4) = —4,

Answer: zy = 10; z, = 0.0001.

379. Solved in the same way as the preceding problem. We get the equation
2198 %-2 . 9000, Taking logarithms of the obtained ecquality, we find
(log z;) = 3 and (log 2.} = —1.

Answer: z; = 1000; z, = 0.1,
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380. Solved in the same way as the two previous problems.

i
Vi
1

Answer: zy=10; r,=

381, Answer: zy=100; zp==-

:

1
382. Answer: xy=1000; 22= —F_
! V1o
383. By hypothesis,

Theo—Tre1=30 (@
where
ok og2-k 62k 4-9K
Tpy=Clyr 2z 6 =Chyr 3 and  Thyp=Chile 3
: 62 . . b2k
By hypothesis, the exponent 18 twice as large as the exponent 3

i R

i.e.

Zk. whence k=1. Then, after simplifications, the equa-
tion (aj takes the form:

2

229 18 £ 520

~

1ea

Use the substitution %=y,
= V/E -L/§
Answer: ry=5V'5; 1z, ==

384. By hypothesis, 5C}, == (3, consequently, we have the equation

- m{m—1) (m—2
5m a1 (m—2)
1.2.3
Since m 5= 0, both members of the equation can be divided by m. We get m; =
= 7 and my = —4. The second root Is not suitable, because m should be a posi-

tive integer. )
By hypothesis, T, = 7.20; hence,

x—1

.
3@ %P p=t0

dnswer: za=4.

383. By hypothesis, we have C}—m = 20; —"—'—%’%—-——Q——mz"(}. Out of the
two roots my =8 and mq== —5 only the first one is suitable, since the expo-
nent of the binomial is assumed to be a positive integer. Rewrite the bino-

.83 5 x
wial in the form (2% 194216 2y py hypothesis,
Ty—Ty=56

or
~C§25 Tﬁa - 5)23 (:} - '136)

=36
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Alter simplifications we get 56.2¢ — 5652} = 36. Putting 2% = y. we obtain
the equation y* — y — 2 = 0, wherefrom y; = 2 and y, = —1. Since 2% = y

can;ot be a negative number, the only suitable root is y; = 2 and, hence, 2% =
= 2, il.e. z = 1.

Answer: z = 1,

386. Since the binomial coefficients of the terms equidistant from the be
ginning and the end are equal, instead of the coefficients of the last three terms

we may take those of the first three terms, i.e. 1+m+-m—(—;"7;-_~1—) == 22, whence
ER e
m = 6 (see the preceding problem). Hence, the binomial is (22 4 2 2 )8, By
hypothesis,
Ty 4+ Ty =135

or

lmx o= ox 2

€52 2 2@Hs4ch2 2 ) %2=135
After simplifications we obtain
02
284042 = 9 or 2.2% 4 o =9

As in the preceding problem, we find: (1) 2X=4 and (2) 2~‘::%.

Answer: zq = 2; x5 = —1. i X .
387. The numbers ay, gy, a5, which are rcspcctxvely the first, third and fifth
terms of an arithmetic progression. form an arithmetic progression themselves,
so that 2a5 = a, -} a;. Since, by hypothesis, ay = (bt a5 = C},; e = C§,, then
Zmim—1) m (m-—1) (m—2)
Tz "t T3

Reducing by m (m == 0), we find the equation m® — 9m -+ 14 = 0, whose
roots are my == 7, mp = 2. Since, by hypothesis, the expansion of the binomial
contains at least six terms, then m 2> 5, hence, only m, = 7 is suitable. The
binomial is

Liegcto-am  ExZiog3
. [22 428 b
By hypothesis
P Tgo=21

or
ng(z-Z) tog 3glog (10-3%) _ 21

Hence we have
9(x=2) log 34log (10~3%) _ {20
consequently,
(r—2)log3 -+ log (10 —3%) = ©
Taking antilogarithms, we geot
KESCE 11 IR £ SN |
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or
3x

= (10—37)=1
Then proceed in the same way as in Problem 385.

Answer: zy == 2] 1, = (.

388. By hypothesis, the numbers %4-6’3,,, €3, and Cj, constitute a geowmet-
ric progression; consequently,

B enon=car

Both members of the equality can be divided by m? (m — 1) (m — 2) since
none of the factors (m, m — 1, m — 2) is equal to zero (it follows from the given
condition that m > 3); we get m = 9. By hypothesis, T, = 16.8, or

6353 [E 1og (x~ )~ £ log 5}58 [- $r0g (s~ vEm)] 6.8

Hence we get the equation
—%log (r—1)—log5—log (6— V8r)= —1
Taking antilogarithms, we have
10 V5 =125 (6 1/87)

Hence, zy = 30 and x, = 2. The first root is not suitable, since at 2 = 50 the

number 6 — /8z is negative and, consequently, has no logarithm
Answer: » ==

389. By hy pothml
log 3-C3) —log €Y, =1
or

log %%: log 10

3
hence SCC = 10. After simplifications we find the equation m2—3m —~18=0,

whose roots are my==6 and my= —3. Consequently m=6. From the condi-
tion 973~ 7'5=:240 we get the equation

PG GeD (-

9(,"” M 6 =240

whence

9.93%-2 __ 93x+1 . g
or

9.23x

5 23%.2 == 16

Hence,

235228 and x=2

Answer; r=2.
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CHAPTER VII

ALGEBRAIC AND ARITHMETIC PROBLEMS

390, The weight of the round is made up of the weights of the projectile,
charge and shell. The weights of the projectile and shell taken together make

%-}— -{-: -:—% of the total weight of the round. Thus, the weight of the charge
makes 1 — % = 1—1) of the weight of the round, which amounts to 0.8 kg. Hence,

the weight of the round is equal to (.8 kg: % = 9.6 kg.

Answer: 9.6 kg.

391. Out of the total number of workers. men make 1000 — 359 = 659,
The number of men exceeds that of women by 65% — 359 = 30%, which
amounts to 252. Consequently, the total number of workers is equal to 2523'0100 =
== 840,

Answer: 840 workers. .

392. The profit percentage is calculated in relation to the prime cost (taken
for 1009, Hence, lHe selling-grice (1386 roubles) makes 100% + 10% = 110%
of the prime cost. Consequently, the prime cost is equal to

1386-100

110

== 1260 (roubles)

Answer: 1260 roubles.

393. The loss is calculated in relation to the prime cost (taken for 100%),
Hence, 3348 roubles make 100% - 4% = 96% of the prime cost. Consequently,
the prime cost of the goods was equal to

—3—?-’-4§'_—19.()_=3487.5 (roubles)
96
Answer: 3487 roub. 50 kop.
. 35.2.100
394, The copper content of the ore is ~gg— %-

Answer: 15.2%. .

395, The price was reduced by 29 kop.s—— 26 kop. = 3 kop., which amounts
to '5'21;)0 % of the old price. The number '29 = 10% is approximately repla-
ced by a decimal fraction.

Answer: 10.34%. .

396, Solved in the same way as the previous problem.

Answer: 10.94%. . )

397. By hypothesis, 2 kg of raisins make 32% of the total weight of the gra-

pes. The weight of the grapes is equal te = §.25,

32

Answer: .25 kg. . X

398. Let us denote the number of tourists by x. In the first case the collected
money amounts to 75x kop.; hence, a sum of (75x + 440) kop. is needed for

1201238
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organizing the excursion. In the second case the collected meney amounts to
80z kop.; hence, {80z — 440) kop. is needed. Consequently, 75z -+ 440 =
= 80z — 440.

Answer: 176 persons.

399, Let us denote the number of persons by z; then each was to pay g
By hypothesis, -
72
(@—3) (—5+4)=72

Answer: 9 persops.

400. Let the price of one copy of the first volume amount to z roub., and
that of the second volume, ta y roub. The first condition yields the equation
60z - 75y = 405. With a 15% discount the price of one copy of the first
volume amounts to 0.85z roub.; with a 10% discount the price of one copy of
the second volume comes to 0.9y roub. From the second condition we ogtain
the equation

60-0.852 - 75+0.9y =355 -;-

Solving the system of the two equations, we find 2= 3, y= 3.

Answer: the price of the first volume is 3 roubles; the price of the second

volume is also 3 roubles.

401. Let the first item be bought for z roub. Then the second item was bought
for (225 — z) roub. The first item yielded a profit of 25%. Hence, it was sold
for 1.25z roub. The second item which yielded a 50% profit was sold for
1.5 {225 — x) roub. By hypothesis, the shop sold the two items for 225 roubles
and made a total profit of 40%. Hence, the two items were sold for 1.40.225 =
= 315 roub. We get the equation

1-!!:—:-{—1—,12-(225—1):315

Answer: the first item was bought for 90 roubles, the second, for 135 roubles.

402. 40 kg of sea water contain 40-0.05 = 2 kg of salt, For 2 kg to amount
to 2% of the total weight, the latter must be equal to 2:0.02 = 400 kg.

Answer: 60 kg of fresh water should be added.

403, Let us denote the lengths of the legs (in metres) by z and y. By hypo-

thesis, 22 + y* = (3 V/5)%. After the first leg is increased by 133+ %, ie by

133—;—: 100 = 1-;— of its length, it is equal to Z%x. Increased hy 16 —g—% the

second leg is equal to 1—(15—31. Thus, we get the equation 2—;— z + 1%—;, = 14.

Answer: 3 m and 6 m. . .

404. If we take 12.5% of the flour contained in the first sack, then 87.5%
of the flour is left in it, ghich amounts to 140 kg : 2 = 70 kg. Consequently,
the first sack contains 78’}100‘

Answer: the first sack contains 80 kg, the second, 60 kg.
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405. Both factories together could fulfill 1—12 of the order per day. By hypo-

thesis, B has an efficiency of 66-3?- %, i.e. 2 of that of 4; consequently, the

3
elficiency of both facteries is 1732— of that of A. Hence, A can daily fulfill
1,2 1 . 12 1 ]
0t 13— =5 of the order, while B, T 5 of the order. Before 4 was
closed down é:: —é— of the order was fulfilled. To fulfill the remaining % of

the order B needs another % ﬁ% = 25 days.

Answer: the order will be comgleted in 27=={25 + 2) days.

408. The 14 students, who obtained correct solutions, make 100%) —
— {12% -+ 32%) == 56% of the total number of the students of the class.
The total number of the students is Mg)éoo: 25,

Answer: 25 students.

407. The weight of the cut-off piece makes 72% of the total weight of the
rail, hence, the weight of the remaining part (45.2 kg) amounts to 100% —

— 72% = 28% of the total weight of the rail; 1% ol this weight is '722' and

72% amouat to %3.72 = 116 3% ke =~ 116.23 kg.

Instead of determining one percent of the weight of the rail we may set up
the proportion z: 45.2 = 72 : 28. o .

Answer: the weight of the cut-off piece is (approximately) equal to 116.2 kg.

408. The weight of the piece of the alloy (2 kg) makes 100% -+ 14—3—% ES

=ﬂ4-§- % of the weight of the copper. Hence, 1% of the weight of the copper

22 kg. Consequently, the weight of the silver, which comes to
14 5

amounts to

14-—3— % of the weight of the copper, is equal to

2 2 1
—5 -14-—7-=7" kg

Instead of determining one percent of the weight of the copper, we may set up
the proportion
2 2
z:2==14 i 114-7—

Answer: the weight of the silver is -;‘- kg.

12¢
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409. The money received by the second worker amounts to 1—2—:7-%-=§I{-)
of that of the first, or, in percent L-100%=23—1—%‘ The total received

' 30
by the three workers {4080 roubles) makes

3

100% +23 5 %434 % =1662 %
of what was paid to the first worker. One percent of the money received by
the first worker comes to

7 roub., hence the first worker was paid
1#}6——3—

ﬁ%-i@()=2443 roub.
166>
1

The second worker received 23 3

% of this sum, i.e.

2448.23.l3
100
The third worker carned
244843
100

Answer: 2448 roub.; 571 roub. 20 kop.; 1060 roub. 80 kop.
410, If the first box contains z kg of sugar, then the second contains

4 i 2% u
T kg, and the third, =T "5
== 64.2, whence z==30 (kg). Of this number we take first —é, and then u

5 50 °

Answer: 30 kg; 24 kg 10.2 kg.

%11. Let us take z tons of the first grade; it contains 0.05z tons of nickel,
and then it is necessary to take (140 — z) tons of the second grade, containing
0.40 (140 —1) tons of nickel. By hypothesis, 140 tons of steel contains 0.30-140
tons of nickel. Consequently, 0.08z-4 0.40 (140 — 2z) = 0.30.140. Hence,
z = 40,

Answer: 40 tons of the first grade and 100 tons of the second grade.

412, The piece of the alloy contains 12 kg.0.45 == 5.4 kg of copper.
Since in the piece of the new alloy this amount “of copper makes 40% of its
weight, the piece weighs 5.4 :0.40 = 13.5 kg. Hence, 1t is required to add
13.5 kg — 12kg = 1.5 kg of pure tin.

Answer: 1.5 kg.

413. Solved in the same way as the preceding problem: (1) 735 g.0.16 =
= 7.6 g () 117.6 g: 0.40 = 1176 g; (3) 1176 g — 735 g = 441 g.

Answer: 441 g.

=571.2 roub.

=1060.8 roub.

z kg. By hypothesis, x—}-—é—:-{-%x:
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414. Let z denote the weight of copper (in kg). Then 24 — x is the weight
of zinc. The loss of weight is —;—1 (for copper} and 5 (24 — ) (for zinc). Conse-

quently, %z-{- —;— (24 — x) = 2%. Hence, r == 17.

Answer: 17 kg of cogpcr, 7 kg of zinc.

415. Let us denote the number of 25-metre lengths by r, and that of 12.5-
metre lengths, by y. For a 20-kilometre (20 000-metre) track 40 000 m of rails
are peeded (two lines). By hypothesis,

2
(38§
25z 4 0.50.12.5y = 40 000 and 12.5y 4 T «25r = 40 000

Answer: 1200 pieces of 25-metre rails and 1600 pieces of 12.5-metre rails.

416, Let the number of students be z. During the exchange ecach student
received z — 1 photographs and all the students received r (r — 1) photo-
graphs; by hypothesis, we have the equation z {z — 1) = 870.

Answer: 30 students.

417. Let us denote the smaller numﬁbﬁer by z and the larger number, by
¥ (z < y). The first condition yields /7y = 2412, and the second condition,
i;——!—’ = y — 24, f.e. y — = = 48. Solving the system, we find r = 6, y = 54.

Since 6 < 54, this solution is suitable.

Answer: 6 and 54.

418, Let the smallest number be z, the next one, y, and the largest, z. We
have three equations

y—z=z—y; ay=86 yz= 115

From the first equation we find z = 2y — z; substituting it into the third
equation, we get 2y? — zy = 115 or, by virtue of the second equation, 2y* =
== 200. Qut of the two solutions (z, = 8.5, y, = 10, z; = 11.5; 1, = 8.5,
¥z = ~10, 2z, = —11.5) the first one is suitable (since z; < y, < z;), and the
second is not (since x; > y» > z2).

Answer: 8.5; 10; 11.5.

419. Given 22 y? 22
244z 0 and __.__é.__._; &
3

It is required to find fgﬂs’_'f'i‘ From the first equation we have 224 ¢4

4 22+ 2 (zy+ yz4 zx) = 9 % By virtue of the second equation we have
28 y2ob g% == 3b. Hence, 3b-¢ 2 (zy - yz + 22) = 9 o2
2 e
Answer: zy4yztzz  3a2—b

5 .

420. If the length of the sheet is z cm, and width, y em, then the box has
the following dimensions: length—(x — 8) ¢cm, width—(y — 8) em and height —
4 em. By hypothesis, 4 (x — 8) {y — 8) = 768 and 2z - 2y = 96.

Answer: Sg em X 16 cm. .

421. Let the tens digit be z, and units digit, y (z and y are positive integers
less than 10). We have the following system of equations:

024y o2, - —
Il o235 (10249~ 10y +2)=18
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Qut of the two solutions (:t =6, y=4andz= —;—- s y= —-1—85-) only the first

one is suitable.

Answer: 64.

422, 1f the number of tens is z, then the number of units is equal to » - 2.
We get the equation

10z + (z + 29 Iz + (. + 2)] = 144
whence z = 2 and z = —3 % s by hypothesis, the second solution is not suitable.

Answer: the required number is 24.

423, Let the required number be z. If the figure 5 is adjoined on the right
of it, then we get the number 10z 4 5. By hypothesis, we have

40z 4+ 5= (= + 3) (+ — 13}

Answer: 22.

424. Let the larger number be z, and the smaller, y. If three digits (zero
and the two digits of the smaller number) are adjoined to the larger number,
then the digits of the latter express the number of thousands, and thus, finally
we get 1000z 4+ y. And from smaller number we get the number 1000y - 10z.
By hypothesis,

1000z + g = 2 (1000y -+ 10z) ++ 580; 2r + 3y = 72

Solving the system, we find z = 21, y = 10. Being two-digit numbers, they
satisfy the condition of the problem.

Answer: 21 and 10.

425. 1f the units digit of the factor is = (z an integer, less than 10}, then the
tens digit is 3z. The factor is equal to 3.10z 4 z = 31z. The incorrectly writ-
ten factor is 10x 4 3z = 13z. The true product is equal to 78.34z, the product
obtained by mistake is 78.13z. By hypothesis, 78.31z — 78.13z = 2808.
Hence, x = 2.

Answer: the true product is equal to 4836.

426. The speed of the first train is x km/h, that of the second, (z — 12) km/h.
We have the equation

96 96 2

Answer: the speed of the first train is equal to 48 km/h, that of the second,
to 36 km/h.
427, Let the rate of the first person be v km/h, then the rate of the second

is equal to (v~ 2) km/h. The first spends = h, the second, 72_% h. We obtain

the equation
24 24_1
p—2 v

Answer: 8 km/h; 6 km/h.
428, Let the speed of the train be z km/h; then the speed of the boat is

(z—30) km/h. The train spends %g h, and the boat, .30 h. We get the equation
80.5 66

15
Fer (R

X —
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Answer: the speed of the train is 44 kw/h, that of the boat is 14 km/h,
429. Let the first tailor shop produce z suits a day; then the second shop

makes z - 4 suits per day. The first shop has completed its order in é}?(zdays;

hence, the time given for the fulfilment of the order has been %-(-) <+ 31} days.

The time given to the second shop has been the same. Consequently,

810 900
7+3= r+4 +6

Answer: the first shop produces 20, and the second, 24 suits per day.

430. Let the speed of the ship going off to the south be » km/h, and that of
the other ship, (x -+ 6) km/h. Since the directions of their travel are mutually
perpendicular, by the Pythagorean thecrem we have

22)* + (2 (£ + 6)J* == 60*

Answer: the speed of the first ship is equal to 18 km/h, that of the second,
to 24 kwm/h. R

431. Two dog's leaps cover 4 metres; three fox’s leaps, 3 metres. Consequent-~
ly, each time the dog runs 4 metres the distance between the dog and the fox
is reduced by 4m — 3 m == 1 m. The initial distance between them is 30 times
greater. Hence, the dog will catch up the fox, when it covers 4 m-30 = 120 m.

Answer: at a distance of 120 m.

432, In one minute the minute hand turns through 6°, while the hour hand,

only through%— . At four o'clock the angle between the hands is equal to 120°.
. 1 .
During z minutes the hands tura through 6r and 57 degrees, respectively,

By hypothesis, 6 — —;—z = 20,
Answer: 21% minutes.

433. Let us denote the time spent by the train to cover the 4-C section by ¢
(hours) and the required speed, by v (km/h). By hypothesis, the distance 4 B was

covered by the train in —%h at a speed of v knvh, and BC, in-é- h at a speed of

0.75.v km/h. Hence, AB = u——,;— km and BC = 0.75-11—;— km. By hypothesis,
on the return trip the C-B section was covered at a speed of v, and the B-4 sec-
tion, at a speed of 0.75v. Hence, the time spent on thé C-B section was 9—75—:—' tp,

ie. 0.75¢ t

5o

: f 't - B
h, and the time spent on the B-4 section was fz— :0.75 v, i,

By hypothesis,
t 075t 35
gomt T TRt

Answer: 10 hours.
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434. Suppose the cyclist travelled at a speed of » km/h; then the required
speed was (v — 1) km/h. The cyclist actually travelled %—E—l h, while the schedu-

led time was 5%-97 h. By hypothesis,

0__w_3
v—1 v G0
The negative solution v = —24 is not suitable.

Answer: 25 km/h.
435. Let the scheduled speed be z kmv/h. The actual speed was (z + 10) km/h,

b. By hypothesis,

. 80 o
The scheduled time is —;h, but actually it was PR

Answer: 50 km/h.
436. The lirst half of the distance was covered by the train in z hours. Then,
to arrive in lime the train had to cover the remaining portion of the route in

z— -3)- hours. The speed of the train in the first half of the route was iﬂ km/h,

: 420 ; ) .
in the second, I km/h. By hypothesis,
Fy
420 420
T T
=y

The cquation has only one positive root.
Answer: 21 hours.
437. Let the speed of the first train be = km/h, that of the second, y kav/h,
Lus the first case the first train covers 10x kilometres before they meet, the second,
10y kilometres. Consequently,
e - Iy == 650
In the second case the first train covers 8« kilometres, and the second (which

. \ i .
spent en route 8 h 4 & h 20 min = 122h), 12—y, Consequently,
P 3 3 !

82+ 12-,13- = 650

Answer: the mealn speed of the first train is 35 knvh, that of the second is
30 km/h.

438, Lel the speed of the first train be  km/b, and that of the second, y km/h.

The distance of 600 km is eovered by the first train in %ﬂ hours, and by the
sceeomd, in 9%9 hours. By hypothesis,
y
' 600 |, 600
Rkl

gy

a
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Aunswer: the speed of the first train is 50 km/h, that of the second is 40 km/h.
439, 1f the distance is z km, then at a rate of 3.5 km/h the commuter would

cover this distance in 5% bours. And since he would be one hour late, the moment
he started out was separated from the train leaving time by (3—15 — i) hours,

In an hour, during which he had walked 3.5 km, there remained (3% - 2) hours
till the train departure, and he bad to cover the remainder of the distance of
(z —~ 3.5) km, At a rate of 5 ki/h the commuter covered this distance in

1—3?&—5- hours. Since he arrived half an hour before the train leaving time, we

have

Answer: 21 km.

440, Let the speed of the cyelist be x ki/min, and that of the car, y km/min.
The car had travelled 10 minutes, and the cyelist, 10 4- 15 = 25 minutes when
he was caught up by the car. By this moment they had covered one and the
same distance. Consequently, 257 == 10y, By the time the car on its return
{rip encountered the cyclist the car had covered 50y km, and the cychist, 65z km,
The sim of these distances is equal to twice the distance between 4 and B,
Therefore 65r -+ 50y == 38. Solving the system of equations, we find z = 0.2;
y = 0.5,

Answer: the speed of the cyclist_is equal to 0.2 km/min = 12 knvh, and

that “of the car, to 0.5 km/min = 30 km/h,

441. Let the trains pass each other in x hours alter the fast train departure.
Then, by the time of [l'w encounter the mail train had travelled (z -+ 3) hours.
Each train had covered 1080 : 2 = 540 (km) before they met. Hence, the speed
of the first train is equal to -—(2 km/b and that of the second, to 1—-—-———5_:_03 km/h. By

== 15. Only one root is suitable: z == 9.

540
hypothesis, 240

i3 .
Answer: in 9 hours after the fast train departure.
442, Let the first cyelist travel z hours. Reasoning in the same way as in
the preceding problem. we set up the equation

36 42

Answer: the speed of the first cyclist is equal to 14 km/h and that of the
second, to 18 km/{n; the first is 3 hours en route prior Lo the encounter, the second,
2 hours.

443, Let the distance AB between the starting points be z km, and let
the first hiker cover it in y hours. By hypothesis, the second hiker covers

the distance BA in (y—5) hours. Hence, the first coverﬁ-yi kilometres per

x

P kilometres per hour. During an hour the distance

hour, and the second,
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between the hikers is reduced by (-3 + -y—;—s-) km, during 3% hours,
] z s . 1 i/z
by,‘s—g (—y——{—?_—_—s-) . Since they meet in 35- hours, we have 3—3-(-}— -+
)=1, Since z =& 0, we can divide both members by z. We get:
171 4
-l = ——=}=1
3 ( y + y—5 )
Hence, we find y. The value of » remains undetermined.
Answer: the _fi!:t hiker covers the whole distance in 10 hours and the second,
in o hours.
444, Let us dennte the point of encounter by C. Let AC = z km; then, by
hypothesis, CB = {r - 12) km. Furthermore, by hypothesis, the first hiker
2
covers the distance CB in 8 hours. Hence, his rate is equal to f—isi—" km/h,

A
y—5

In the same way we find that the rate of the second hiker is ?xf km/h. Conse-

r--12 8z

quently, the distance AC is covered by the first onein «: = 3 hours,
12

12 hours
- s,

while the second covers the distance BC in And since the second

travels 6 hours more than the first one, we have

9(z+12) 8 6
z 412
. . . . . .'r+12
When solving this equation we may introduce an auxxharv unknown ——— = z.
\ 9
Weget 9z — 8 . Out of the two roots (:1 = ? and gy = — =~} the second

one is not sxutable since both quantities ¢ == AC and r - 12 == CB must be

positive. From the eqnatlon 2 ES —g— we find x == 36. Hence, 4C = 36 km,

CB = 48 km.
Answer: AB == 8% kni. The rate of the first hiker is 6 km/h and that of the
second one is 4 km/h.
445. The problem is similar to the preceding one. Let the dirigible fly
to the passing point z km: then the airplane has made (x--100) km. The

spred of the dirigible is equal to .r+3100 km/h and that of the airplane, to
—;r—i— km/h. From its terminal to the passing point the dirigible flies
'y

T;_;—__-:;__O_U. JZUU hours; whereas the airplane covers the distance between

l%(;r—l—i()@)
the airport and the passing peint in e hours. We obtain the
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equation
4
3 3 EH00 2\ 4
3100 2 v e (1+100) =7
x 2 . .
Consequently, I = +3, whence z == 200; the second root is not suitable.

Answer: the distance between the airports is equal to 500 km; the speed

of the dirigible is 100 km/h and that of the airplane is 150 km/h.

446. First method. The problem may be solved in the same way as the pre-
ceding one. We get the equation

( z )2 no, z _Vn

=a) Twm x—-a"v;;;

Hence,
e e Vn
C Ve—Vnm

Then we find the speeds of the hikers:
v,=%§ and v2=%

Second method. Let us denote the point of encounter by C. Since the f{irst
hiker covers the distance CB in m hours, we have CB=u;m km. Similarly,
CA=vyn km. By hypothesis, CA—CB=:a. We get the equation rv,—mu¢=a.

The section AC js covered by the first hiker in e hours; hence, the dis-

. > . van

tance between the starting and the encounter points he covers in 'vL hours.
1

vyin

Similarly, for the second hiker: hours. Since they start out at the same

. 7 12 - — .
time, we bave n i:m;!-. whence vq:vy=TVn:Vm. Let us solve this
1

1 ;)

equation together with the first one. For the sake of symmetry it is useful
N b

to make the following substitution: t= ! 2

Vi V' - -
sions vy =)/ nf and vy = V/7it into the first equation, we get (n /m—m Vn)t =
a N
==a, whence t= = - 3 now we find
’ o nYm—mYn
e aYn . a’Ym
S m—mYn T A VYm—myn
Note, The problem is solvable only if n '\/;ﬁ >m ]/__;, dividing b_(_)th mem-
bers of this inequality by the positive number V'm V7, we get Vi > Vm,
i.e. n > m. This condition can be obtained immediately from the given one:

since the first hiker covers a greater distance hefore they meet, his rate is higher
than that of the second hiker. On the other hand, the first hiker has to cover

Substituting the expres-




188 Answers and Solutions

a shorter distance to arrive at B than the second to arrive at A. Consequently,
the first will reach B faster than the second will reach A.

Answer: the speed of the first hiker is —-—-f—zﬁ————_— km/h and that of
_ 2 Ym—mYn
the second, --—-—-a_-.-l/——ﬁ—? km/h.
nVme—mln
447. Let the first bedy make z degrees in one second, and the second, y deg-
rees. From the first condition we find 360 _ == 5. Each second the distance

between the bedies (as measured along the arc) is increased by (z — y) degrees.
Every 100 seconds the distance must be increased by 360°. Therefore,
100 (z — y) = 360. The obtained system has two solutions {z; = 18, y, = 14.4;
za2 = —14.4, yp = —18). Both of them are suitable, since they have one and
the same physical meaning, only the numbers of the bodies and the direction
of motion being changed.

Answer: 18°% 14°24°.

448. Let us denote the sgeed of one body (in m/min) by z and that of
the other, by y, assuming that z > y. Let the bodies move in the same direc-
tion and come together at some point A. Let the next nearest encounter take
place at a point B (these points may coincide: for instance, in case the speed
of the first body is twice that of the second; in this event by the moment they
come together once again the first body will complete two revolutions, whereas
the second, only one).

Moving from 4 to B (this path may overlap itself for one or both bodies),
the second body lags behind the firat one so that by the moment of the nearest
encounter the delay will be equal to the full circumference. Since the bodies
come together every 56 minutes, during which the first body covers a distance
of 56z gmﬁetres, and the second one, 56y metres, the circumference is equal to
56 — 58y.

Let now the bodies move in opposite directions. Then the sum of the dis-
tances covered by them during the interval between the two nearest encounters,
i.e. during 8 minutes, will make the whole circumference. Consequently, the
circumfersence is equal to 8z -+ 8y. Thus we have the equation 56z — 56y =
= 8z -+ 8y.

By hypothesis, in 24 seconds the distance (along the circumference) between
the approaching bodies decreases by 40 — 26 = 14 metres. During this time
the hogios do not come togetber; therefore the decrease in the distance bet-
ween the bodies equals the sum of the distances covered by them in 24 seconds =

== = minute. And so we get the second equation

2 2
S y=
=r+Ey 14

Answer: 20 m/min; 15 m/min; 280 m.

449. Let r and y be positive numbers expressing the speed of the points
in corresponding units (if ¢ is the circumference in metres, then the unit of speed
is 1 m/sec, and so on; it is not clear from the given conditions in what units the
length is measured). Assuming that z >y, we have the system of equations

¢ ¢
g ty = ¢} —;-—;:n
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(for the setting up of the first equation see the preceding problem). Making
a substitution, we find the equation
nty?-}-ney —c®==0
) —
—c—(—z-n;;‘“—tn) (the second root is negative )
¢ (VrEF4nt +n)
2nt '

Its positive root is y=

Answer: the higher speed is numerically equal to the
2 j—
lower, o :,(.y%;_gz_ﬁ ,
450, Let the speed of the ship in still water be « km/h. Then we have the

equation

z44 + z—4 =8§-'
Answer: 20 km/h.

451, Answer: 9 km/h.
452, Let the rate of the current of water be z km/h, and the speed of the boat

in still water, y km/h. The first condition yields the equation i “+ yzor = 10;
- . 2 _ 3 . o .
the second condition, the equation e 1n solving this system it is
convenient to put
1 = u; ——1——"0
vtz y—r

Selving the system,
208 4 20r == 10; 2v=3u,

we find

3 . 10
H v—_«.i—o,l.e. y+z=05 y—z=-7

=
I
en|m

whence z=

Do

Answer: 5 km/h.

453. Let the raft float down the river over the distance (¢ km) between A
and B in z days. Then its rate, equal to the rate of the current of water is

2 km/day. By hypothesis, the speed of the ship going downstream is equal
x

to -3— km/day. Conseguently, the speed of the ship in still water is (-;- —

km/day. And since the speed of the ship going upstream is equal

a
z
to % km/day, its speed in still water is (%+ ’a;) km/day. We have the equation

Answer: 12 days.
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454. Let the speed of the body M, be x m/s, and that of M,, y m/s. By the
moment of the first encounter M, has been in motion during 21 seconds, and
M3, during 21—15 = 6 seconds. Thus, we get the equation

21z -+ By == 60
By the t of the d ter M, has been in motion during 45 se-
conds, and M., during 45 — 15 = 30 seconds. Let C be the point of the second
encounter; then M, by the t of the d ter has covered the

distance AB - BC, and M,, the distance BA - AC. The sum of these distan~
ces is 348, i.e. 180 m. And so we obtain the second equation

45z -+ 30y = 180

Answer: the speed3 olfn/the body M, is equal to 2 m/s, and that of the body
M,, to 5.

453. Let the speed of the messenger when going uphill be equal to z km/h,
over the level ground, to y km/h, and downhill, to s km/h. Before returning
the messenger has covered half the distance, i.e. 14: 2 = 7 km; he has gone
3 km uphill, 4 km over the level ground, then (on his way back) another 4 km
over the level ground and, finally, 3 km downhill. By hypothesis,

3,4 ,4,3 3 3,8 ,3 3
?+'y_+7+7=33’ i.e. ?+7+7=33

The other two conditions yield:
3 5 8 ‘9 6 5,3
TrytT=in Tyt =3y
We find —1—, —i—, 1 and then z, y, = .
z Y 2

Answer: uphill—3 km/h, over the level ground—4 km/h, downhill—5 km/h.
456, Let the quota be z pages a day and the time limit, y days. Then, by
hypothesis,
-+ —3)=azy and (x4 4)(y—35) =y

Answer; 120 pages, 15 days.
457. Let the operator make z parts in y days. Then he produced -5- parts per

day. By hypothesis, if he had turned out —!I;- -+ 10 parts, he would have comple-
A 1 z 1y :
ted thejobiny — 4 5 days. Hence, (7—}- 10) (y—4—2—) = . The other condi-

tion yields the equation (;;- — 5) (v -+ 3) = z. We get the following system

of equations

Multiplying the second equation by 2 and adding the product to the first one,
we get Ii = 50. Substituting this value into the second equation, we find y =
= 27. Consequently, z = 50y = 1350.
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_ Note. This problem may be solved in the same way as the preceding one, if
instead of the unknown z we introduce the quantity z denoting the number of
parts produced daily. We would obtain the same system of equations, where
the quantity Z would be replaced by :z.

Answer: the worker made 1350 parts in 27 days.

458. Let the daily quota of the typist be r pages, and the time limit, y days;
then the job involves the typing of zy pages. By hypothesis, typing z -+ 2 pages
per day, the typist would spend y — 2 days. Hence, the job involves
(z + 2) (y — 2) pages. Consequently,

-+ 2y —2)=zy
Reasoning in the same way, we get another equation:
{z -+ 0.60z) (y — 4) = xy + 8.
Answer: the quota was 10 pages per day, and the time limit, 12 days.
459, Let the first worker complete the task in z hours. Then we have the

. 1
equation  — -j —eee ==
q —

PRSP
Answer: the fitst worker can do the job individually in 42 hours, the second,
in 24 hours. L .
460, 1f the first pipe fills the swimming pool in z hours, then the second

fills it in (z - 5) hours, The given condition yields the equation %. -+ Pt —:’- N

Answer: the first pipe fills the pocl in 10 hours, the second, in 15 hours.
461, Let the first worker, working individually, be able to complete the
task in z hours, and the second, in y hours. Then in one hour the first ful-

fills -;—- of the whole assignment, and the second, —-:’— By hypothesis,
-g—. Since then they worked together for another 4 hours, they
L[4 4 . ; SR N

did (-;-1-—;) of the job, which was equal to 1_(§+ﬁ)"1_8‘ Thus,

L
77"47”

4 7 P . N
we have the second equation -ii-—f-—!:—:-ﬁ. Subtracting it from the first

. 3 _ 3, _ N S s
equation, we get -1’ whence z=18. Then we find =5 and y=24.

Answer: it would take the first worker 18 hours and the second, 24 hours
to do the whole assignment.
462, Let us denote the required numbers by r and y. Four high-power cranes
operated 2 - 3 = 5 hours; two low-power cranes worked three hours. There-
fore (see solution of the preceding problem)

1 1
4.5..}..;_2.3.7:1
The second condition yields
4454205 ,;—.—_1

Answer: 24 hours, 36 hours.
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463. Let one three-ton truck be able to deliver the load during = hours, and
one five-ton truck, during y hours. By hypothesis (see solutions of Problems 461
and 462),

13

1 1 1 1
30~8-—;—+9-G-7..1 and 9-8-—y-+30-6..;.=1—5

Answer: z = 300; y = 270; 30 five-ton trucks will deliver all the material
in 270 : 30 = 9 hours.

464, Let it take the first typist z hours and the second, y hours to do the
whole job. When the first was busy typing for three hours, the second was busy

only for 2 hours. Both of them did 1 — 56.—:% of the whole work. We get
the equation

3.2 u

z 'y 2

When the assignment was completed, it turned out that each typist had done
half the work. Hence, the first spent ~f~ hours, and the second, L{ hours. And
since the first had begun one hour before the second, we have

z ¥ _y

TTT

The system has two solutions, but one of them is not suitable, since it yields
a negative value for y.

Answer: 10 bours (the first typist), 8 hours (the second typist).

465. The problem is similar to the preceding one. We get

2,45 14 = gy
z + y 3027773
where z and y are the times (in hours) for each train to travel the distance
between 4 and B. Out of the two solutions yielded by the system only one is
suitable.
Answer: 10 hours; 9 hours.
466. Let z litres of water per minute flow in through the first pipe, and y
litres per minute flow out through the second pipe. By hypothesis, a full bath
containing 2X 9 X 2.5 = 45 litres can be emptied in one hour, if both pipes

Pt
are open. Hence, the amount of water is reduced by %T% litre per minute.
Consequently, y—x = % On the other hand, when only the first pipe is
used, the bath can be filled in l—? minutes; when ounly the second pipe is used,

the bath can be emptied in é; minutes. By hypothesis,
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The system of equations

3
y—r =
45 45
e

has two solutions (.r, =2 '/1‘—; y1=3 and zp=—3; yp= 2 —2—) . The second
solution is not suitable (x and y must be positive numbers).

Answer: 2—;— min; 3 Vmin.

467. Let the time limit be = days; then the daily plan is 8—%99 cubic metres.
The team of navvies completed the job in z — 8 days; hence, the daily output

was — cubic metres. By hypothesis, %—-—’— = 50. Out of the two roots
yielded by this equation (z; = 40 and z2 == ~32) only the positive one is sui-
000

table., Hence, the daily plan amounted to = 200 cubic metres. The over-

fulfilment by 50 m® made
50-100

— LA
00 20

Answer: the original time limit was 40 days, the daily overfulfilment of
the plan being 25 per cent.
468. The {irst team repaired x km per day; then the second repaired

. 10
(4.5—x) km per day. The first worked —Ii days; the second, pA days. By
0 40 - L
bypothesis, — — = 1. This equation yields two roots: z; = 2 and ErS

R 4
= 22,5. The second root is not suitablo, since the number 4.5 — z must Le

ositive.
P Answer: the first team repaired 2 km, and the second, 2.5 km daily,
469, Let the first worker be able to do the whole job in 2 hours, and the se-

cond, in y hours. Hence, half the assignment was done by the first in -:— bours;
the remaining half will be done by the second in % hours. By hypothesis,

—;+-,g. = 25. The other condition (see solution of Problem 461) yields

1 1 1
T

Answer: ove of the workers (either the first, or the second) can do the whole
job in 20 hours, the other, in 30 hours.

1301338
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470, Let one tractor be able to plough the field in x days, and the second,
in y days. We have (see the preceding problem) the system of equations:
1 1 1. =2 ¥y,
Try=7i 7=k
It can be replaced by the system z--y==2k; zy==2kt.
Answer: it would take one of the tractors (k- VA2 =2ki) days and the

other, {k— V%2 2kt) days. The problem is solvable for i;—)t.

471, Let all the three dredgers working together be able to complete the job
in z days. Then the first one working alone can do the job in (z + 10) days, the
second alone, in (z - 20) days, and the third alone, in 6z days. In one day the

. : . 1 .
first dredgeralone fulfills P of the job, the second alone, T and the third,

Ei?' and all of them together, —:— of the job, Thus we have the equation
1

1 1 1
o tTrmte=z
Answer: the job can be done by the first dredger alone‘in 20 days, by the
second, in 30 days, and by the third, in 60 days.
472. The second worker can complete the assignment in = days, the first
can doitin (z+3) days. In 7 days the first worker will fulfill 113 of the job,

5L

in7—1 % = 5—1—days the second worker will do —}5 of the whole job. Thus,

we obtain the equation
5
7
% R

o] -

Answer: it would take the first worker 14 days and the second one, 11 days
to do the job individually.
473. Let it be possible for the first tractor to plough the whole field in z
days, for the second one, in y days. The first condition yields
RSN

g

z y 8
The first tractor can plough half the field in ——f— days, the remaining half will
be ploughed by both tractors in 4 days (the whole field was ploughed by them
in § days). And so we have the second equation —.J;—+ 4 == 10, hence z = 12

(days). From the first equation we find y = 24 (days).
‘Answer: it would take the first tractor 12 days, and the second, 24 days to
plough the field.
474, Since the workers began working one after another, the intervals bet-
ween the starting times being the same, and the first to begin worked five times
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as long as the last to begin, the number of workers was equal to 5. If the Jast
to begin worked x hours, then the total of the working hours amounted to
z + 2z -t 3z + 4z + 5z = 15z. By bypothesis, the men could have finished
the job in 6 hours, if they had begun at the same time. Consequently, 15ir =
= 5.0, whence z = 2. The job lasted as long as the first worker digged. i.e.
for 5z hours.
Answer: they worked 10 hours.
475. Let the first worker be able to complete the task in z hours; we get
the equation
1 1 1 1
Tttt =a

Answer: 1:::71- (50—24 VI 4411 4).
476. Let the first tap fill the tank in z hours, and the second, in y hours.
In one hour the first tap fills - of the tank, and, by hypothesis, it was open
i,
(%—y) hours; hence, the water from the first tap filled BT of the tank. Similarly,
1
3‘1
we find that the water from the second tap filled e of the tank. Since, when
this was done, the tank was }; full, we have
1 y 1 =z _‘E
TEHTTTn
The second condition yields the equation
1 1 5]
TTTTE
The system may be solved in the following way. If we put %:.» z, then the

first equation takes the form

111
BT
3 2 .
whence By mE=. Transform the second equation to

Yoq.3
Tt =gy

,» we find y=9; hence, x:—ﬁ—y:ﬁ. Substituting

a) o

Substituting L=

‘Z‘='§" we find y==0 and z==9.

Answer: one of the taps fills the tank in 6 hours, the other, in 9 hours.
13+
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477. If the daily quota of bricklaying was z thousand bricks, and the actual
number of bricks laid daily was y thousand, then we have the system of equa-

tions
{‘_23_‘_29=4
z oy
3y —4z=5

Answer: the daily quota of bricklaying was 10 000 bricks and the actual
number of bricks laid amounted to 15 000.
478. The consecutive amounts of water (in litres) in the three vessels
(1, 11, 1) are tabulated below:

2 171 ) 2
o I I w7 (getv)+e]ege
i ) | )
I z —%—(%«r—%y)»‘yz —1%- 4—2—(_;_14;.!!).{_2]

By hypothesis, each of the expressions in the last column is equal to 9.
Alternate solution. First find the amount u of water contained in the second
vessel after the first pouring. By hypothesis, the second pouring reduced this
amount l)y—/;u, leaving there 9 litres of water. Consequently, —;-u = g, i.e.
u = 12, Now find the original amount z of water in the third vessel. The first

pouring left it unchanged; the second one increased it by % u=3 litres, so that

the third vessel turned out to contain (z -+ 3) litres. The third pouring reduced
this amount bym {z -+ 3). Consequently, 1 (z-+3)=29, i.e. z=17. Then
find the original amount of water x in the first vessel. The first pouring left

2
in it § z litres; the second pouring left this amount unchanged; the third pouring

1
increased it by T (z -+ 3) = 1. Consequently, %—x + 1 =09, ie z=12.
Finally, find the original amount y of water in the second vessel. After the first
R . . 1 . .

pouring it was increased by 5 z==4 and became equal to 12 litres (as it hes been
found). Consequently, y == 12 — 4 = 8.

Answer: 12 litres; 8 litres; 7 litres.

479, 1f for the first time x litres of alcohol was poured out, then (64 — z)

litres of alcohol was left; for the second time 646_4-: z litres of pure alcohol was

4 —
poured out, leaving 64—1——6—*64—1 z=61—4(64—z)‘~’ litres of pure alcohol.
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We get the following equation
1 2
7 (64~ 2)% == 49

Answer: for the first time 8 litres of alcohol was poured out and for the
second, 7 litres.

480. Having poured z litres of alcohol into the second vessel and made

xr

it full by adding water, we have in the second vessel litres of alcohol per

20
: 2
litre of the mixture. Then z litres of the mixture, containing é%: == % litres
of alcobol, is poured back. As a result, the first vessel now contains (20—~.r )

2 .
litres of alcohol. Then 6 = litres of the mixture is poured out from the first

3
I
vessel —ZT makeg of the total amount of the mixture J . Thus, the amount
“ .
of alcohol is reduced by % , i.e. now the first vessel contains % (2&) — z+%)

litres of alechol. Since the amount of alcohol contained in both vessels is con-
stant and is equal to 20 litres, and l))' hypothesis, both vessels now contain
the same amount of alcohol (i.e. 10 litres cach), we have

2 F23
3(20—1-'r55)xw

Answer: 10 litres.
481. Let z litres of air be let out of the vessel, and the same amount of nitro-
gen put in. The remaining amount of air of (8 — r) litres contlains
(8 — ) 0.16 litres of oxygen. Thus, 8 litres of the mixture contains this amount

. . — B
of oxygen, i.c. 1 litre of the mixture contains J—x——.-)«l of oxygen. Canse-

quently, when for the second time # litres of the mixture is replaced by « litres
of nitrogen, the remaining amount of the mixture of (8 — z) litres contains

@:’goi.(ng) = {8 — 2)? 0,02 litres of oxygen. Hence, in relation to
—220.02
the total amount of the mixture (8 litres) the oxygen content isw X

3
(Cintid B2
7

2
X 100 = =8. Out of the two roots (r, = 2,

75 = 14) only the first one is suitable, since it is impossible to let out more
than 8 litres.

Answer: 2 litres.

482, Let the first woman have z eggs, and the second one, y eggs. If the first
had sold y eggs, then, by hypothesis, she would have received 72 roubles. Conve-

. By hypothesis,

. R 72 .
quently, she sold her eggs at n roub. per picce and reecived T roub. Reasoning
¥

. . . 32 .
in the same way, we find that the second woman received = y roub. Thus we
x
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have two equations

32 7N
—;y:;—z, 24y =100

2
From the first we {ind (_y_) —-—--zg. whence -iy—=—3—(the negative value
z 32 z 2

Y3 s not suitable

z 2

Answer: the first had 40 eggs; the second, 60 eggs.

483. With the notation of the preceding problem we get the following
system

T =nl. =
m-!T._n =3 zdy=a

From the first equation we find z:y="7/n: }/m. Divide then a into parts
proportional to V7 and Vm.

Answer: the first had ———E.If—: litres; the second, ——(:z_-l—/—”—l-: litres.

Vm+Vn Vm+Vn

484. Let the first engine consume z grams of petrol per hour, and the

second, y grams; then 600 grams of petrol was consumed by the first engine
4

in 9_2_0 hours, and 384 grams, by the second in % hours. By hypothesis,
31 aR4
922—-'}%—*=2. If the first engine had consumed y grams of petrol per hour,

then during 92—0 hours of operation it would have consumed gg—) «y grams of
petrol, and if the second had consumed x grams per hour, then during 3%4

. 384 .
hours it would have consumed ——y—’z grams of petrol; by hypothesis,

600y 384z

z y
Answer: the first engine consumes 60 g/h; the sccond, 48 g/h.

485. Suppose we need x kg of the first alloy. Then x kg will contain g:c kg
of gold, and (8 — ) kg of the second alloy will contain 13 (8—=2) kg of gold.

By hypothesis, 8 kg of the new alloy must contain I%n‘l kg = 2.5 kg of gold.

Consequently, %'I e % (8 — z) = 2.5. Hence, z = 1 (kg) and 8—r=7 (kg).
Answer: 1 kg of the first alloy and 7 kg of the second.
486. See solution of the preceding problem.
Answer: 9 pails from the first barrel and 3 pails from the second.
487. Let the third alloy contain x parts of the first and y parts of the second
alloy, i.e. 2 kg of the first and y kg of the second alloy. Then (z 4+ y) kg of the
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2
third alloy will contain (%14—%—5;) kg of the first metal and (—\'5'—: -+
of the second. By hypothesis,

1 2 2 3 .
(§1+3y):(—:5—x+3-y)21l:£4

Reducing the dividend and divisor to a common denominator (15} and dividing
them by y, we get

5

(5%+6):(10!i/+9):17:27

b o x 9
V. CQ e
whence - == o2
Ausuwer: 9 parts of the first alley, and 35 parts of the second.
488, Let the larger wheel make r revolutions per minute, and the smaller
one, y r.p.m., y > ». We have two equations:
5 5 1
—r =AY e
y—r=4 x y 60
The second equation may be transformed to xy = 300 (y — 1), i.e. 2y 120,000,
Answer: The larger wheel makes 200 r.p.m.. the smaller one, 600 r.p.m.
489, Let the circumference of the front wheel be equal to r dm, and that
of the rear wheel, to y dm. We have two equations:

180 180_10 and 180 180
z y 246 y—6
The first one is transformed to 18 (y — x) = xy; the second, to 39 {y — 1) =
= zy -+ 504. From them we find y — r = 24; 2y = 432,
Answer: the circumference of the front wheel is 12 dm; that of the rear wheel,
36 dm.
490. U(JO-%- = 400 tons was unloaded during the first and the third days:

600 tons — 400 tons = 200 tons was unloaded during the seeond day. Let
tons be unloaded during the first day; then (400 — #) tons was unloaded during
the third day. The reduction of the amount of goods unloaded on the second day

9
{as compared with the first day) came to (z—200) tons, which made E__é’(l)_i_()_{)_ %
of the amount unloaded on the first day. The reduction of the amount of goods
unloaded on the third day relative to that on the second day was
200—(400 — #) = (z—200) tons, which made L2000 o 2200,

>0 O 7
2

of the amount unloaded on the second day. By hypothesis,
z—200  (x— 200} 100
g ——

=5

We find two roots: z; = 250; z, == 160. The second one is not suitable, since,
by hypothesis, the amount of the unloaded goods was reduced from day to day,
whercas at z = 160 the amount of the unloaded goods would be 160 tons o
the first day, 200 tons on the second day, and 240 tons on the third.



200 Answers and Solutions

Answer: 250 tons was unloaded during the first day, 200 tons during the
second, and 150 tons during the third.
491. Let the first solution weigh z kg, then the second weighs (10 — z) kg.
-100

The percentage of anhydrous sulphuric acid in the first solution is —-——I-—-
0.6.100 80

80 . .
= and that in the second, T =T By hypothesis,
30 60
T =10

The equation has two positive roots z; = 20 and z2 = 4. Since, by hypothesis,
z < 10, the first solution is not suitable,

Answer: 4 kg and 6 kg.

492. The first alloy contained z9; of COppGl;, the second, (z -- 40) %. The
. . 6-100 12- . ,-
first alloy weighed - kg, and the second, T T%0 kg. We get the following

. 600 1200

equation: —?-}-m 50,

Answer: 20% and 60%.

493. Let the speed of the freight train be z m/s, and that of the passenger
train, y m/s. In 28 seconds the freight train covered 28 (m), and the passenger
train, 28y (m); we obtain the first equation

28z 4 28y == 700

The freight train passes the signal lights during [_*129 seconds, and the passenger

2
train, during “.ﬁ) seconds. Thus, we get the second equatien
¥

z oy

Answer: the speed of the freight train is equal to 10 w/s, i.e. 36 km/h and

that of the passenger train, to 15 m/s, i.e. 54 knvh.

494. 1f the number of the eight-wheel tank-cars is equal to z, then that of
the four-wheel cars, to (r = 5). If one four-wheel car weighs y tons, then one
eight-wheel car weighs 3y tons. The net weight of the oil contained in a four-
wheel car is equal to (40.0.3) tons, i.e. to 12 tons. An eight-wheel car filled
with oil weighs (3y --- 40) tons, and a four-wheel car, {y + 12) tons. We have
the first equation
z {3y -+ 40) + (x -+ 5) (y -+ 12) = 940
The weight of oil contained in all the eight-wheel cars is 40r tons, and that of
all the loaded four-wheel cars is (x - 5) (y - 12) tons. Thus, we have the second
equation
400 — (x -+ 5) (v -+ 12) = 100

Answer: there are 10 eight-wheel] tank-cars, each weighing 24 tons, and 15

four-wheel cars, each weighing 8 tons.

495. Let the first machine drive = m per day, and the second, y m. In the
first case the first machine would have done 30% of the work, i.e. it would
have driven 6%3'030 = 18z (m), and the second, bili(l)i()é(—) = 16y {m). We have
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the first equation
182 -+ 16y = 60
9
In the second case the first machine would have driven —;-GOy (m) in —,}-G()-—i—f.
3
10

days. The second machine would have done the work in 50-% days. And

so we have the second equation
40y 18z
F
The obtained system is casily solved, if we put —i’-::‘ Only the positive value

1= is suitable,
Answer: the first machine drives 2 metres of the tunnel per day. the second.

1%— metres per day.

496. Let the first crew be able to repair the whole section of the track in
r days, and the second, in y days. By hypothesis, we have the followinz system
of equations

1,1 1
=77

40x 40y
1090 300

Answer: the first crew can complete the whole repair job in 10 days, the
second, in 15 days.

497. Let the first portion of the goods {amounting to %-690 =375 lun.\‘)
be transported in = hours, and cach three-ton truck accomplish y trips per hour.
Then cach 1—;——(on truck made (y 4~ 1) trips per hour. By hypothesis, the remain-
ing portion of the goods (i.e. 690 — 375 = 315 tons) was transported in (r - 2}
hours, the three-ton trucks making (y -+ 1) trips per hour, and l%—lon trucks,
(y-+ 1)+ 1= (y - 2) trips per hour. Wo get the system of O-Zmalions

582y +10-4 L r (y 41y =315
5-3(x—2) (y--1)10-1 —1)- (x—2) (y+42)=315
After simplifications these equations take the form

2ry - r=25
{ 2y -3z — 4y =27

Subtracting the first equation from the second one, we get 2

¢ 2. Hence,
2y = x — 1. Substituting it into the first equation, we get z? 5

Lo oows 5,
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The filrst portion of the goods was transported in 5 hours, the second, in § — 2 =
== 3 hours.
Answer: all the goods were transported in 8 hours; at the beginning the three-

ton trucks made 2 trips per hour and 1—2-—ton trucks, 3 trips per

hour,
498, If  is the width of the track, then the arca of the sports ground together
with the track, is equal to (a - 2z) (b + 2z) m®. And so we have the equation
{a + 2z} (b -+ 2x) = 2ab.

Answer: %—[V(a—{—b)'—"-f-/mb——(a—&—b)].
499, Let = denote the number of chairs in each row; then the number
of rows is _a;. We get the equation

a
. — .
(z-b) ( : c)_ua
After simplifications we have
10cz? 4 (@ - 10bc) z — 10ab == 0
Hence,

— (a4 10be) + V(@ L 10be) - 400abe
20¢
If the radical is taken with the minus sign, then z < 0; if it is taken with the
plus sign, then z > 0,
Answer: the number of chairs in cach row is equal to

V(G 10be)2 I 400abe — (@ + 10bc)
e

T

bi ‘;')()O.HLel us d(:lglt::tef.thci spee(tlls of the bodies (in m/s) by v, and ra; let v ’ﬁe
righer than v, e first condition vields the e ion” av, », = d; the
P T i 3 e equation avy + avy = d
o d dg1 1
Answer: vy= -z ( 'a’"}"b“) 3 vy (;—-——5-) . The problem is solvable only
if a b,

501. Let us denote the speed of the motorcyelist (in km/h) by z, and that

of the cyelist, by y. We get the following system of (equation)s v

2242y =d; .g-—.--d;«;:[t

Answer: the speed of the motoreyclist is equal to d%——-——wmm’
14

!

and that of the cyclist, to d '_"'."_—_21_11/_1?_”1‘_}_% km/h.

502, If it takes the cyclist = hours to cover the whole distance, then ihe
hiker requires (z--¢) hours. Let us denote the distance AB (say, in kilomet-

. (-1 &) i
res) by y. The hiker covered Lfrarl—l km before he met the cyclist, while
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rored 2 ; op lekby by B
the latter covered - km. We have the equation ——;—_;C———i—;-_.y. Since y =

= 0, we have ;—’g—&—%:l, or 22—(a42b-—c) z——be=0. This equation has

one positive and one negative root (since the product of the roots is e(‘ua]
to the negative number—bc). Here only the positive solution is suitable:

I_a+2b-c+1/<a+2b_c)2+4bc
= 3 .

The distance y remains undetermined. The quantity z 4 ¢ may be found ecither

from the above expression, or from the equation ath +-2— == 1, pulling

x--¢
b

+;———;~:.t. We take only the posi-

z ¢ =z We get the equation

tive solution.
Answer: it takes the cyclist

a4+ 2b—c 4 V(@ 2b— )2 + bbe
2

hours

and the hiker

a4 26+ o+ Viat2b—c4dbe  {ad-24c)-- V@F BFeE—batbie
B - 2

hours

to cover the whole distance AB.
503. Let us denote the distance (in kilometres) by z. By hypothesis, accor-

ding to the schedule train A must catch up with train B in -5— hours aftee

departure. Actually, it caught up with train B alter having covered {r —a) ku,

. LT 4 B a
ie. in hours. Consequently, both trains travelled = hours less than

v

required by the schedule before they met. Train B had to travel % hours to
1
. . 2
meet train A, but actually it covered a distance of Frata speed of ¢y aml

. 1 1 . . .
a distance of —-z-—a at a speed of — vy, covering the whole distance in
3 2 !

2 1 \

-3‘1 ?I*A’ﬂ

o +——1-— hours, Consequently,

R
2

x —3—1 ) ?Iﬁ“ B
— B ==
v vy _'12_”1 v

Answer; the distance to the terminal station is equal to fﬂ};:ﬂ)-

km.
The problem is solvable only if vy < 2v.
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504. Let the interest be z%. Then the originally deposited suimoowas
5

51—00 roub. At the beginning of the second year the total sum was +

+ 15485, i.e. (1500—}-100) roub. At the end of the second year this sum
. 1500 T .

turped inte ( +100) (1+T0—0) roub. Hence, we get the equation

(‘5°°+100) (t+55) =420

Answer: 300 roub., 5%
505. Let us denote the output of machines A4, B, C by =z, y, z, respectively.
By hypothesis,

s=grs W Y=g e +2)

We find z and y in terms of z from these equations; adding them, we get

ey 100 (m -n)4-2mn
T T 000—mn ©

The required percentage is equal to - 100,

10 000 —mn
100 (m - n) -+ 2mn °
506. Let us take for the unit of measurement the output for the preceding

24y
Answer: 100.

year. Then the output for the first year is 1 4 e 1()0 . And compared with it, the

to be equal

output Jor the second year is increased by ¢%), i.e. by (14—100) 05"

to
_P PN L {1 P 4
(t+5g)+ (1 +1k) o= 1+ 1) (1 +10)
If the output for the third year is increased by z%, the increase amounts
R, ¢ hy i
to (1-+485) (H‘mo) 106 - BY bypothesis,

%{1& '(H'mo) 1oo+(1+1%) (‘“LT{IOG) 5.6]=1_&)

P
100

(] (1)
"100) \ 7T 100
507. Let the prime cost of the total quantity of goods amount to m

roubles. Then the prime cost of the first batch sold makes a% of m, ie. 1":1((‘)

3r—p—g—
Answer:

roubles. By hypothesis, the profit made by selling this batch is p2% of this
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. ma p X .
sum, Le. s roub. The prime cost of the rest of the goods is equal

ma a : ateh s
to e Tk (1—“@) roubles. The prime cost of the second batch sold
amounts to b% of this sum, i.e. to m (1—1%6) 1%) roubles. The profit made

on selling the second batch is ¢%; consequently, this profit amounts to
a b g . aining coods i o

m (1—m) 156 ° 100 roubles. The prime cost of the remaining goods is equal to

ma a b a b

o= (*=iw8) =" {1 ~100) {1 —755) roud-

Let the remaining goods be sold at a profit of #%. Then the profit made on

m—

their selling amounts to m (1—1—%) (1—-%) roub. The total profit is

i
[ s+ (1=5t) oo (1= 160) (1 = 15) 75

By hypothesis, the total profit must be r"y of m rouly, i.. —1%—2— roub. Con-

sequently,

LN PR b g PP ( by x mr
" [mm ( 1u(,)m'm“ ( ”'wu) T«)T)) 10 ] T
The quantity m is reduced.

ap  bg a
"m—zo—o(‘—m)

. aN{, by
(t=15) (*~ 1)

508, First method. Let us assume that cach of the cut-off picees weighs x ke,
For the sake of brevity, let us call the first alloy (weighing m kg) “alloy A",
and the second, "alloy B". Out of the two newly produced ingots the first one
contains (m - z) kg of alloy 4 and z kg of alloy B, and the second, « kg of alloy
A and (n — 7} kg of alley B. By hypothesis, the copper content in both alloys
is the same, which is possible only if the amounts of zﬁ oy A and alloy B3, contai-
ned in the new alloys, are proportional. We get the equation

o
=

Answer:

o z mn
s ey Whenee 2 == e
z n—z m-t-n

Second method. Let u kg be the weight of copper in 1 kg of alloy A, and v —
the weight of copper in 1 kg of alloy B. Then the first ingot contains (m — z}u -
{m —z) u-- zv
———— kg of
copper. The weight of copper contained in 1 kg of the second ingot is expressed
in a similar way, Equating the two expressions thus found, we get the equation

-+ xv kg of copper, i.e. 1 kg of the first ingot contains
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in three unknowns (r, u, v):
nf(m —z)u-+ vl = min — z) v+ zul]
which may be transformed to
(& — v} (mz + nz — mp) =0

By hypothesis, alloys 4 snd B are of different copper content, i.e. the quan-
tity u - v cannot be equal to zero. Consequently,

mz + nz —mn=20

Answer: each of the cut-off pieces weighs — kg.

509. Let there be originally z; roubles in the first pile, z, roubles in the
second and so on, and z, roubles in the nth pile. As is obvious, the first pile
is treated in a special way, since at first an ntg part of the money is taken from
it and only by the last shifting operation an nth part of the nth pile is put into
it. whereas each of the rest of the piles first is enlarged on the account of the
preceding pile and then an nth part of it is taken away. Therefore, let us consider
any pile, except for the first one. Let k designate its pumber. Originally, it had
xp roubles, then some amount of y roubles of (¢ — 1)th pile was put inte it,
and, finally, an nth part of the total sum y -+ x5 was taken from it. After this

2" roubles. By hypothesis, we have the equation

operation pile & had (y + 25} —

(o Tl h

A roubles must remain in the preceding (k — 1)th pile, if it is not the first
{i.e. if & == 2) (the money in the first pile amounts to 4 roubles only after it
is replenished from the nth pile). Hence, prior to the shifting operation it had
A - y roubles. By hypothesis, the money taken from it makes an nth part of
A+ oy, e

y=%(-4+y) (2)

Hence, y;:;i—iA. Substituting it inte (1), we get ap=4.
Thus, each of the piles, except, perhaps, for the second and first (previously
excluded from consideration) originally had 4 roubles:
Tymorym L, om=mor, = A 3

The unknown z; may be found in the following way. By hypothesis, at first
n—
roub-

an nth part is taken out of the amount of z; roubles. There vemains z,
les. At the end of the shifting process a certain amount of money (y roubles)
from the last pile is put into the first pile. We obtain the equation

y-{-z‘n:i:A {4)
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Reasoning (conformably to the nth pile) in the same manner we find as
before y==——— 4, Substituting it into (4), we get

n—1
_n—2n .
x‘_(n'-i)? A, (5)
to {ind zp we have the equation
1 n—1i
(—nvx,—{—xz) e {6)

where z; is determined by the formula (5). Solving the equation, we find
nin—4)—(n—2) 4

Ty=

(n—1)2
Answer:
_onle2n om0 42 e e
11—7("_-1)2 4; = T A my=agm= L =T



PART TWO

GEOMETRY AND TRIGONOMETRY

CHAPTER VIII
PLANE GEOMETRY
otenuse,

510. Let a and & be the legs of the right-angled triangle and ¢, its hyP
By hypothesis, a + b + ¢ = 132 and @® -+ b% 4 ¢® = 6050. Since a° 4 b% =
= ¢2, then 2¢2 = 6050, whence ¢ = V3025 == 55, Therefore a 4 b = 77.
Squaring this equality and taking into account the relation o* 4 b* = 3025,
we get ab o= 1452. Consequently, e and & are the roots of the equation

22— 7z -+ 1452 = 0
Answer: the legs of the triangle are equal to 44 and 33 respectively, the
hypotenuse, to 55.

AN

A K N 2 4 i g
Fig. 1 Fig. 2
511. The altitude BK (Fig. 1) of the parallelogram ABCD is equal to
c R - % e _2m .
20N ==2p. Since £ BAK==a, AB prp imilarly, AD...S—.-—ina. We find:
§=AD.BE=J0P
sin &
The diagonals are found by the law of cosines.
Answer: S =il
nswer: = Sin o
E e
BD — ZVp +mA 2mpcosa
sina
2/ pEE me - dmpcas o
AC = -

sin o
512, By hypothesis, AC = 30 cm and BD = 20 cm (Fig. 2). The altitude AE
may be found proceeding from the similarity of the right-angled triangles BDC
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and AEC (having the common angle ¢), or, which is easier, by comparing two
expressions of the area § of the triangle 4 BC. Namely,

.S:—; AC-BD  and S.»;é-BC-AE
Hence, c
AC-BD 30.20
o P =% ¢
AE 7 % 24 em

Ve (3)
Answer: 24 em.

513. I'rom the triangle BDE, where BD =12 cm and BE 13 cm, we find
DE=VTETTE=5 (cm) (Fig. 3). Consequently, AD = AE— D=~ ¢

8

A D £ [+4
Fig. 3
— DE ::-,17- 60—~5=:25 (cm) and DC = EC - DE =35 (cm). The sides are found
from the triangles AHB and DCB.

Ansiwer: AB="V/T69 ~ 27.7 em, BC=V/1369=-37 cm.

514, Let ABC be the given triangle
(AC = CB=b). 1t is required to deter-
mine the arca S of the triangle 0,0,04
(Fig. 4).

We have S = 0405 0,C, where 0,05=+

AB and O4C = AB. Heuee, § —} A2 o b2,

Alternate solution. The triangle 0,0,C
is equal to the triangle 0,BC, since they
have the common base 0, and equal
altitudes. The triangle 0,0,C is equal
to the triangle 0,4 (for the same rea-
son), Hence, the triangle 0,0,0; is cqual
to the square (,BCA.

Answer: S = b2,

515. By hypothesis, the line-segment

AB:=a is divided by the point M in Fig. 4
't . e, 5 ‘here ‘e ;] o ma i «——..._.na >
the ratio m:n (Fig.5). Therefore AM = pEa and MB - e In the

same way

BN =CK =Dl -0 gnd NC o KD o [ A= 19
m-n nm-n

1401338
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Consequently,

m2a? n2a? a e s

Me=MN=NK=KL=— == 2 p2

LM = MN K=KL l/(m+n)2+(m+n)2 prwre Vmita

Furthermore, all the angles of the quadrilateral LMNK are the right ones (since

the triangles A LM and BMN are congruent, we have / LMA = L MNB=90° —

— LNMB; hence, £ LMA 4 LNMB = 90° therefore £ LMN=90%.

Consequently, the quadrilateral LMNK is a square.
a2 (m2-}-n?)
(m -+ n)2

Alternate solution. Subtract the total area of the four triangles from the

area of the square ABCD.

Answer: S =

p/j A l4
I X 4
N A
L N
b Y y: A M 8
Fig. 5 Fig. 6

516. By hypothesis, 2 LM A=30° (Fig. 5). Consequently,
/3
an=tor ana an=Y2ur

Hence,

AB = AM + MB = AM 4 AL :%.(1 +V3) ML
Consequently, -

area ABCD : avea LMNK = AB2: ML2={1+V3):4,
ie.
4
MNK o= ez area ABCD
area LMNK TEIRVEE

4

e 222 (2 V) 2054,

2= VD ~oss

517. Let us denote AM (Fig. 3) by z. Then AL = AfB=a-z. Consequently,
area KLMN = LM?= AL 4 AM2 = (a — 2)2 4-22

Answer; the ratio is

By hypothesis, (4~ )2+ 22 —::%—Zaﬁ. Solve this equation.
370 and [37‘—1.

518, A preliminary. It will become clear from the solution how to find the
pasition of the vertices of the inscribed rectangle K LMN (Fig. 6). At the moment

Answer: the required segments are equal to
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it is necessary to carry out the drawing schematically, beginning with the con-
struction of the rectangle KLMN.

Solution. Find the line-segments MB = z and BN = y. Since AB = 4,
AM = 4 — 2z, The triangles DLK and BN M are congruent {prove it!}; conse-
quently, DL = BN =y and L4 = 3 ~—y. The triangles LAM and MNB
are similar, since their acute angles AZLM and NMB are equal (as angles with
mutually perpendicular sides). And since, by hypothesis, ML is three times
greater than MN, we have LA = 3MB, and, also, AM = 3BN,ie.3 —y = 3z

and 4 — z = 3y. Hence, z=%. y=—z—. Now we 4
have ”
2/ {5\ 79 2 VGG
MN:V (E) +(.8_) ==
M
and
ML:31{3106 f—r %
Fig, 7
Answer: the sides of the rectangle are equal to 1/_8’@%1‘29(1—; and
13—-1-{8-‘-{-)9&— 3,87 m.

519. The area of the equilateral triangle ABC (Fig. 7) is equal to

_;_a,!?u:l[/ga?, The triangle ANL, in which, by hypothesis, AL':%a
A :

and AN = —,3-0 has its angle A in common with the triangle ABC. Hence,

AY
their areas are in the same ratic as the products of the sides; —2NE
ABC
1 2
Fage
= mmre—ee,Therefore
a-a
1 2, 2 .
SANL=—3-"3—~5A30=='§~5A110
Hence,
a2 V3

12

s 1.
Snpa== 5Auc“35m\'z.:‘;'3- Sapc=

Note, The triangle LMN, as well as the triangle ABC, is an equilateral one
(prove it). The same method may he used for determining the area of the triangle
LMN in a general case, when the triangle ABC is an arbitrary one and its sides
are divided in arbitrary ratios.
a2 /3

-

Answer: 1

14
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| 520. \\e have (see Fig. 8) a+b+c—- ; hence a ~ b == 2p — ¢ and
2ab - b2 = (2p — ¢)E. But a® - b= ot and ab = ch {see aohmon of
I’roblcm 012) Therefore ¢ + 2ch = 4p* — 4pec + ¢, whence
2p2
“i5p

L300 ) R 217

Now we have a-fb=——p’ s . Hence, @ and b are the roots
h-2p 12p°

of the equation

2 2p (h-+ p) h

h+2p Zp
2p~
Answer: h+ T
a= Tz“‘)‘ [k p+ Vip—hE- 2]
[/ — h—* ) [h«rp_.x/(p_h n2)
The problem is solvable only if p = h (1/3 + 1.
4
b a
h P N
A Vi c B8 Vi
Fig. 8 Fig. 9

521, Either of the sides AC and BC (Fig. 9) of the triangle ABC is equal
2P

e, P — a. Let z be the length of the line-segment CM (z = CM=CN).
The pmnnvtor 2p of the trapezoid AMNB is ubtamod from the perimeter 2/
of the triangle 4 BC by subtracting €M -+ €N = 2r from 2P and then adding
AN to the difference thus obtained. From the ~uml.mtv of the triangles ABC
and M.NC we find

to

AB-C_ Zar

3, e 2
MY = At Poa
Hence,

. 2ax

2P —2xr-i a =2p
whence

L (P—a(P—p)
P—2a

AP—ay(P—p)

Answer: CM = CN = s
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522, It is required to determine the distance NP =z between the
(Fig. 10) and the base AD ==a*, and the distance N
and the side AB=c. From the similarity of the tr

point &
=y between the point ¥
fangles AMYN and ABC

8 4 4
N\ £
c ¥
£
x
p
A Q P A D 8
Fig. 10 Fig. 11

. MHN  AM .
(where BC=b) we find BC T AR —y-r—? » and from the similarity

2 D
of the triangles NPD and BAD we have -gf- =

]

d—y
=Y Then we
a

|

b
. L2
A D Le. —c———

LS

solve these two equations,
4 L. ac . ab
nswer: - m, Y= bl
523, Let ABC (Fig. 11) is the given triangle. Since DE is & midline of

the triangle and DE=CD, we have CD = AC. Consequently, ;£ CAD — 30°,

2
Therefore C 1 == iD_—;l'_‘.‘ =2V3 em. 8
Answer: 8§ =12 V'3 em2.
524, Put z.=BO, y==AO (Fig. 12). &
Then the area S of the rhombus ABCD Y
is cqual to 2ry. By hypothesis, r-4y= 4 7 4
"

5 besides, from the right-angled
o . A,
triangle AOB, where ABWTZ/; = We )i
2 .
find 224 y2 == (—g—) . Squaring both mem~ Fig, 12

22
bers of the first equation and subtracting the second one, we find 2ry .'1.7_8_ .
4

. mZep2
Answer: 8 == -————,—-—’-— or
4

m2,

* The solution is independent of whether ¢ is the larger or the smaller base.
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525. Let z denote the altitude BE (Fig. 13). Then AE==z and FD =2z V3.
Since AD=AE-+EF-+FD, a=z+b+zV/3. Hence, zm—3rl

. Vart
=0 (V3—1)
. :

(02— %) (V3—1)
R e

Answer: §=

526, By bypothesis, AD = 44 cm and BC = 16 cm (Fig. 14). Hence, AE +
FD = 28 ¢m. Denoting the length 4 E (in centimetres) by z, we have FD =

B b 0 8 c

¥4
¢5° 30°INn
A & a r A £ V]

Fig. 13 Fig. 14

28 — z. By hypothesis, AB == 17 cm and €D = 25 cm. Consequently, BE® =
172 — 2 and CF* = 25% — (28 — 2)2. And so, we get the equation

172 — 22 = 25% — (28 — 2)?

whence r == 8 (cm). Hence, we find the altitude At
k= BE ="} 172—2%=15 (cm)

Now we find S=(—a—%§—)—-]-l.
Answer: S =450 cm2.
B
8

L M 2

i

|

i

1

1

!

a & N ¢ 4 €2 ¢

Fig. 15 Fig. 16

527. Denote the side of the inscribed square (Fig. 15) by x. From the
similarity of the triangles AKL (wherein AK::__(’::;-E‘E :“;x . and LK:X)
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and AEB(wherein AE'::—(ZZ— and BEza—l-{—é) we get the equation &

3 /3 - -
. ;/3 wherefrom we {ind I:Zi}l/g:a 1V3(2—V3).
Answer: 8 =3a2(2— V3P =3(7—4 V3) a2 )
528. By hypothesis, AD = 36 cm and DC = 14 cm (Fig. 16). The areas

S5 and 8, of the triangles ADB and CBD with a common altitude are in the
same ratio as the bases, i.e.

Sy:8,=36: 14:1;-‘

Consequently, S.:—é—g— §, where § = 8§, -+ S, is the area of the triangle 4 BC.

By hypothesis, the straight line £G divides the area § into two equal parts,
which means that this line intersects the base AC between the points 4 and D

8 8
£
i
! £ £
]
i D 4
I

Vo /", > g/ ”\E
Fig, 17 Fig. 18

{but not between D and C). We get the triangle AGE, whose arca & is equal
to -»:-é Since the areas of the similar triangles AGE and ADB are in the same
ratio as the squares of the sides AG and AD, then

8,1, 2. Arm
Z?)S‘TZS_:}() L AG

whence we find
AG = 30 (cm).
GC = AC — AG = (36 + 14) — 30 = 20 em
Answer: 30 c¢cm and 20 cm.
529. See the solution of the preceding problem. From the condition

Ience,

AD :DC = 1:8 we find that the area of the triangle BU(C (Fig. 17y is % of
the area S of the triangle ABC. Since, by hypothesis, BD == 4, we hach
1.8
El’z.i()-_—z-S.—Q-S

Answer: EF =3,

. 530, Since Spyp =8 ppg = Sapce (Fig. 18), the area of the triangle £5F
is half the area of the triangle DBG and ‘three times as small as the area of
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the triangle ABC. Since these triangles are similar, EB®: DB2: AB2=1:2:3.
a V3

Vi'

Answer: the side AB is divided into the following parts:

a
By hypothesis, AB=a; hence, £B=-—= and DB==
y V3

a - @ ~ -~
L A(VE—1) and —=(V3~V32).
Vi V3 L L
531. By hypothesis, the area of the triangle ABC (Fig. 19) is equal to S,
and that of the triangle KB M, to ¢. Three vertices of the quadrilateral coincide
. G
B /I/\\

A Z ¢ f TH L
}
Fig, 19 Fig. 20

with the points A, B, and M and the fourth vertes L may be arbitrarily taken
on the side AC. Indeed, the area §; of the quadrilateral LABAM s the sum of
the arca g of the triangle KBA and the area of the triangle KLAL, and the latter
remains unchanged as the vertex L moves along the straight line A parallel
to the haxe AM. Let the altitude BE of the triangle 4 BC pass through the point
E of the base AC. Placing the point L at the peint £, we get the quadrilateral
KBME. whose diagouals are mutvally perpendicular; consequently, §, =

E ——|)~ RKM-BE. And since q—l—,- KM-BD. Sy:q=: BE:BD. But since the

trin?;gle ABC is similar to the triangle KBAM, we have 8¢ = BE*: BD
Consequently,
BE s -
Sy g g | e VS
=g e | e Ve
Note. If the point I does not coincide with the point £, the solution is modi-
fied: find
Sy -’,— KM-BD 1; KM.NL- l, KM (BD+NLy -_',- KM-BE

and then proceed in the same way as above.
Answer: Ny, .
332, Let the line-segment EF == r (Fig. 20} divide the area of the trapezoid
ABCD (AD =+ @, BC = b) into two equal parts. Then
ol wh OFN o apa) FLo ety FM
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The altitudes FL and ¥M cannot be found separately (the length of one of them

may be taken arbitrarily), but the ratic FL : FM is of a definite value. Namely,

from the similarity of the triangles #FD and CFK (wherein HD = a — 1

and CK = r — b) we find
: a—z r—b

FL =T

Multiplying this equality by the preceding one, we gel

a2 e 1% = 22— b2

Alternate method. Extending the nonparallel sides, we get the similar triangles
BGC, EGF and AGD. Their areas Sq, Sz, S, are proportional to the squares of

8

whence

X

p
Fig. 21

= qa*, where g ix

corresponding sides b, z, a so that Sy = gb*, §p = qu3, 8y l
alti-

a certain coefficient of proportionality, whose magnitude depends on the
tude of the trapezoid. By hypothesis, 8§, — 8¢ = S — &, ie

, gt — 1) = g (@ — )
and since g = 0,

2 2
Answer: z= l/‘a———;—‘ﬁ- .

533. By hypothesis, BE = BF =a (Fig. 21} and EF==b. Hence, EG

2

nc:]/ at e (-g-) .
By the lhcorex{)oon proporli(z)nal lines in the right-angled triangle (BDE)
we find BD:EL—- : —~ . Now we {ind the side of the rhombus

(AD). The isosceles triangles ARD and BEF are similar, since their angles
(all of them arc acute) are respectively equal (as the angles with mutually
perpendicular sides). Consequently,

AD :BD=DBE: EF,

2t — b= et — 2t

[3

and
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a2

wherefrom we find‘ AD and then the area of the rhombus S=AD.a.
G

AD ;

Answer: ———tzmmmr |
b/ 4a2—p2
534, Let AB == 27 cm and AC = 29 cm (Fig. 22); then the median 4D ==
= 26 cm. Extend AD as long as DE = AD. The quadri-
A lateral ABEC is a parallelogram (prove itl) with sides of
27 and 29 cm.

The area of the triangle ABC constitutes half the
area of the parallelogram obtained, on the other hand,
the area of the triangle ABE is also equal to half the
area of the parallelogram ABEC. Consequently, the area
of the triangle ABC is equal to the area of the triangle
ABE, whose sides are known (48 = 27 c¢m; BE = 29 cm;
AE = 52 cm). Now the area of the triangle may be

8 Y ' ,5’ computed by using Heron's formula:
A 1 ! —
N S=Vrb—a (p—=b p—q
\ ‘l / Answer: 270 cm?®.
\\ i II 535. By the law of cosines a2= b2} ¢2— 2b¢ cos 4, and
t
\\,’ since S :=i besin 4, ie. sin 4= E—:—lf— , we have
th 2 be bl
£ os A= VI ToTnT A m 3.
Fig. 22 = =3

We get two solutions; both of them are suitable (in one case 4 is an acute
angle, in the other it is an obtuse one).

Answer: azl/bz+c3_§—bc or a:l/bﬁ—}-cz—i—gbc.

536. From the triangle 4 BC (see
Fig. 23) we have: z 5 A

m? = b - ¢ — 2 cos B

and since cos B = cos (180° — A) ==

=-—c0s A, then
m® = b - ¢ wie 2be cos A
. - . z Q A
From the triangle 4ADC we find
m? == a? -4 d* — 2ad cos D Fig. 23

Equating this expression to the preceding one, we get
2be cos A ~+ 2ad cos D == at — b2 4 g% — 2 (1)
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In the same way, considering the triangles ABD and CBD, we get
2ac cos A b 2bd cos D = a® — b* — (d&* — ¢} )
Equations (1) and (2) yield cos 4 and cos D, and then we find m* and n®. Proceed

as follows: multiply (1) by b, and (2), by e, and then subtract the first equation
from the second. We get

2{a? — b ccos A = (a® — b)) (& — b) — (&® — ¢*) (a + b)
Dividing both members of the equality by (a® — 4% {5#0], we obtain
42— c2

2ccos Ama—b— Py

Now we find
2 . o2 232 2 g2
m2 == b2 4 ¢4 (2c cos 11)b=c2+a1;~(d Ab_ ol B fbial - )

a—b a-—b

Similarly, we find
g2 — 2

2dcos D==a—b+ —

and then - -
e b2 o d2 4 (2 cos D) b= W’.'___‘l

Note. The line-segment AD == a is smaller than the broken line ABCD.
Therefore the problem is solvable only if @ < b - ¢ - d. But this condition
alone is not sufficient, which is seen from the following. Let @ > b and ¢ = d
(if these inequalities are not fulfilled then we can always change the notation
to make the inequalities valid). Draw a straight line BL parallel to the side €D
to complete the parallelogram DCBL. Now we find: BL = CD == d and DL =
== (B = b. In the triangle ALB the side L4 = DA — DL = a — b is larger
than the difference of the sides AB == ¢ and BL = d. Therefore another condi-
tion should be satisfied, namely a — b > ¢ — d. If either of the conditions is
not fulfilled, then at least one of the expressions obtained for m* and n* will
turn out to be negative.

The two conditions ¢ < b -+ ¢ + d and a — b > ¢ — d are quite sufficient
for the problem to be solvable. Indeed, the first condition may be written in the
form a — b < ¢+ d. Consequently, we can construct a triangle ABL with
the sides AL = « — b, AB = ¢ and BL = d. Extending the side AL by LD = b
and constructing a parallelogram DLBC, we get a quadrilateral ABCD, which
is a trapezoid with the bases AD = a, BC = b and nonparallel sides A8 = ¢

and DC = d.
Answer: 2LV (E 0
 m2e £
Y i L e
ne = 7

537. For the notation in Fig. 24, where £A4 = 60°, we have
BD? == AD*+ AB* — 2.BA AD -c0s 60" == a* - b* — ab,
ACH = a® 4 b2 ab



220 Answers and Solutions

2
Since AC is longer than BD, the given ratio —1,—7? is equal to ggz (but not
BD? .
to ———) . From the equation
2
a\2 a
eipra 19 (F) T 19
Fr—ab 7 % Ta\2 a7
(7) +1-%
. a 3 a 2 N
we find 3= and T Both of these values give one and the same

Barallclogmm (we may alter the notation in Fig. 24, denoting 4B by « and 4D,
y b ’

Answer: the sides are in the ratio 3 : 2,
538. Let O be an arbitrary point within the equilateral triangle 4BC
(Fig. 25). Join the point O with the vertices. The sum of the areas of the triang-

8

Fig. 24 Fig. 25

les AOB, BOC and CO4 is equal to the area of the triangle 4 BC. Denoting the
side of this triangle by a, and the altitude, by k, we get
(0K +0L+03) & =%

B N 2

”
Henece,
k= OK -+ OL + OM

539. By hypothesis, BC = 47 m and C4 = 9m
(Fig. 26; the drawing is made not to scale); hence,
BA == 56 wm. Consequently, AD-AE = 9.56 = 504.
Let AD ==z, then DE = x4 72 and, hence,
AE = 2z - 72. From the equation x (2z -+ 72) =
5 =304 we find z = 6.
Answer: AE = 84 m.
Fig. 26 540. The problem is reduced to finding one of
the legs of the triangle OAB (Fig. 27), given the

hypotenuse O4 = m and altitude BD = —Z—-. Let us denote the larger leg by =z,
and the smaller one, by y. The area of the triangle OA B expressed in two
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different ways (see solution of Problem 512) gives the equation xy = a%l— , ie.
2cy = am; besides, «2 4 y2 = m? Adding and subtracting these equat.i-ons by
members, we get
rty="VmFam
and
ey Vi
Both z and y can serve as the required radius.
Answer; 5 (Vi Fam+ Y/ me—am), or VT Fam —V/ ).

8

C
Fig. 27 Fig. 28

541, Since the radius of the circle is equal to 13 em and 30 =5 cm, then
MD =8 cm, MC =18 cm (Fig. 28). Let us denote MB by x. Then A3 =25 —r.
Since AM-AMB = MD-MC, we have

B
(25-—-2)7=:18.8 /o0

Hence xy==16, 25 9.

Answer: the segments are 16 cm and 9 cm
fong.
542, ¥rom the triangle EBO, (Fig. 29),
i . .
wherein BE -.-—E—AB. we find 4 /"
R0, e A
2 cos X
T2 -

From the triangle ADO;, wherein LD("
we find

r== Oy == AD-tan (/w (o >‘}\

éR‘:‘n’u FIRY -
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Since AD == AB.sin —«C; (from the triangle ABD), we have
a
e_
cot ( 45 A )

Rir= -
sine

cot (45" —«-:Z- )
sin a

543. By hypothesis, a = BC =13 cm, b= C4 = 14 om, c¢= 4B =
= 15 em (Fig. 30). Denote OE = OF by R. The area of the triangle ABC is

Answer: — =
3

8
£
4
A D &
Fig. 30 Fig. 31

equal to the sum of the areas of the triangles BOC and AOC. Since the areas of

these triangles are equal to —5— and , respectively, then

9

27R
Sanc=—5—

On the other hand, by Heron's formula
Sanpc="12121—15) (21~ 14) (21 — 13) = 84 em?
Equate the two expressions for the area.
il

Answer: R==6 % cm.

544. In the rigixhang]od triangle OEB (Fig. 31) the angle EBO is equal
to 60°. Therefore

2 2R
BO = EQvmo o
V3 V3
Hence, (V3s2)
2 R(V3+2
D= R (44— ) =L T
BO=R 1+ 1/3) 73

From the triangle ABD we {ind
/3 -
ap- BB ap e R(VE4 D)

V3
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hence,
AC=2R(V3+2)
Answer: AB:BC:Z—I-%—L%?‘—E—)‘ AC=2R (V3+42).
545. From the triangle ABD (Fig. 32) we have
BD ==Y/ BAT-AD?=18 cm

Since
BC-BD=BA?,
then
B4z
BC = B = 50 cm
Consequently,

AC ="/ BC?— BA2=40 ¢m

Answer: the semicircumference is equal to 20x.
546. Since the angles B, D, and £ of the quadrilateral ODBE are the night
ones and DO = OF (Fig. 33), this quadrilateral is a square. The sought-for

8
J
7 £
£ T A 17 [
Fig. 32 Fig. 33

arc DE is equal to one fourth of the circumference of the circle. Let us denote
its radius by A. From the similarity of the triangles ADO and OEC we have

AD  OF
A0 T OC
Since
AD ="V A0 0D =V 15E_Jit,
then
ViRt _r
15 0
Hence, R=12.

Answer: Gn.
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547. The area S of the quadrilateral ADEB (Fig. 34) is

8§ =84pc—SpEC
We have

Sapc =" BD =12 cra?
To find Spge. let us notice that the triangles DEC and DBC have the
common vertex D) and one and the same altitude (not shown in the drawing)

and that SDBc:‘.i,‘ Sape="0 cm?. Consequently, Sppc:6=CE:CB. The

B
B
Py AN
0
£
7 A A g [+
Fig. 34 Fig, 35

unknown segment CE is found proceeding {rom the property of segam,s drawn
N i CD-CA
from one point (0). We have CE.CB=CD-CA, whence CFE ke

3]
; . CE CD.CA
Sppew6 TE 6 —TE

. Hence,

Answer: 8= 10.8 em?.
348, The aven S of the triangle ABC (Fig. 35) is equal to the product of

. . Y s r . . . . . .
its perimeter 2a-+2 Va4 k% and 5 (r s the radius of the inscribed circle):

S s {a4- Va2 ER2) ¢
On the other hand,
8= 71;- AC-BG ==ah

Equating the two expressions, we find
ah
o e
a1} at-h
The segment A4 is found from the proportion
DE: AC = BF : BG
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where
AC=2a, BF=h—2r and BG=h

Note. We may find r in a different way: the straight line A0 is the bisector
of the angle 4. Hence, the linc-segments G0 = r and OB = & — r are propor-
tional to the sides AG and AB, i.e.

r a

Ry = VaZ iz

ha
Answer:  r s s
Va2 4-q
DE—2a VELRea  2(VEFIE—a)
T VaYiita 2

549. Since 0OB.0A = 0C.0D (Fig. 36) and OB = OC, then 0A = oD,
The opposite sides AB and €D of the quadrilateral ABCD are equal to each

a

xy
]

R

7 L

Fig. 36 Fig. 37
other; hence, the given lengths (6m and 2.4m) belong to the sides A0 and BC
(AD = 6m, BC = 2.4m). The lines BC and AD cutting equal segments off
the sides of the angle AOD are parallel, which means that the quadrilateral
ABCD is a trapezoid {an isosceles one). From the similarity of the triangles
BOC and A0D we find
BO A0 = BC: AD

whence BOAD 2.6
e 2D R
AC= iTH 70 m

hence, AB=3 m. Now find the altitude of the trapezoid

Y P e )
h:liK::}/Alﬂ—'AK2=]/32—-—(272‘-‘) =24 m
Answer: S = 10,08 m?,
550. By hyKothesis‘ AB = 6m, AC = 7m, BC = 9m (Fig. 37). Let Ry,
Rp and A be the required radii of the circles with their centres at A, B and ¢,

1501338
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Then R, + Ry =6, Rp — Ry = 7, Rg — Rg = 9, wherefrom we find the
radii Ry, Ry and Hg.

Answer: R4 = 4m, Rp = 2m, Rg = 1im.

551. Draw O,F parallel to 4B and O,P parallel to DC (Fig. 38). By hypo-

thesis, AB = - CD. Denote CD by z. Then 03P = x, O,E = —g-z. From the
triangles 0E0, and OPO, we have
O,O%:O,EZ—{—%::Z and 040§==0,P2 22
Equate these two expressions and take imto account that
7 OE = 044 —E4 =014 — 0,8 =
=5 - 2 =3 cm
and, similarly,

\ 8 OP = 0,C+ 0D =17 cm
l-g Then we get
NY2% NI

whence 2% == 32, Therefore
7 0,03 = 49+ 32 = 81
Answer: 040, = 9 cm.
Fig. 38 552, Since the distance between
the centres of the circles is less

than the sum of their radii, but exceeds the difference between them, the circles
intersect cach other; hence, they have a common exterior tangent and {no

4

Fig. 39

common interior tangent. Put 0,C = z and 0.C = y (Fig. 39). We have
x =y = 00, =21 em and ziy = 0yd 1 0B = 17:10

Answers O€ = 51 em, 0,C = 30 cm.
553. Two langents to the circle O (MD and MA) pass through the point M
(Fig. 40). Hence, MD = MA. In the same way we prove that MD = MB.
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Consequently,
MN = 2MD =AM+ MB = AB

To find AB draw the straight line 0,C parallel to 4B. From the triangle 0,0,C,
wherein 0,C == AB, 0,0, = R+ r and O,C = R — r, we get

AB="V (BTt (R—rp
or
AB=2VRr

Answer; MN =2 '1/727.
554. Let MN be a common tangent to the two circles (Fig. 41). Since AM =
= MP = MB, MN is the median of the trapezoid ABCD. We have MN =

o
=) (Y
(1

D
Fig. 40 Fig. 41

o

= AB = 2V/Rr (sce solution of the preceding problem). Let us now find the
altitude BG of the trapezoid. According to the theorem on proportional lines
in the right-angled triangle (EAB),
we have

AB?
Be= g
But
IBE = 0y0,= R4
Hence,
ARr
56 = e
3/2
Answer: S=8}:::)r Tig. 42

555, Denote the radius of the required cirele by z. Draw the straight line
MN J{AD through its centre O, (Fig. 42). Since AR is perpendicular to the
radii 0,4, 0,8 and 0,0, then AM = BN = r, and, hence, O M = 0 — ¢
and O,N == r — z. Furthermore, we have 0,0, = R+ o and 0,0, = r 2,
Consequently,

MOg= VR = (R—2p =2} Tr
15%
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similarly,
NO3=2Vrz

And since MN =2V Fr (see Problem 553), we have
2VRz42 V=2 VE
VEr
Ve VRrv
B
1 VRV
536, Since § =+ absinC, where C is the angle between the chords, the

2
2
problem has no solution for § > —;— ab. If S <-;§—ab, then we find sin C——-—;g— '

whence

Answer: the radius of the circle is

and there exist two triangles with the sides ¢ and b and arca S: in one tri-
angle C is an acute angle, in the other it is

452

obtuse. In the first case cos Czl/-i—m- .

in the second case cosC = — 1 452
e s 2 = o

Hence,

€22z g2 4 b2 20b cos C = a2 4 b2 7 2 )/ GZh2 — 452
(the minus for an acute €, the plus for an
obtuse one)., At §a= —21— ab we get a right-angled

trinngle, so that ¢2=a24 52 The radius of
the circle circumscribed about the triangle is

¢
by the formula R = g |
found by the ST
ab} @262 3 2 Vatht— 4st

Answer: R = . For §> iab there is no solu-
48 2

tion, for § <—;—ab~l\\n solutions (the minus sign if the angle between the

.1 .
chords is acute, the plus one if it is obtuse). At S = ab we have one solution

(the chords™are mutuaily perpendicular). L
hypothesis (Fig. 43), 4B =ag=R, AsBy=a,=R Y2 and A38;3=

537. B
sm gy R The a]lit\lflos_of the triangles OA(By, 0A,B, and 043B; are
0C == R 5 3 2 OCy= R ,}/2 ; 0(.‘3:—{;-. respectively. Hence, we determine

the areas of these triangles, Then we find the area of the sector 0A(DBy: it
is equal to one sixth of the area of the circle; therefore

o

1
Soapp, =
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. 1 . .
Similarly, S0A2D32 :::-;—nRZ and SUAzDBg""S‘ aR2. Subtracting the area of

each triangle from the area of the respective seetor, we find the area of the

segments:
siem (5-7)
sre(3-4)

The area of the portion of the circle contained between the chords Ay and
AyB, is B

2 _
52_5,=-';2—(n+31/3-u)
the area contained between 4,1, and
Aghy is 0
. Rz P
33_522—‘7(.1—3 V34 6)

Answer: the ratio of the areas is equal A oK
n+3(2—V3)
a—3(2—V3) )
558, For determining the radius 0K = r (Fig. 44) of the inseribed cirele let
us make use of the lormula for the area of the triangle! § = pr {p is the semiperi-
meter of the triangle). By hypothe AD = 144 cm, DC = 25.6 e, therefore
AC == 40 e, Hence, AB = VAD = 24 {em), BC = VDCAC = 32 (cm),
Consequently, p = 48 em and § 84 cm?,

Answer: the area of the circle is equal to 64n em.

to Fig. 44

8
L £
Al
A<o0® 7 c
M g
);

Fig. 45

539, The line LN joining the points of tangency of the two parallel lines AB
and CD (Fig. 45) is the diameter of the circle. Therefore the inscribed angles
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LEN and LMN (and, similarly, the angles MLE and MNE) are the right ones.
Hence, the quadrilateral LENM is actually a rectangle. 4BD is an equilateral
triangle (since AB = 4D and £4 = 60°); the line-segment LN (the altitude
a3

5
The area S of the rectangle is
equal to

-;- LNtsin 2 LOE =

of the rhombus) is equal to the altitude of the triangle ABD, i.e. LN =

=—;~LN2-sin £ BAD

(the sides of the angles LOE and
BAD are mutually perpendicular).

3\2
Hence, Szé ( b 5 3) sin 60°.

322 V3

16 )

560. It is required to determine the area S; of the figure MCNF (Fig. 46)
and the area S, of the figure KDNE (the areas of the figures KALG and LBMN
are equal to Sy and S, respectively). Since, by hypothesis, AC=4H, them

Fig. 46 Answer: S =

8 ¢
30°
a £ 2
Fig. 47

0C =2.0M; hence, £ OCM =30°. Then we have 2 MON = 180°—2.30°==120°
and £ KON ==60° The area of the quadrilateral CMON is equal to R2Y/3,

and the area of the sector MONF, to 5 aR% Hence, §;=RE Vi-’-—ﬂa ;
- R 5"
similarly, SS:._YS."?'. I{ZMEB_,, .
R(3V3—z) ¢ R(2V3—x)
] I .

Answer: §y= 3
361. Since £ A=30° (Fig. 47), the altitude BE =h of the trapezoid is equal

to —;—AB. By the property of the circumscribed quadrilateral, BC+AD=
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== AB+CD=AB. Therefore

S AB4-CD hziAlﬂ
2 2

Answer: AB= }/53:.

562. Given the area §=20 cm? and altitude BE=2r=4 cm (Fig. 48), we

find the half-sum of the bases iq;gﬁc—=s cm. Consequently, AB=35 cm
(see the preceding problem). Now we find AL ="V ABE—BE2=3 cm. But AE
B8 4
I
&
A £ F/ A M N ]
Fig. 48 Fig. 49

is the half-difference between the bases of the trapezoid. Knowing the half-sum
and the half-difference, we find the bases themselves.
Answer: AD =8 c¢m
BC=2 cm
AB=CD=>5 cm
563. The arca Q of the trapezoid ABCD (Fig.49) is equal to
BC4-AD
2
{R is the radius of the inscribed circle). Since this trapezoid is circumscribed
about the circle, BC-+ AD=AB+CD. But 413=m, and CD=

BM =(BC--AD) R

sinf -~
Therefore
. . B8 M
1 1 sin o --sin B
Q=2R2 2RI T T
=2 (sina+sinﬁ ) 2R sino sin f
. a--B o—f
i 4R? sin 7 €08 4
o sin « sin B
Answer: R:l (sinasin B A N 2
2 siniﬁ cos a;—ﬁ Fig. 50

564, Since the lateral side AB (Fig. 50), perpendicular to the bases, is equal
to 2r, the inclined side CD is greater than 2r. Consequently, the lcast side of
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the trapezoid, equal to —g—r, is the (smaller) base BC. To find the larger base

AD draw straight lines OC and OD which are respectively the bisectors of the
angles MCD and NDC, whose sum amounts to 180°. Hence, £ MCO -+ £ODN =
= 90°, From the right-angled triangle ODN we find £ NOD 4 LODN = 90°,
Consequently, , ¥OD = / M(O0, and the triangle OD N is similar to the triangle
OCM. We obtain the proportion ND : ON = O MC, where ON = OM ==

and MC = —;— (by hypothesis). Hence, ¥D = 2r, and AD = AN + XD =
= rep 2r == 3r,

2
Answer: S:—gr-v
365. The triangle OM/C is similar to the triangle OND (Fig. 50) (see the
receding  problem). Since 9b 4., then 22 _o a I o
preceding  pi . 0C =T =% oar =2 an e =% le
ND=20M=2r and MC=
8 oN 1 .
0 =z =-r. From the right-
A 272
angled triangle OND we find
2.4 (2r)2 =42, whence,
0, 4
r=——— (cm)
2 T\ Vs
Now we find AD= AN+ ND=
= 2r 2= B 1?', cm  and
Vs
0 . 6 ' .
BC = cm.  The altitude
V3
AIN of the trapezoid is equal to
Jr= 2 cm
A Y [ ’

Answer: §==144 cw?,
Fig. 51 366. The centre O of the first
circle (Fig. 51) divides the alti-
tude BN == b in the ratio BO: OV =2 1. Consequently, the diameter /N is equal

> i )

to —%h and hence, I/ ::—3«11‘ The second circle is inseribed in the triangle
l)l)f'.‘, whose altitude is equal to one third of the altitude % of the triangle ABC.
Hence, the radins ry=0QM is one third of the radius r==ON. Therefore,
aV/3 )'-3 _na®
[3 T

circle Oy will be 8y - S. And since there arc three such circles, their total
RS

il $ is the area of the circle 0 [S:.::r. ( j , then the arca of the

area ¢y will he .
(\),;:3-5
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Reasoning in the same way, we find the total arca of the next three circles
e Oy 8 and s
Q2= Oy =35 § aud s0 on.

Thus, we obtain an infinite sequence of addends
O O le e 1o
S Qy+ Qa4 03+~~=S+g~5+§3‘~51—3—55r~-~
The terms of this sequence, beginning with the term -?:-S (the addend § is
treated separately), form an infinitely decreasing geometric progression

(a,:—;-S; q:—%—) . The sum of this progression is equal to

Te get the required area the addend S should be added to the above sums.
i1

Answer: the required area is equal to %Szgﬁﬂaa.

367. To find the area of the trapezoid
BMNC (Fig. 52) it is required to find M
the base BM and altitude MN, since CN 4
is known. First determine CD .= x. We have

Z(BC+4 7)== AD? N
or
z (54 2} =150

Hence,
" CD ez =10 (cm) EN__7*

From the similarity of the triangles Fig. 52
BMD and CND it follows that

%}—i—:% or .ligi-:]% \,vhencve BM =9 (¢cm)., The altitude MN is found
from the proportion %:%;))“' where ND = 1/01)2.__6"»2.
MN =4 em.

Answer: S =30 cm?,

568. Let Oy, O, and O3 be the centres of equal inscribed circles and lot r
be their radius (Fig. 53). Since A0y and €0, are the bisectors of the angles A
and C, each being equal to 60°, then £ 044D == 30% hence, AD = EC=r /3.
Furthermore, DE =040 == 2r, Therefore 2r (14 V/3)=a.

a a(V3—1)

Answer: r ~_m = A

LS

We get
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569. The required area LMAN (batched in Fig. 53) is obtained b, subtracting
the total area of the three sectors O,ML, O,LN and O3NM {which is equal to
the area of a semi-circle of raditis r) from the area of the triangle 0,0:0;, whose

a(V3-1)
2

side is equal to 2r= (see the preceding problem); therefore

5 a@V3(V3—1)
S010:03= ® V3 =
The total area of the three sectors is equal to

art _ac? (V31 na2(2—V3)
32 - 16

T

Answer; S =12 ('\/3—%) =M§%§l—ﬁ:ﬂ—) .

570. Solved in the same way as the preceding problem (Fig. 54).
a2 (b—n)
Answer: S == e |

Alternate solution. The required figure KLMXN is equal to the one which is
hatched in Fig. 54. The latter is obtained by subtracting two semi-circles from
the square BC;MA.

8
G
M, N,
) 0
L
A i) £ 4
Fig, 53 Fig. 54

571. Determine the radius R of the circular arc of the segment, whose peri-
meter is equal to the sum of the lengths of the arc A‘CIB and chord AB (Fig. 55).

o -
We get —:;- AR+ R}/ 3=p, whence

-
21+3V3
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‘The area S of the segment is equal to the area of the sector less the area
of the triangle OAB, so that B
R2V3

- 2
S = nR "

wof

3.2 (4n—3 V3)
4(2n4+3V3)%

572. To find the sides AB and BC of the triangle ABC (Fig. 56), it is suffi-
cient to determine EB == BG = z, since AE = AD = 6 cm and (G = (D =

Fig. 55 Fig. 56 Fig. 57

Answer: S =

= 8 cm. For this purpose let us compare the following two expressions for the
area of the triangle:

S=rp and S=Vpp—a){p—b(p—0)
where p is the semiperimeter of the triangle, i.e.

%(EA+AD+DC+CG—{AGB+BE) =~,‘7(28+21)=14—;~z

We get the equation
4(tht0)="VY {Tb5 2)-2-6:8
flence, z =7 (cm).
Answer: Al ==13 cm; BC==15 cm.
573. Let CD : DB==m:n (Fig. 57). Then B : BC =n : (m 4 n). Consequently,
BD BD _ »n

€08 B == AT S WER Since B=180°—2C, c082C=cos{(180°—B)=
= el Hence
m-n

. H—coszcﬂ.‘/ m
e~ SV

Answer: B ==arccos

n
m--n

~ m 1 < LAY
Cwarccosl/—""“—z(m_*_u) ['— 7 arccos ( Tmta )J
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574. The circle is divided into four pairwise equal arcs: AB = BC and €D =

=DA (Fig. 58). Let the arc BT be less than 96° we do not copsider the simplest
case m : n= 1, when all the arcs are equal to 90° each). Find the central angle

4

A
Fig. 58 Fig. 59

a == £ BOC measured by the arc BC. By hypothesis, DE : EB = m : n. Taking
the quantity - for the unit of length, we have DE = m and EB = n. Hence,

DB m+4n
272
and
m-+n —_n
OE=DE—DO=m——1" = ”‘2
Hence,
08 0 = OE m-—n
T0C T man
and
0% == AICCOS it
- m--n
R Y m-n .
The arec CD contains 180° —arccos - (degrees), i.e.
-+ n
t
m—n .
L~ arecos (radians)
m~-n

T, o
Answer: the are smaller than S is equal to arccos T {m>n); the arc
- m n
bt S m e n n—m
larger than 5 is equal to 7 —arccos — - = apceos ——— .
2 - m--n

575. Let o (Fig. 59) be the angle of the parallelogram, Then
hy=BM=AB-sina
and
ho==BN=BC.sina
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—h—‘—';)th—“’—-. If o is an

Hence, hy - hy=(AB-+ BC)sina=psina, whence sin o =

hy-j-hs

-11—-7—)-1-‘-. Then the obtuse (or right) angle
. hyd-hy

of the paralielogram will be s —arcsin fii.&

Note. The problem has no solution if g+ hy > p. If hig-hy < p, the problem
is solvable (at hy+4-hy=p we have a rectangle).

Answer: one of the angles is equal to arcsin
hy+hy

F4

576. By hypothesis, BD : BE = 40 : 41 (Fig. 60). Let us take 215 part of BD
for the unit of length. Then BD = 40, BE = 41. Since the triangle 4BC is

¢
|
/% <§(i’ Eﬁf—: ’
o 2
Y] TE ¢ A 5 [

Fig. 60 Fig. 61

acute (or right) angle, then o = arcsin

I hs
—i-'-i;-—’-%, the other, to

f—aresin

a right one and BE is the median of the right angle, AE = BE = 41, BDIL is
a right-angled triangle, therefore

DE =V TEEZZBDZ=9
Consequently, AD=: AE - DE =32, From the similarity of the triangles ABD

) S AR aD 4
and AAC we find DT T
4

Answer: Ag -
577, Since A (Fig. 61) is the bisector of the angle « .= £ CAD, z BAO =

‘.ﬁ In the same way we get LABO:-,; {90° — 1) ~:/4:3°—%. From the
triangles AOD and BOD we have
AD=0Dcot - and DB::OD'('A)L(/AS"——%)

Consequently,
¢ ABw= AD 4 DB=0D [coL 5 oot (45° ~.‘:_)]
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wherefrom we find r= i . The denominator may be

cot %‘-—{—cot (45°-—%—)

reduced to a form convenient for taking logarithros:

a o &
€08 o  COS (40“————)

cot -g'—-—}-cot 45°—--,°£)= 2 + 2 =
2 E sin = sin {45°——=
2 ( 2 )
o© . a oa 3
B ¢os —- sin (45°——2—)+sm 5 008 (45°——2~) _ sin 45°
sin —Z—sin (45"—-—%—) sin%——sin(/‘ﬁ"-——g—)

Answer: r=c V2 sin —(:— sin (45°—-%L—) .
2 2
Note. By using the formula r= §:p (S is the area of the triangle; p,
semiperimeter), we could get a solution in the equivalent form
e csinacosa
T At cosatsina

578. Let us denote the sides of the triangle by a, & and ¢, and let ¢ = 7 em,
b 24 on and ¢ == 25 cm. Since ¢® b = %, the given triangle is a right~

Fig. 62

] . ; . . c
angled one. Consequently, the radius R of the circumseribed circle is equal to .

The radius of the inscribed circle is found by the formula rz—p-. where § is

the area of the triangle and p, semiperimeter.
Answer: = 125 cm, r = 3 cm,
579. By hypothesis, s BAE=¢ (Fig. 62). Consequently, £ BAO;=-3.
11 is required to determine R=048 and r=0sC.
We have
R re O -+ FOp== 040y == d
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and
R—r=0,8—0,C=0,D
From the right-angled triangle 0,D0,, wherein
£00D= 2 BA01=§
we find
0D=00,sin-L, ie. Rre=dsin i;l
From the two equations obtained we find

d(b}-sin—%’-)

R= 3
and
B d ( 1 ~sin %)')
r= ]
Substituting cos (90"»%’-) for sin fil we may transform these expressions

Answer: Rz==dcos? (45" ——-‘7‘2 )

: ¥
= 2 {450 %
r=4d sin ( 45 % )
580, From Fig. 63 we have
. DE MN 2
sin £ BAD =5 =5 =&
By hypothesis, MN.DC=0Q, ie. 2ra=Q and,
furthermore, nr2=S. These equations enable

us to determine r and a separately, but since it b
is sufficient to know the ratio %, it is better Fig. 63
to divide by terms the second equation by the first one, We got ¥=% R
=a
r 28
whence — = — .
a  nf s
Answer: £ BAD ==arcsin —x .

nQ
581, The area of the inscribed regular 2n-gon is equal to nRZsin 180°

The area of the circumscribed regular n-gon is equal to nR2 ganﬂo_o_, By
: 3
hypothesis, '

o
nit (tan -?%O——Sin.{_sr?i) =P




240 Answers and Solutions

Hence,
— VP
Vn(tan o —sin @)
180° . . .
where o= . The expression tanwa-sing may be transformed in the

following way
tan o —sin o= tan a (1 —cos ) =2 tan a sin %

Answer:

peot 20
Re P 1 n
1800 480°y . 90° 2n .
n(tan———-—-sm—-—-) SN
n n n

582, Regular polygons with equal number of sides are similar; therefore
(Fig. 64) their areas (5; is the area of the inscribed polygon, S, the area of the

Vi 8 N
4 e M 8
; ‘?
£ ()
Fig. 64 Fig. 65

circumscribed one) are in the same ratio as the squares of the radii
Sy:8:=0D2: 042
But from the triangle 04D we have

oD 180°
N £ D04 =cos —_

“0°
Answer: S(: 83==cos? E’L_ .

583, Let AB=ua (Fig. 65) be the side of the regular n-gon. Then

180° I
LBON—(Z———’;—, and 41\.431.——5-._ ~

(as the inscribed angle subtended by the arc a). The area of the annulus is
2
Q=7 (0A2—OM2) = . AM? = (;)

The width d of the annulus may be found from the triangle NAM.
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2 o
Answer: Q__:_n_a_; d:—;— tan -gn(—)-—- .
384, Denote the required radius by z so that (Fig. €6) 024 =0,B=1z. From

the right-angled triangle 0,004, wherein 4020,/1:—?;— and 0,0,=0,B—

—0pB=R—2z, we have 0p4=0,0,sin 2 e z= (R —=z)sin —%‘-.

D

8
v}; ”

[4

Fig. 66 Fig. 67

Jid sin—g- R sin -g—

Answer: 2= = .
Lgin & 2 450.... %
1—r-sm—2- 2 cos’ (45 A )

585, The area S; of the quadrilateral ABOC (Fig. 67) is equal to ?..%—OBX

X AB==R2cot o. It is necessary to subtract from it the area S, of the sector
COBD, whose central angle is equal to

(180—2a)°. We have ¢ 8 £
180—-2a ., W—a
Sp =l —ggrm = Ry

(o is measured in degrees).
oo
: S =88, R2 JRERASIY Rfhadng
Answer: S =8§;— Sy R {cota 5 +18()J

where the angle « is messured in degrees, or A ¥/
n

S-—:m( fm i ’} vhere o is measured .

§ 7cota 7 where o’ is m re Fig. 68

in radians,

586. By hypothesis, the area of the triangle ABF (Fig. 68) is equal to one
third of the area of the thombus ABCD, i.e. two thirds of the area of the trian-
gle ;1[!6'. Since the triangles ABC and ABF have the common altitude AG,
we have

2 2
B = e = o
BF 3 BC 7
1601338
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Therefore

4 N
AF? = AB? - BF2—2AB- BF cos (180° — ) = 0% - a2~§~—§- aeosa
Answer: AF == AE:%— ViiEZcosa.

587. Extend BM (Fig. 69) to intersect the side 04 of the angle A0OB at the
point R. From the triangle A MR, wherein LAMR = LAOB = 60° (as the
angles with mutually perpendicular sides), we find MR = 24M = 2a. Conse-

8
5
M
\\
[ ¢
4 Y
Fig. 69 Fig. 70

quently, AR = RM - MB = 2a -~ b. Now, from the triangle ROB, wherein
OR == 20B, we find (20B)* — OB* = (2a -~ b)*. Hence,

kY
op=0t

The sought-for distance OM is determined from the triangle OBAM.
N 2 e
Answer: OM == - ‘;3 Vet ab B2,
588. The problem is reduced to finding 2 ACH=1I2a (Fig. 70). Extending
AC and drawing BL{ DC, let us prove (in the same way as in the theorem
on the bisector of an interior angle of a triangle) that CL = BC =a. From the

g_a_—_;—[;_li_t , and from the

similarity of the triangles ADC and ABL we get BL==

b
isosceles triangle BCL we have BL=2a cos a. Consequently, Zacosa = (_a_.b_)_t

wherefrom we find cos «; then we find sina and

1 R
S.—:-‘—l)—at sina-f——z-bt sin a::‘i—,t(a,- b) sin o

1 : .
Alternate solution. The area --absin 2z of the triangle ABC is the sum of

the areas —%—btsina and %at sinc of the triangles ADC and BCD, respecti-
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, H . 1 . .
vely. Consequently, absin o cosa =5 bt sin a+—2~ atsina whence we find
€os a.

Answer: S :E—%Z)—t V4a2b? (g by 2.

589, Let the rays CD and CE (Fig. 71) divide the angle ACB into three equal
parts: £BCD == (DCE = LECA = a. By hypothesis, AC = (B = ¢ and
CE = €D = t. In the same way as in the preceding problem we find from the

) 4
%\
A 0 £ 8

Fig. 72

. ;
fe g o =£—T—l—x—; then we find sin «. The required
2at 2a
area is the sum of the areas of the triangles ACE; DCE; BCD,
Answer: S TIT(Za»{ HVEa H@a—0.
i

590. In the triangle ABC (Fig. 72y CE is an altitude and €O is a median,
Let us denote the required angle OCE by . and the angles of the triangle by
A, B and . From the triangles ACE, BCE and OCE we fimd the following
expressions for the segments of the base:

triangle BCE: cosa =

BL EC.cot I}
and

Ok =EC tan g
Since A0 == 01, we have

AE < BE 5 (AQ 4 OE) — (OB - OF) = 20E
Substitut ing the expressions found for these sogments, we get
EC cot A— EC.cot = 2EC -tan [
or
col A—cot B=2tany

o] -

Answer: \an ¢ — (cot A cot By

167
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591, The required area § (hatched in Fig. 73) is equal to the three-fold
area of the figure EMFB. By hypothesis, OF =-—;— AB:% . In the right-angled
triangle OED the leg OD (the radius of the inscribed circle) is equal to

L 3. consoquently, oo=015—2§. Hence, 2 DEQ=60°. Similarly, 2 KFO=
==60°. Since the angle EBF is also equal to 60°, OF|| BF and OF || BE, and

Fig. 73 Fig. 74

the quadrilateral OEBF is a rhombus with the side % and the angle 60° at

the vertex O. Subtract the area of the sector EOF, equal to %—n ( —g—)z.

| 4»

A JEo T3
Fig. 75 Fig. 76

from the area of the rhombus (-3— 5 and wmultiply the difference thus

obtained by 3.
a

2 _
Answer: 8 = (3V3—n).

592. It is required to find S:—;AB-DC (Fig. 74). The angle CFB is
a right one (as an inscribed angle subtended by the diameter). Conssquently,
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DC = AF, and thus, S:—})— AB. AF. But, by the property of the secant, we have

AB.AF:AEzz(-’i)Z

2
2

Answer: S:T .

593. Since £DCA == LOBC (Fig. 75) and £BCO = £OBC (for the median
OC is equal to half the hypotenuse), we have £DCA4 = £BCO. But, by hypothe-
sis, £ACE = ¢£BCE. Subtracting the former eqluality from the latter one,
we get LDCE = LOCE, i.e. CE bisects the angle DCO.

594, The diameter 2R of the circle circumscribed about the right-angled
triangle A BC (Fig. 76) is equal to the hypotenuse 4B. The diameter 2r of
the inscribed circle is equal to

MC -+ CK {since MOKC is a
square}). Hence,
AC - BC = (AM <+ BK) -+ o
(MC -+ CK)y = (AL + LB) + 4
+ (MC -+ CK) = 2R -+ 2r.
59d5. In the same way as in }tho 1\7 £ “
preceding  problem, prove that -
atb=2(rtR), o, aib= % N2
e DG T N
=2 (-f;.n:rn =xc  Further - N A
more, a2--bt=sc2 A 8
Hence,
=3,
e H . 03
4 4 3
b»-gc (or a::-s—(, b-—-—S— c)
Fig. 77

Answer: sin A ~—g- , sin B:é- .

596. Let us construct (Fig. 77) the triangles OEQ, and 00, (£ and F are
the midpoints of the sides of the parallelogram). They are congruent. Indeed,
OF = Fe, and, by hypothesis, FC = 0,F. Hence, OF = O, F. Similarly, wo
prove that O£ = OF. The angles OEOQ, and 0F0, (both of them are obtuse) are
congruent, since their sides are mutually perpendicular. From the congruence
of the triangles GEG, and OF0, it follows that 00, = 00, and £ OOE =
= £0,0F. And since 0\E and OF form a right angle, the straight lines 00,
and 00, also form a right angle. Hence, the triangle 0,0,0 is an isosceles right-
angled one, The same refers to the triangles 0,040, 040,0 and 0,0,0, which
means that the quadrilateral 0,0,0,0, is a square,
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CHAPTER IX
POLYHEDRONS

Notation (for this and next chapters):
V = volume
S or Spase = area of the base
Siq1 = area of the lateral surface
Stotat = total area
@ == side of the base
r == radius of the inscribed circle
R = radius of the circumscribed circle
H = altitude of a solid
h == altitude of the base
I the above quantities are denoted otherwise, this fact is mentioned each
time. In the accompanying figures invisible lines are presented by broken lines
with short dashes, and auxiliary lines, by broken lines with longer dashes.

Fig. 78 Fig. 79

507. The projection of the diagonal 4,C of the parallelepiped (Fig. 78) on
the plane of the base ABCD is AC (the diagonal of the base). Therefore the angle
o between AC and the plane ABCD is measured by the angle 4,C4. From the
triangle 4.4,C we find

Ady=AC tan o = Va5 tan o

Substitute it into the formula Syp¢ = (2a--2b)- AA,,

Answer: Spar-=2(a-+b) Va2 b tan . .

598. From each vertex of the prism, say from A, (Fig. 79), we can draw three
diagonals (4.E, 4D, A,C). They are projected on the plane ABCDEF as the
diagonals of the base (4£, AD, AC). Out of the inclined lines 4,E, A.D, A
the greatest is the one having the longest projection. Consequently, the greatest
of the three diagonals taken is 4,0 (the prism has other diagonals equal to 44D,
but there is none longer than 4.D).
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From the triangle A(AD wherein £ DAA=o and A\D =d, we find H =
=AAy=dcosa, AD=dsina. The area of the equilateral triangle AOB is

" - 20 e
oqual 10 7408 V3. Howco Shaee=6-7-0421F =61 (A2) 13 1o
3713
V3,

volume V' == §.1f = AD2.AA,.

3 .,
a3 sin® o cos o

3
2

Note, For graphical representation of a regular hexagen (the base of the
prism) we may construct an arbitrary paralletogram
BCDO. Extending the lines DO, €0, BO and E
marking off the segments 04 = 0D, OF = OC and
OF == OB, we obtain the hexagon ABCDEF. The
point O represents the centre,

599. (a) Drawing. The square serving as the
base is represented by an arbitrary parallelogram m
ABCD {Fig. 80). The point 0 of intersection of the
diagonals represents the centre of the square.
Joining the midpoint F of the side AB with the D
vertex of the pyramid £, we get the slant height £F, 238

(b) Solution. We have

Answer:

A\

;\-_-%.1211 2 4
Fig. 80
where x is the side of the base (48 in Fig, 80) and
X1, the altitude of the pyramid (OF). The angle o is £EBO (see solution of
Problem 597). From the triangle XBO we find # =m sin o; from the
triangle A B,

2=OR- V2 =m'}Y/ cos o
m3 sin 2a-cos @

2
Answer: V= 5 m3 cos? o sin o

3
600. Denoting the requived lateral edge by m, in the same way as in the
preceding problem, we find

_ m¥sin2qcosa
- 3
whence we determine m,

Y
Answer: m = l/———,—-—-———-
sin 20 cos

601, Let us introduce the following notation: AB:w=2;, EF.=y (Fig. 80).
Then we have § = 2ry. From the right-angled triangle OEF, wherein OF . Jf.

we find y2 . (—J)E—) 1% Eliminating y from the found equations, we get
a4 4400202 820
This equation has two real solutions, but only one of them is positive,
Answer: x»:V VEITT82 2012 ¢m,



248 Answers and Solutions -

602.* Joining the midpoints M and N (Fig. 81) of the sides BC and FE,
we obtain the graphical representation MV of the diameter of the inseribed circle

so that MN =4d and OM =—:-. Since OM is the altitude of an equilateral

Fig. 81

o3
triangle with the side a (= BC = 0C = 0B), g—:a E 3 ; whence a:——d—é— .
The altitude // = 05 is found from the triangle SCO:

I VEE—0C= VE—a = l/ 2 fsi

The slant height m=2SAf of the pyramid is found from the triangle SCM:
a\2 1 SRS
- 2 e VB
m ]/l (2) 2_‘/3 Viar >

N 4
Answer: r:%f. VIE=F, Si=4 VIE=

603. (a) Drawing. The base may be represented by any triangle ABC
(Fig. 82). The centre of the base is represented by the point O of intersection of
the medians**. s .

(b) Solution. We have V=rg-Spase-fl = 5. 22> V/ZH. The relationship
between a and H is found from the triangle 40D, wherein AD=a, and A0
is the radius R of the circle circumscribed about the base; thus a=R /3.

* For graphical representation of a regular hexagon see Note to Problem 598
on page 247.
** Then two of these medians, which are of no importance for solving the pro-
blem, may be erased, leaving only the point O on the median AE as is done in
Fig. 85 on page 250.
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2

into the

tof w
o
f}

2
We have IIZ:ADZ—AOZ:a‘&w—%—z-g—aﬂ. Substituting o

V3
= 1.

’
expression of V, we get V==
3/ TV

Answer; =279/ ——L—,
V3

604. (a) Drawing. As distinet from a rectangular Emra!lclcpiped, all the faces

of which are rectangles, the base of a right parallelepiped is a parallelogram,
only the four lateral faces being the rectangles. But in drawing a rectangular
parallelepiped (see Fig. 78 on page 246) we are forced to represent the base also
in the form of a parallelogram. Therefore the drawing of a right parallelepiped

2, 62 2,

does not essentially differ from that of a rectangular parallelepiped, which crea-
tes additional difficulties for reading such drawings: it is necessary to remember
that the acute angle of the parallelogram shown in the drawing corresponds to
the actual acute angle of the figure represented. For the sake of clarity it is
recommended to make this angle tvo acute, as in Fig. 83, and mark it obligatory
with a letter (in the given case~—with the Greek letler o).

(b) Solution. In a right parallelepiped the diagonals (four in number) are
equal pairwise: A,C »= AC, and BDy == BD (in Fig. 83 AC, and DB, are not
shown). Let £ DAB == « be an acute angle of the base ABCD; then £ ABC =
== 480° — ¢ 35 an obtuse one and AC > BD. Henee, B), is the sialler diagonal
of the parallelepiped (since B} == I* -+ BD?, whereas A€ = H* -} ACY
bence, BD? < A4C%). From the condition BDy = AC we may find /[, Namely,
from the triangle BOD, we have

1% = BD} — BD® = AC* — BD*

From the triangle ABD we find

BD? = g* + b — 2ab cos a
and from the triangle ABC we find
ACH = @* ~- b — 2ab cos {1B0° — o)
Consequently, I/* = 4ab cos u.

Answer; V =-2sina Y/ (ab)? 08 «.

605. Let us denote the larger side of the base (A8 in Fig. 84) by « and the
smaller one (BC), by b. By hypothesis, a -i- b = 9 cm. To find a, b, and the
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acute angle a, let us compute the diagonals of thejbase. As has been proved

in the solution of the preceding problem, the smaller diagonal [BD, = /33 (cm)]
nfhthe parallelepiped is projected on the plane of the base as the diagonal BD.
Therefore

BD?=BD}— DD} = (V3B —42 =17 (cm?).
In the same way we find ACZ=65 (em2). And so we get the following two
equations:

a%-- b2 2 abcos = 17; a2 -1 b2 1o 2 ab cos o =65

Adding them, we find o+ b2==41, which, together with a-+b=9, yields ¢=35,
b==4 (we have denoted the larger side by a). Subtracting, we find 4ab cos @ =

=48, i.e. cosa=

Ay "
5 =0.6. Consequently,

Sbase=absing=-4.5.0.8=16 cm2
Answer: V=064 em3, Syoq0 = 104 cm2.
606. (a) Drawing. For constructing the point O see Problem 603 (Fig. 82).
To construct the plane angle of the dihedral angle at the edge BC (Fig. 85), join

B
Fig. 8 Fig. 86
the midpoint £ of the segment BC with the points D and A; since CDB and
CAR are actually the isosceles triangles. DE and AE are perpendicular to BC,
e o DEA - g s the required plane angle. The altitude of the pyramid DO =
I les in the plane DEA,

9 where 0D =1, and OF —-L.40 (the
TE where <=y, ang e 4 (the

wedians are divided in the ratio 1: 2). 40 is found from the triangle 40D,
wherein 4D =1,

thy Selution. We have tanyg

VERE
607. The angle « is measured by the angle OBE (Fig. 86), because OB is
the projection of the edge B on the plane of the base. To construct the plane

Answer: pocavctan
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angle ¢ of the dihedral angle at the edge AB, join the midpgint F of the
side AB with O and E (see the explanation to Problem 606). Since Spgze=

=a2=-iz. to compute V' we have to find // :=0F and d=8D. From the
2

triangle OBE we find Hz-g—tan w, and by hypothesis, i, Il == S. Multiplying

F

Fig. 87
these equations and then dividing them termwise, we find

d\2
H2e=Stana and (—)) Scot o

Hence,
I
- :;—ASUM, i §% cot’o,

O
tan g =
3 1
L2 E 7 1/5
Answer: V== 87 cot®a; tang:= V2 tana.

3
608. (a) Drawing. The base of the pyramid is a regular pentagon (from the
equation 180° (n — 2) = 540° we find n =< 5). And in the regular pentagon
ABCDE (Fig. 87a) cach diagonal (say, AD) is divided by cach of the other diago-
VE_
nals (for instance BE) in the extreme and mean ratio, so thal D M = -‘—-—"7—1,4[) e~
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% 0.6 AD. Furthermore, each diagonal is parallel to one of the sides (for instance
ADJj BC). The centre O is the point of intersection of CM and EN. Therefore,
the drawing of the regular pentagon may be constructed in the following way.

Construct an arbitrary triangle 4 BD (Fig. 87b). Divide the sides 4D and BD
by the points M and N in the extreme and mean ratio—approximately in the
ratio

AM:MD = 2:3

for this purpose it is sufficient to divide one side and then to draw M| 4B.
Draw A £} BD to intersect the extension of the line BM at the point E. Point
is constructed likewise. The centre is
represented by the point O which is the
point of intersection of CM and EN.

(b) Solution, From the triangle COF,
wherein £ OCF=a and CF=1, we find
H=O0F =1sin a; OC =1 cos «. The area of

the base S:5~%-~OC-OD><sin4COD:

o 5 .
-0C2.sin 12":? 12 cos? o1 sin 72°,
N

o] en

Answer: !':—;— H =—g— 3 sin 72°x

X ¢0s® o sin a.
Fig. 88 609.* The angle « is determined from
the triangle COF (Fig. 88), wherein
FC=CB = a (by hypothesis, the triangle CBF is an equilateral one). And the
side OC (the radius of the circumscribed circle) is expressed in terms of a

from the triangle COU, wherein the angle COU is equal to 36° and L‘Tl/:-g-.
a oc i

n hence, €08 o = mmr == e
el . CF 2 sin 367

We have 0C = ———p—r
Zsin 3

a3

The angle ¢ is determined from the triangle OUF, wherein FU = 5
acot 36°
2

(as the altitude of an equilateral triangle with the side a), and OU =
(from the triangle COU). We have

OU acot36° a 3 _cot 367
FTTTT T TV

. COS ¢

== ArCCOS go_f._B_if

A o = APCCOS 1
nswer: g B i
Tsingee’ ¢

o
610. We have (see Fig. 88): BC=a, OU= —g— cot«i—szq- . The area of the base

¥ 2 (°
G dE 8 g 1807 na® 1800
2 2 " 4 n
* For graphical representation of a regular pentagon see the preceding pro-
blem.
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From the formula V:-;-SH we find
W _ 1o 180

He= e = an
S nat n
Denoting the required angle OCF by «, we have
tan @ = -H—-
where T oc
a
0C = v
2sin 1807
n
o o
24V sin 1800 tan 1807
n n

Answer: q=arctan
o == ar =3

Preliminary Notes to Problems 611 through 616

1f all the lateral edges of a pyramid form equal angles with the base, then (1)
all the lateral edges are equal; (2) a circle can be circumscribed about the base;
(3) the altitude of the pyramid passes through the centre of this circle,

—

AN
N\,
P
-
W T
Q= e e

/1

Fig. 90

Proof. Let the edges SA, SB, SC and so on (Fig. 89) form equal angles with
the plane ABCDE. Consider the right-angled triangles A0S and BOS {08 is
the altitude of the pyramid). They have a common altitude, and the acute angles
OAS and OBS are equal to each other (since they measure the angles of inclina~
tion of the edges SA and SB to the base, respectively). Consequently, 4§ = g§.
Likewise, we prove that B8 = CS and so on. From the same triangles A0S and BOS
we find 40 = OR. Likewise, we prove that OB = OC and so on. Hence, the circle
of radius OA and with O as the centre will pass through the points B, ¢, and s0 on.

. 811, As has heen proved, the altitude £O passes through the centre of the
circumscribed circle, i.e. through the point O of intersection of the diagonals
(Fig. 90). The area of any parallelogram is equal to half the product of the
diagonals and the sine of the angle contained between them. Therefore Sbase=
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|~

b2sin . From the triangle AOE we find:

i

[

H=40-tanp="tanp

Answer: V= ll—) bsina tan f.

612, (a) I)raw“ingA According to the Preliminary Notes, the altitude of the
pyramid must pass through the centre of the circle circumscribed abont the
isosceles triangle ABC (Fig. 91). Since the angle @ == 2 CAB at the vertex

remains arbitrary, the centre O may be represented by any point of the line-
segment AE (£ is the midpoint of BC) and even of its extension (in the latter
case the actual angle a is an obtuse one).

(b) Solution, The altitude DO is determined from the triangle 40D, wherein
2 0AD == B, and A0 = R is the radius of the circumscribed circle. According
to the law of sines the side BC is equal to the product of the diameter 2R of

the cireumseribed circle by the sine of the opposite angle «, so that # ==

Ising
: S . BC .
‘The quantity Li,(- = BE is found from the triangle A BE ( —,,g;:asm —ii) . Hence
asin —;— tan f
H =R tan f = -
sin o

The area of the base

S T
.S:—L—;avsma

g X
a*sin - tan B
Answer: Vs T

6 )
613, {a) Drawing. In the parallel projection a circle is represented as an ellipse.
The ellipse may be constructed in the following way. Draw the diameter M.V
of the circle (Fig. 92) and from an arbitrary point P of the circle draw the straight
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line PP’ perpendicular to M.N. Let R be the point of intersection of PP’ and
MN. Shorten the line-segment RP in some ratio {say. to half its length) and lay
off the shortened segment RQ on the same line PP 1o both sides of R (RQ ==
= RQ’). Proceed in the same way with a number of points on the circle to get
a number of points for the ellipse under construction.

The ellipse is symmetrical about MN (the major azis) and about the straight
line UU’ drawn through the centre O perpendicular to M.N (VV ix the minor
axis of the ellipsc.) The point O is called the centre of the ellipse.

To depict a circle circumseribed about a rectangle it is convenicnt first to
draw an ellipse ABCD representing the circumseribed circle (Fig. 93). It is
good practice to arrange the major axis of the ellipse in an inclined position*.

s

Fig. 93 Fig. 94

One side of the rectangle may be represented by an arbitrary chord 48 of the
ellipse. It is advisible to draw the chord horizentally. Draw straight lines BD
and A C through the centre of the (’“1’{).&(\ The quadrilateral ABCD thus obtained
is the graphical representation of the rectangle. o o

(b) Solution. The inscribed angle CAB contains a®, since it is s
by the arc BC containing {2¢)°. From the triangle BAC we have AB =5 2
BC = 2R sin «, and so

N 2(AB -- BCY H = AR (cos o - sina) i

Hence,
4R (cos - Sin @)
We now find V == AB.BC-H. The condition that the are {2«)° is subtended by
a smaller side of the rectangle is an unnecessary one.
SHcosmsina SR sin 2a

cosa- sma  YBcos (45 —a)

614, The area of the base - %(12 tan o (Fig. 94). By hypothesis,

i

Answer: V==

Stgte 28 .:-;—«2 lan o

* In Fig. 93 the major axis of the clipse coincides with the diagonal AC of
the rectangle. This simplifies the drawing, but is not obligatory.
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On the other hand,
a o
e ) 22 cog2-Z.

. 2
Star=\at 2o ) =™
Equating the two expressions for §;,; we find
_g sing @ tan 2
T e T
cos'

3
Answer: V::—as— tan o tan % .
615.* Join the midpoint M of the side AB with O and S (Fig. 95).
The angle OMS is the plane angle of the

dihedral angle o (see explanation to Problem
606). Hence,

OM =8Mcosa=mcosa

From the triangle AOM, wherein 2 AOM =
==30°, we find :

AM:%—:—LQS OM = ——-—-—KS meos o
Then we find
a\2. /=
Sbasezﬁ('z_) V3

and

a
Stat=6—.
Fig. 95 lat=0 3 m

@
Substituting the found expression for e we get

Stotal = Stase+ Stat=2 V3 m cos « (1 +-cos )
[+

Answer: Siotat =4 V3 m? cos o cos? 5

Fig. 96

. By hypothesis, the inclined lines AC and CB (Fig. 86) are equal to
oack?l(?thpr.} ngr?ce. their projections are also equal: AD == DB. The angle DEC
('E is the midpoint of AB) is the plane angle of the dihedral angle a.

* For graphical representation of a regular hexagon see Note to Problem 598.
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Since the triangle ACB at the vertex € is a right-angled one, CE = AE =
:%. Hence, ED=—;~cos «. Finally,

AD=BD = VA ED =~ Vitcota

c2cosa
4

AB+BD+AD = (1. VI 052 q)

Answer: S pp=

Preliminary Notes to Problems 617-704

If all the lateral faces of a pyramid are inclined to the base at one and the
same angle a. and the altitude passes through some point O on the base of the
pyramid, then:

(1) the slant heights of all the faces are
equal;

(2) a circle can be inscribed in the base of
the pyramid with point O as the centre;

(3} Shage = Spuq cos o

Proof. (1) Draw (Fig. 97) the slant height
FM of the lateral face BFC and join M with
O. The line-segment OM is the projection of
FAM on the plane ABCDE. Consequently, it is
perpendicular to BC (“the theorem on three
perpendiculars”). Hence, the angle OAM/F is the
plane angle of the dihedral angle . From the

triangle OMF we have FM= ;%La— 0N =

=0F .cot o. If we draw FL, Iv’J\; and the slant
heights of other lateral faces, we {ind likewise

that all of them are equal to "

(2) The line-segments OL, 03, ete, are
perpendicular respeclively to the sidex 48,
BC, etc. and are equal to OF.cot «. Therefore, Fiz. 97
il a circle of radins OM is drawn from O as the g
centre, it will be inscribed in the base ABCDE.

(3) As has been proved the point 0, which is the foot of the altitude of the
pyramid is the centre of the inscribed circle.

4) Sope :—,—;—-B(%OJI :%B(J (F¥M-cos a):(—;— BCJ"M) €08 o= Sppocos n
. Likewiso we find that Soap=Spancosa, and so on. Adding these equa-
lities, we got Sp, .. == Sy 008 .

617. The altitude FO of any pyromid (Fig. 97) is projected on the lateral
face BFC as a tine-segiment lying on the straight line #3f. Therefore,
£ OFM =g, Hence, o =90°—, i.c. all the faces are inclined to the base at
one and the same angle. As has been proved

=2

COF L Sin ¢

Star =

1701338
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Answer: Sjg1= sig(p

9, 33 o_i .

s *0(1; ! )_____.____'Qm (45 2 )
total = Csing /] sin ¢

618. From the triangle DOE (Fig. 98) * we find

e
H =0E-tan (p::-%-uCE-tan 0 =~:§-. 2 V3 ang

We have

¢ 1 .o Shas
3baac‘=‘4“ a® V'3 and Sig= cggqi
(see the preliminary note to the preceding problem).
. adtang@
Answer: 1 == —gmm——
2%
oy T P
o 2 0082
a2 Vi reosq) @) Seos P

Stotar = 4008 ¢ ’ 2eos g
Yote, The gencral expression for the total surface area of a pyramid, whose
faces are inclined to the base at cne and the same angle ¢ may be written as
n follows:
Sfolm'xt Sba5L1+SIn!:
29
, 1 28 pase €053 &
:Sl‘ase (1+-—,_) T e
€03 ©0s @
619. Make wuse of the formula Syer=
P Y -
a* |3 cost —‘)-
o e = found in the preceding problem.
A 2cos g

{ S os o
Answer: a == — | =
¢ ¢ £ TU
> 2
/i 620, (a) Drawing. The straight line, joining the

paints of tangency L and IV of the opposite sides
Fio. 98 of the rhombus (Fig. 99a) passes through the centre
° of the circle, Therefore, first draw an ellipse

994), representing the circle**, and then the straight lines ¥L and IfM
passing through the centre 0. To complete the paratlelogram A BCD representing
the rhombus draw straight lines tangent to the ellipse at the peints ¥, L, K, M.
(h) Solution. To determine Spgse find the al_u(mle DF and the side 4B of
the rhombus. From Fig. 99a we find DF = 20K = 2r; from the triangle AFD,

wherein £A = «, we have
- DF 2

== AD = e e
¢ sine  sine

{Fig.

* For representation and construction see Fig. 82,
«* For construction of an ellipse see Problem 613.
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Then we find

Shase=AB.DF —=a.2¢ =3
base == . =@ ar == S Q

i is determined from the triangle ONE (Fig. 99b), wherein ON=r and

L%}VE:S. For determining S;o1 make use of the Note to the preceding

problem.

Fig. 99

8r2 cos?

4r3tan B .
Answer: V::m; Stotat =

S
621, Use the Note to Problem 618,
Answer: ¢ =arccos R

622. (a) Drawing*. The section fignre is the parallelogram A D,CB
(Fig. 100). To depict the plane angle formed by the cutting plane 4,0,CB and
the plane of the base draw the straight
line' D M representing the altitude of the
rhombus ABCD. Since DM and DD, are
actually perpendicular to the edge AD,
the plane DD,NM is perpendicular to
AD, and, hence, to BC. This plane inter-
sects the cutting plane along the straight
line MD,, and thus LMD == B,

. (b) Solution. The lateral surface con-
8ists of four equal rectangles (since the
base is a rhombus). The area of the late-
ral face 4,DDA is 8, = A.D,-DDy, and
the area of the section figure is Q ==

a cos

Fig. 100
=ADy.DiM. From the triangle DMD, wo have DD, = Dy A sin B, there-
fore §; = Q sin f.

Answer: Sy, = 40 sin B,

623. Tako into consideration the Preliminary Notes to Problem 617, By hypo-
thesis, £O = ¢4 (Fig. 101). Point £ (the midpoint of the hypotenuse ND of the
e,

* For graphical representation of a right parallelepiped sce Problem 604,
17%
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triangle NOD) is the centre of the circle circumscribed about the triangle NOD.

Therefore, ND == 2.ED == 2. EQ == 24. From the triangle DON, wherein ZOND=

= @, find the radius ON = r of the circle inscribed in the base; r == 2d cos ¢. To

Iing Snase determine BN (half the base of the isosceles triangle ABC) and AN

(its altitude}. The centre O of the inscribed circle lies on the bisector of the angle
o

ABC equal to o, i.e. LOBN = 5 - From the triangle BON we find BN =

Fig. 101 Fig. 102

=rcot<-;~ . From the triangle ABN we find AN = BN.tan a, Consequently,

1

Stase=-y BC-AN = BN-AN = BN?-tan a=r2coz2-°21.m a=

= 4d2cos? ¢ cot? -5;— tana
wherefrom (see Note to Problem 618) we find:

28pqse €0S% 31—

2
Stotar== 7
< 2 q) 2 a
Answer: Siotq1 =842 cos g cos® 5 cot? - tan a.

624. Take into consideration the Preliminary Notes to Problem 617 *. The
altitude of the pyramid is found from the triangle ONP (Fig. 102): H==rtan ¢.
1f ay, aa ete. are the sides of the base, then

1 1
Stase=Sa0n+Spoct e =5 AB-OM 45 BC-ON+ .=

1
=% a‘r+—,§-a2r+ e =%r (ag+as-t...) =% r2p=rp

* For construction of the ellipse representing the circle inscribed in the base
see Problem 613,
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2
Answer: V=P80

625. (a) Drawing. Having drawn the regular triangular pyramid DABC
(Fig. 103)*, let us construct the triangle 4,8,C,. whose sides are parallel to the
respective sides of the triangle ABC. The triangle 4,B,C; depicts the upper base
of the frustum of the pyramid. The centre Oy of the upper base is found at the
point of intersection of DO and one of the
medians 4,E; of the triangle 4,B,C,. The
line-segment A M (parallel to 00,), whose
foot lies on the median AE, represents the
altitude of the frustum, dropped from the
point 4, (the line-segments DA,, DB,, DC,
and DOy may be erased).

Fig. 104

(b) Solution. The volume of the frustum of a pyramid
1 =
“':—"3—(()“‘ g V' ¢a)
where Q and g are the areas of the triangles ABC and AyB,Cy respectively,
V3 V3

so that Q= a?; q:sz. The altitude H =AM is found from the

triangle AA4,M, wherein £ MAA =« and AM == A0 — 440y, But A0 and 4,04
ate the radii of the circles circumscribed about ABC and ABC,. Therefore,

A0 =——a—;—.-and A,O,::-—L . Henee,

V3 V3

a—b
AM = =
4 V3
Consequently, b
U=2""tanq

Answer: V:—flz-(as‘-b-(’) tan o.

626. (a) Drawing. The frustum of the pyramid is represented as in the pre-
ceding problem. To depict the plane angle of the required dihedral angle draw
AsE and B, F (Fig. 104) pam“ef to 00y to intersect the diagonals AC and BD,

* For graphical representation of a regular triangular pyramid see Fig. 82.
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Then draw EF parallel to AB to intersect the edges AD and BC at points M
and N. The plane MA,B,N is perpendicular to the edge AD, since it passes
through A,E and MN which are perpendicular to the edge. Consequently,
LEMA, = ¢ Is a plane angle of the dihedral angle at the edge AD.

(b) Solution. From the trapezoid MABN we obtain ME = “;b . The
altitude of tle truncated pyramid is found from the triangle AE4,, where
AE =22 e have

Vs
a—b
M == A E =
(,l:‘ 73 tan o

The volume is found by the formula I'=-l73[-(a2+ab~;-b2). The required angle

a—bh

@=£ EMA¢ is Tound from the triangle A4 ME, where ME = 5

(from the
trapezoid MAN B4, \We have .

. AE  ab La—b
tan (p::—wzzwmn @ 5

3 b3 ta _
Answer; 1 =18 - b )/:ma i @=arctan (172 tan o).

627." See the Preliminary Notes to Problem 61f. The altitude of the pyra-
mid must pass through the centre of the circle circumseribed about the %as .
But in the right-angled triangle ABC (Fig. 105)
the centre lies in the midpoint of the hypotenuse
AB at the point E. Consequently, AE, BE and
CE are respective projections of the lateral edges
4D, BD and CD on the plane of the base, and
thus £ DAE:= £ DBE= ; DCE=f. The volume
of the pyramid is found by the formula V=
1 4C.CB
=g 5. DE. From A 4BC we have: AC=
=ceostt, BC=csina; from A ADE we find
DE= - tan . Let us denote the plane angles at the

vertex: £ ADB=0y, 4 BDC =8y and £ ADC =8,
Since these triangles are isosceles ones, their alti-
tudes DE, DM and DN pass through the midpoints
of the corresponding sides of tho base. From A ABD

/L g °—2B: from A DBC we have

Fig. 105 we have [ 8=
sin '3:)":'33 and from A ADC we have sin —-=

AN . - . € s
=5 From A ADE we find AD=DB = Tovh and from A ABC we find

T . AC o«
—5 g s and AN = = e cos a.
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c3sin 2a tan B
24
0y ==180° —28
6y = 2 arcsin (sin « cos B)
03 == 2 arcsin (cos o cos B)

628. It is required to find the volume of the pyramid C,4BC (Fig. 106).
Since its lateral edges are of the same length, they are inclined to the base at
one and the same angle (this theorem is converse to the theorem proved in the
Preliminary Notes to Iroblem 611), and the altitude ¢,0 passes through the
centre O of the circle circumseribed about the triangle 4BC. Since this triangle

Answer: V=

Fig. 107

Fig. 106

is right-angled one. the point O lies at the midpoint of the hypqwnusc AB (see
the explanation to the preceding problem). The angle OUC, (U i the midpuint
of the leg AC) measures the inclination of the lateral face A€Cyd, to the base,
The legs BC and AC are found from the following two equations:

BC+ AC=m and BC=AC-tana

we got
AC w meos o ~____msing
1 tana  sina-tcosa SiD @ 408 &

Then we find Sbas‘,z%BC.AC. The altitude #/ is found from the triangle

DOC’,, where 0])::.12..190 tas a midline of the triangle).

1 m3sin? o cosa tan B = m3in2 o cos o

T2 Gina -+ cosa)p 2% V2 cos? (@~ 45°)
629, Point O is the centre of the circle circumscribed about the base ABC

(Fig. 107) (see the Preliminary Notes to Problem 611). OA=R is the radius of

tan f.

Answer: V ==
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this circle. The volume of the pyramid
V=.f.. BC-4 .1)02;1_,

3 2 3
AE-DO
—=

AE.DO
2
Q) . The side BC is found by the law of sines:
BC=2R sin (180° — 20,) = 2R sin 2a .
A ADO » A ABE (since £ ADO= 4 ABE==g); we have the proportion
*
;.:%=%§— ,» wherefrom AOQ.BE=AE.OD.
£ Substituting

10=r, BE=2C | 4r.op—20

1
BC =7 Q-BC

( since

we get
R-BC .
5 =10
Eliminating R from the found formulas, we
(' obtain
BC=V/8Qsin 2u
1 31
Fig. 108 Answer: 1’:-—3- . (20)2 sin” 2.

630. 1f the faces ADE and CDE (Fig. 108) are perpendicular to the plane of
the base, then the edge DE is the altitude of the pyramid. The angle DAE is
a plane angle of the dihedral angle EABC, since the plane DAE is perpendicular
to the edge A B (prove itl). Consequently, L DAE = qa;
likewise, £DCE = B. From the triangles ADE and
CDE, where DE = H, we find AD and DC and sub-
stitute their values into the formula

=—;-AD’DC~H

Answer: I"=—i- H3 cot o cot §.

631, From the triangle BDE (Fig. 109), where
£ EBD =8 (prove it!) we find
DE=1sinp and BD=Icosp
BD  lcosh
AD = e — Fig.
Vs Vi ig. 109
From the triangle ADE we find AL ="|/AD2--DE2. The angle ¢ of inclina-

Hence,

tion of the edge AE to the plar;)e of the base is ~ DAE (prove it!). From the
A
* As is obvious, Fig. 107 (where 40 < AE) does not correspond to this rela-

tionship. But a drawing depicting the condition of the problem (¢ == 90° — a)
more accurately would be obscure.

triangle ADE we find tan =
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Answer: DE =1sin §;
_ )
g=arctan (/2 tan ), AE=CE=1 4 ii-szﬂ—ﬁ.

632, The greatest area belongs to the face ADB (Fig, 110), since its heignt
DE is larger than the height DC of the other two lateral faces, the bases of all

D

Fig. 110 Fig. 114

the faces being equal to a. From the triangle ACD we have
a
AD:am and /{ ==atanp
We then find from the triangle ADE

S / ar az
DE:..VAI)Z-AEZ::L wEE T

The angle CED is the angle ¢ of inclination of the face ADB to the plane
of the base (prove it!). We have

ap @ = "
tan =g
where EC=_'f._¥3‘
: Se o VT wd® P, g arctan 21808
Answer: § “Tenp V4—cos® B, ¢=arctan V§ .

1
633, The arca § of the section is equal to 5
right-angled triangle ACN, where £ CAN = 30°, we find

AB-NM (Fig. 111). From the

/1:\'_7—'1;../18-;:; "3u and CN::—;-G
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From the triangle NCM we have
a\2 H N2
=1/ (%) +(7)
where H=atana may be obtained from the triangle ACD.
a2 Y3 .
deosa
634. (a) Drawing*. To depict a section perpendicular to the base ABC

(Fig. 112) and bisecting the sides AB and AC of the base draw the midline MAN.
From the point ¥, where MA intersects the median A, draw FK parallel to

Answer: S =

—ee S

—

N e o

o

Fig. 112 Fig. 113

the altitude OD. VMK is the required section. indeed, the plave VUK passes
through the straight line /A perpendicular to the plane ABC (hence, the plane
NAMRK is perpendicular to the plane 4 BC). The dibedral angle o is measured by
the angle ALD (prove itly,

The plane AL passes through KF, since the points K and F lie in the
plane AED.

(b) Solution. Let us take the triangle 43N as the base of the yramid
KANM. The arca § constitutes one fourth of the area of the h-iangfe ABC,

i.e. .,\‘::—1% a? /3. Let us express the altitude KF through 0D making use of

the fact that A AFK is similar to A AOD. Since AF js equal to %AO

OD. The line-segment 0D is

a3

found from the triangle DOE, where 0K == 5 and . DEQ=q.

a e

9
(for 4F=3 ar. ana A0~ AE), KF=

adtan o

128

635. The straight line AN (Fig. 413), along which the cutting plane
intersects the base, is parallel to BC. To construct the angle @ draw OF | AB

Answer: V=

* For depicting a regular triangular pyramid see Problem 603.
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and join the point K, at which OF intersects MN, to £. Then LOKE=qg
(prove all this). The area of the section figure S:—-;—JI;\'-KE, where MN =a

and KE:?)%' The altitude H is determined from the triangle EOF, where

OF =% and FE::—CO(—?—- (from the triangle EBF). We get
2 2 2

R e 3

nep (re) (5] LB

RS Pl
2sin—
a2}/ cos o
4 sin —‘_J-fv sin @

636.* The section figure is a triangle DA N (Fig. 114). As in Problem 634,
let us prove that the plane AED is perpendicular to the side 8. Hence, it is
perpendicular to the midline KA ar well. Conse-

_Quently, /DME is a plane angle of the given
dihedral angle «. From the triangle 03712, where

Answer: § =

1 tal’3
oM = TAE =g Ve find

par =t V3
12¢cos
The section area
1 ‘Gat

TR vos o

S:—;-‘KN.[)J[ R

8

. The area of the base of the pyramid DARN

1S one fourth of the area of the baxe of the pyramid Fig. 114

DABC, the two pyramids having a common alti-

tude. Therefore the volume 17 of the pyramid DAKN is equal to 71‘ V, where

V is the volume of the pyramid DA BC. Consequently, the volume of the pyramid
’ 3 . . 1 V3

DKNBC V2=—Z-I'. The volume 17 is equal to T e oSy 0ol w2 e o rs X

2 3 3G
.‘.a"[/3
Xty

tan a.

a2
Answer: S:_l/_’ia_
48cos o
Vi
x:-i—@z—tana

a3
Vz~—-g;" tan
*For depicting a regular triangular pyramid see Fig. 82.
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637. By hypothesis BE : EA = 2 : { (Fig. 115). The section figure is ADEC.
Find its area S. The triangle DEC is an isosceles one, since EC = ED as cor-
responding sides of congruent triangles 4EC and 4ED {AC = AD; AE is

a common side and LCAE = £DAE = 60°). Draw its altitude EN; then
&

A
Fig. 115 Fig. 116
S = uv?\ . To determine EN first {ind EC from the triangle ACE (by the
law of cosines);
EC* = AC 4 4B ~ 2.4E4C 05 60° = L a2
Now from AENC we find
EN-VEGE=NG =}/ La_ T _ %y
9 4 6
ZEDC by «. Then fCED = n — 2a.

Denote the section angles zECD =
CN 3
27

From the triangle CEN we bave
08 0= =

fe= 1 —2arccos 8 .
2V

Tk
H6) is an isosceles trapezoid with the
angle « at the base a. The line-segment

rom the triangle B,NF, where

”
o

/19 a2
1 :‘) Tos aearecos -
2 2

Answer: S =
638.* The lateral face BCC,B, (Fig.
= b{a > b) and
b

bases BC = a and B,(,
BN is its altitude. We find B, ¥ = a=> tan o, F

VienZa -1

—b "
, we find

EN = a -
H=B\JF ="\ NB} ZFX:.
The volume P
. 3 .. b3
V@ isa) = S22 gy

* For depicting a truncated pyramid see Problems 625 and 626.
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Note 1. If the acute angle « is less than 45° the radicand is negative. But
the angle a cannot be less than 45°, lndeed, the sum of the plane angles BCCy =
= ¢ and DCC, = a of the trihedral angle € always exceeds the third plane angle
BCD; but £BCD = 90°, therefore 20 > 90°, i.e. a« > 43"

Note 2. The expression }/tanZa—1 can be trapsformed to the form

;l/sinﬂ a—costa Y —cos 2

costa €0S &

Since 2 is more than 90° (but less than 180", since « is an acute angle), cos 2
is always negative. Hence, the radicand (—cos 2¢) is always positive.

3 b3 e BB e
Answer: V:"(I,‘_@;&” V= cos 2 = ?}cosba Vcos (180 —2zh.

639. The projection of the diagonal BDy (Fig. 117) onlo the lateral face
BCC,B, is BC, Therefore oC,BD,=u. From the triangle BCD,. where

7, 4
\ f]
\ {
Ay 1y 8 |
\ i
\ H
1 1
\ ¥
!
Vb
/] TR W I
/ H
/ WP
4 &
A

Fig. 118

Fig. 117

D,C, = b, we find BC, == b cot «. From the triangle B,C4B we have
et
i =VEC —BC ::Vbzcotza—-hz:%%%i

Then y
V = b2H s VoS za
sin a
Note. The radicand cos 2o is always positive here (see Note 2 to P’ro-
blem 638, since « < 45°. Indeed,
Dy By
tan &= g =B,

But ByCy is a leg, and BC, is the hypotenuse of the triangle BBC,. There-

fore tan o <1, i.c. o <45
/ S 2

Answer: V=13 -—L:i%q—:—a—.

640, 1f CD (Fig. 118) is the altitude of the triangle ABC dropped onto the

hiypotenuse AB = ¢ (CD may be drawn inside the angle ACB arbitrarily), then
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£LCDCy == B (prove itl). We bave

€D = AB-sin a cos a:—%— esin 2

H = CCy= CD-tan p
Substitute these expressions into the formula
1 {1
V=—§ SH:g- —Z-c-CD-H
Answer: V= 312 ¢3 gin® 2o tan B.
641. One of the portions of the prism is a triangular pyramid B,ABC

(Fig. 119), Its volume 7, = .;_ V, where V is the volume of the prism. Hence,

and

Fig. 119 Fig. 120

the volume V, of the other portion (of the quadrangular pyramid B,4,0,C4)
o
is equal to —g— I, Find V.
By hypothesis BC + 4B = m, and from the triangle 4BC we find BC =
= 4 B.cos a. Consequently,
Be . meosa  mcosa
1+cosu 3
2 cos? -
The area S of the prism base is equal to
§ =t AC-BC = LB tan o
The altitude H = BB, is determined from the ABCB,, where £BCB, = §
(prove itl), We get M == BC.tan .
m3cosd g tan et tan B |

m3cos? o tan o tan

Answer: Vy= - ;o W= =
48 cost 5 24 cos® 5
642, According to the Preliminary Notes to Problem 617, Spyse = § cos g =
a*tana

=2 § sin o, On the other hand, Spae = - Equating these two expressions,
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we get @ = 2 /5 cos a. Point O (the centre of the circle inscribed in the triangle
ABC, Fig. 120) lies at the point of intersection of the bisectors of the apgles
of the triangle, hence,
.
L OCE =
and
2

- @ a
OF = EC.tan =% tan 5

from A DOE we find
H . OF tan g
3
Answer: I':é (S cos a)3 tan —%-
3 2

Stotar =S (1 +cos ¢) =28 cos? (45°~.—.‘_§_) .

643. In Fig. 121 0A == OC == R are radii of the circle circumscribed about
the isosceles triangle ABC (AB == AC = a), By virtue of the condition @ > 45¢
the centre O lies inside the triangle 4BC (at
@ <45° the angle A = 180° — 2a would be
obtuse, the centre of the circumscribed circle
would lie outside the triangle ABC, and
then the plane drawn through the altitude of
the pyramid and vertex C would yield no sec-
tion).” The altitude of the pyramid passes
through the centre O (sce the Preliminary Notes
to Problem 611).

. From the triangle 40D we have /I = R tan B.
Since by the law of sines AC == a = 2R sin «,
@
I Temgten B

Let us find the base CE of the section figure
from the triangle ACE, in which 2CAFE =
== 180° — 2o and 2ACE at the base of the
isosceles triangle AOC (A0 == OC = R) is equal to Fig. 191

LCAO = —12—_/_CA E = 90" — o, Hence, LAEC =

= 3 90° law of sines CcE - & ‘hence
9% — 90°, By the law of sines SR8 —0%) s a0y whence
__asin(180°—20)  asin2g
" TSN (3 —90°%) sin (e — 90°)

Note. We may write (—cos 3o} in the denominator; but the anple 3o is
contained between 135° and 270°, since 45° <o < 90° Thus, (—cos 3a) is
& positive number. Therefore, when performing computations with the aid of
tables, it is more convenient to deal with the angle 3u ~— 40° contained between
45° and 180°. .

Answer; § = a2 cos & tan B

2sin {32 —90°)
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644 . (1) Find the area Q of the base of the prism (Fig. 122).\We have: @ =
= §; + S,, where S, is the area of the right-angled triangle ABC, and Sy
is the area of the right-angled triangle ADC,

_AB-BC _lsing.lcosa Isin2a

51 3 2 TG
and
12sin 28
Sa= —
Hence

12 8in (2 -+ P) cos (% —B)
2

~ (2) Find the altitude H of the prism from the condition S = BD-H. Since
in the quadrilateral ABCD the sum of the angles at the vertices B and D is

2
Q= T (sin 20 -}-sin 2B} ==

Fig. 123

equal to 180° it can be inscribed in a circle of diameter cqual to the diago-
nal AC because the latter snbtends the inscribed right angles. From the triangle
BCD, inscribed in the circle, we find (by the law of sines)

BD = AC.sin LDCB == 1sin (o -+ §)

Hence,
N S

Answer: Ve = S+ cos (o — ).

645. The faces ADE and BCE (Fig. 123) are isosceles triangles. The plane
EMN (M and X are the midpeints of tic edges AD and BC) is perpendicular
to BC and AD and passes through the altitude EF of the pyramid (prove itl).
By hypothesis the exterior angle « = . EML of the triangle EMA is an acute
one. Therefore. the altitude EF intersects the extension of MN.

To determine V find the side 4B of the square ABCD. We have

AR = MN = NF — MI = H (cot  — cot @)



Chapter IX. Polyhedrons 273

Hence,

1

3
Let us now construct the plane angle @ of the dihedral angle, at which the

face ABE is inclined to the base. To this end intersect the dihedral angle by

a plane EF X, which is perpendicular to the edge 4B. To depict it draw FK|| 4D

to i}x.teé'sect the extension of the edge AB (prove itl). From the triangle EFK
we fin :

_H 2 2

Ve ABZ-H=-:§—H3(cotﬁ——cot a)?

Answer; V :-:;—1-113 (cot B—cot )2 =

=~1—H3 sin? (o —B)
3 sinZ o sin2 f

P=areln o —ota

2 sin a sin P
sin (@ —f) ° I
646, The altitude EF of the pyra- Fig. 124

mid (Fig. 124) lies in the face CED

which is perpendicular to the base. The plane, drawn through £F and perpen-

dicular to the edge 4 B, intersects the base-of the pyramid along MF|| BC and the

lateral face AEB—along ME perpendicular to AB (L EMF = B). Since AD

end BC are perpendicular to the plane DEC, £BCE = 90° and £ADE = 90°

(all this should be proved).

Let us find the altitude H = £F. By hypothesis EF-i- EM = m; furthermore

==arctan

EF 1
EM =" o F = .
M p Therefore L‘[‘(I+ P ) m, whence

1 1 meos o
H=Er=m: (14 g ):"‘-(”“m)*m
2

Then from the right-angled triangle DEC we find

azI)C=_L£_.= a

cosa ~ sinacosa
Finally, we find
b=BC=MF==Hcotf=Htano

Hence .
1 1,5 tana  H
=—§I1ab=-:3~ll sinacosa  3costa

The sum $; + S, of the areas of the lateral faces BEC and AED is equal to

1 1 1 oy Ao H i
3 BC-EC+4 AD.ED= 5 b(EC+ED)=5" (m+m)

1801338
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Answer: V=

m3cos o

3
2 cos® —-

Sy-+ Sy

3
8cost -

_ mi(sina--cosa) m2 008 (45° —a)
5 cost X
3 4 2cos 5
647. {a) Drawing. Construct the altitude EF (Fig. 125), joining E to the
midpoint F of the side DC. Join the vertex £ to the midpoint M of the side AB.
ve it!).

Then @ = £ FEM represents the angle between the faces ABE and DCEj{pro-

S

Fig. 125

(b) Solution. The triangle BCE is a right-angled one, in it £ BEC{= a
{prove it!). Hence, B
= § sin o, we {ind

¢ = bsin a. From the triangle ABE we have 4B
= 2bsino and ME = b cos . From the triangle MFE, where MF == BC

FE="VMEEZ3F=b Veosta—sin®a=b ) cos 2a
Note. The radicand cos 2« is always positive here, since 20 <90°. Indeed,
the sum of two face angles of the trihedral angle at the vertex B (4 ABE =
_180°—2a

-2

. 180°—2a
i.e. :

and ,LCBE:QO"—&) exceeds the third one {2 ABC=90°),
4 (90° — o} > 90°, since 2o < 90°.

1t is best of all to find the angle ¢ by its sine.

Answer: V= b3sin® o, /08 2a; ¢@==arcsin (tan a).

§48. The planc BCE (Fig. 126) is drawn through the side BC perpendicular
to the edge 4.5. The dihedral angles between the lateral faces (all of them being
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of the same value) are measured by the angle BEC = ¢. The triangle BEC is an
isosceles one.

To determine the area S of the section figure and the angle ¢ it is sufficient
to find DE (D is the midpoint of BC). For this purpose we consecutively find BS

(from the triangle BSD, where BD::% and £ BSD:;—) . then BE (from
the triangle BSE, where /BSE = @), and, finally, DE="VBE® - BL-,

We get
1
= 2 % L
DE a]/cos 5

Now we find

Note 1. The sum of face angles at the
vertex S is always less then 360° Therefore

0 <a < 120° At this condition 2 cos % >,

ie. <1 and, hence, the cquation
205
2
sin-L. always has a solution i 97
) ¥ & . Fig. 127
2cos—2-

Note 2. If o > 90°, i.e. the angle ASH at the vertex of the lateral face is
an obtuse one, then the altitude BE of the triangle A SB intersects the extension
of the base, and the plane BEC gives no section of the pyramid. Nevertheless

the formula
a? « 1
5= e 5o p
%"ie:dsia definite value of S even with an obtuse angle « (less than 120°, sce
ote 1),

Answer: @=2 arcsin ( —;—sec 3,‘- )

a2 a 1 a2 .‘/ N YN o
=2 2% 21 s o X o
8 == > l/cos 7 5 <m(b0 § 2)sm ((.\0 2)
649, All eight faces of the octahedron are equilateral triangles, thus

NE=£~¥£ (Fig. 127). The quadrilateral ABCD is a square. The plane it is

contained in divides the octahedron into two equal regular pyramids se that
18+
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Ve 2-—;— 42.0E where

e 3a2 a2 a
— e ON2 = i st e, 22 ot
OF =V EN2 0N 7 5 5
All the dihedral angles of the octahedron are equal. The angle o= £ BMD
(M is the midpoint of CE) measures the dihedral angle at the edge CE
(prove it!). From the triangle OMB we find

n 2 0B _aVZ aV3 /7
SF=Er T T oV 3

, —
Answer: V= Vga ; a=2aresin ]/-;—

650.* The isosceles triangles BMA and FMA
(Fig. 128) are congruent. Therefore, their alti-
tudes dropped from the vertices B and F pass
through one and the same point ¥ on their com-
mon side and are equal to each other: BNV =
= FN. The angle BNF is equal to ¢ (prove
it!). The angle § = £ Bd4 M is expressed through
the required angle @ = £BMA by the formula

s=90°—:'2‘_
First we find the trigonometric function of
the angle B. From the right-angled iriangle

ABN we have sinﬁ:—Bal (a is the side of the base). From the iso-

Fig. 128

sceles triangle BNF we find BN = BK . But BK:igl-g {as the altitude

sin -~
2
of the equilateral triangle ABO). Consequently,
/}'
sin ﬁ:.__l.,‘i.._ ,
2sin —%-
i.e »
sin (90"-—%) :._1_/3_4
2sin

Note. The dihedral angle at the edge of a regular hexagonal pyramid always
exceeds £ FAB (compare the triangles BNF and BAF), i.e. it is more than 120°

Therefore the quantity is always less than unity.

2sin =

* For drawing a regular hexagon see the Note to Problem 598.
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V3
2sin %—

651, The faces AMF and AMB (Fig. 129a) passing through the edge 4./
(perpengiicular to the plane ABCDEF) form right angles with the plane of the
base. Find the total sum of the angles formed by the faces EMF and CMB with
the plane of the base. Drop a perpendicular AG from A to CB (this line should

Answer: o =2 arccos

M

be parallel to CE, sce Fig. 1296). Then B = £AGM (prove it!). We have tan § =

=-§%~,where AG.—:CK:EJ,Z/—‘} (Fig. 129b). But from the triangle A MD we

have tan azl ; hence,

2a
tan = 200 4dtana
a3 V3

Since AC 1 DC (prove itl), y == £ACM is the plane angle of the dihedral angle
at which the face DCM (as also DEM) is inclined to the plane of the base. From
the triangle ACM we have tan y:-/{%- , where AC = a VB (Fig. 1295).
4tano’ 2tana
Answer; §=arctan — ; y==arctan =
8 Vi V3

652, Through a straight line we can draw a plane perpendicular to another
straight line only if these lines are perpendiculur to cach other. Let us prove
that BC 1 AS§ (Fig. 130). Draw a plano 4SO through the edge A4S and uYtilu-
de S0. Since 4 and O he{ong to plane ASQ and at the same time to the plane of
the base ABC, these planes intersect along a straight line A0, i.e. along the al-
titude 4D of the isosceles triangle ABC. The tn‘nn?les OCD and OBD are
congruent (prove itl), therefore OB == OC, consequently the inclined lines S¢
and $B are also equal to each other and, hence, SD being the median_of the
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isosceles triangle BSC also serves as its altitude. Since, as has been proved, AD
and SD are perpendicular to the edge BC, then the edge BC is perpendicular to
the plane ADS and, hence, to 4§ lying in this plane, which completes the proof.

To draw through BC a plane perpendicular to AS it is sufficient to drop
a perpendicular DE to 4S. The plane BEC is perpendicular to the edge 45,
since two straight lines lying on it (DE and BC) are dper endicular to 45, Cutting
the dibedral angle the plane 4D S which is perpendicular to the edge BC yields
an angle ADE (the plane angle of
this dihedral angle).

The triangle A SD is an isosceles
one (since the altitude SO passes
through the midpeint of the base
AD). Consequently,

LASD =2 £LA80 = 2a

(£LASO = LADE = a as angles
with perpendicular sides). The ratio

Fig. 130 Fig. 131

of the volume V; of the pyramid SBCE to the volume V of the pyramid ABCE
(these pyramids have a common base BCE) is equal to the ratio of their
altitudes, i.e. ¥, : ¥V = SE: AE. From the triangle DSE we have

SE=DE.cot £ ESD=DE-.cot2a
from the triangle AED we find
AE=DE.tana
Hence,
ViVe=cot2a:tana

Answer: V=V cot a cot 2a.

653.* To draw a section bisecting the dihedral angle at the edge AD (Fig. 131)
it is necessary to have the plane angle of this dihedral angle. Such is the angle
BDC, since the plane BDC is perpendicular to the edge AD. Indeed, in any regu-
lar pyramid the lateral edge AD is perpendicular to the opposite side BC of the
base (proved as in the preceding problem); furthermore, in the given case the
vdge AD is perpendicular to FD. Indeed, by hypothesis the triangle 4FD is a
right-angled one, and since its angles at the vertices A and F are necessarily

* For drawing a regular triangular pyramid see Problem 603,
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1

2
per R

OD ="V OF 0A=——
V2

acute, LADF is a right angle. Since OF = — 04 = —;—R,

(where R = -‘i:\) The angle ¢ = £AFD measures the angle of inclination

of the face BCD to the plane of the base. We have

Note. The lateral edge AD forms a right angle with the edge BD (and the
edge CD); since the pyramid is a regular one, the edges BD and DC also form
a right angle.

a3 V3

24

654.* The only quantity which remains
unknown and is necessary to compute the total
surface area of the pyramid 15 the slant
height ND. 1t is determined in the following
way: first find the line-segments AM and MD
{Fig. 132) into which the edge AD is divided
by the )ierpcndicular NM (N'is the midpoint of
BC). Then from the triangle ANJM, where

an =23 God MN, and finally, from the

triangle NMD f{ind ND.
From the given condition it is not clear Fig. 132

which ratio— AM: MD or MD:AM—is

equal to m :n, thercfore we may put MD = mz, MA = nr, so that AD =

=(m -+ n) z. From similarity of the triangles 43/¥ and ADO we have

b

Answer: V== ; g=arctan V2.

AM AN
A0 T AD
where
AN =233
2
and

2., V3
A0 =5 AN = 3
‘Wo get the equation B
¢ V3 qV/3

2 3

nx(m--n) r==

where

— 9
MYy e i
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280
so that
mq ng
Do and = e
Ven(m+n Ven (m+n)
Furthermore
MNzw AN2— d2= L (01 5m)
4 (n+n)
and
ND2— D24 MNE = Lo <"4+ 2m)
13
Now we find
2 V3 , 3¢-ND
Stotat= _q__zV:_+ e 5

2 /3 3
Answer: Stogqr= g 2/ -[1+1/ (n-’iz—2m)]'
£LBDiA = o and £BD(C = o (prove itl). The

1C are congruent (prove it!). Consequently, the base

655. We have (Fig. 133):
triangles BD(4 and BD
Dy ,r',

Iﬂ H
iy
pd
Dedbe
N,
//,,&0*'::"‘ fi3
A 2 A

Fig. 134

ABCD is a square with side a = d sin «. Then we find
ADy=dcosa

and
H="7/AD} —AD>="/d¥cos? o — 2 sin® & = dJ}}/0s 22
The plane ACD, forms with the plane of the base the angle
- . =D e
@=/ DODy; tanq)_—b—ﬁ--[l.-i—/—g.
Answer: V= d3sin? o V/¢os 2u; @==arctan ( VZcosZa )
’ sin o :
). To construct the angle B formed by
ce BB;CiC draw OF | BC. Then FE is

656. The angle FOC = a (Fig. 134
the line-segment OF with the lateral fa
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the projection of OZ on this face, and so ZOEF = B. Let us introduce the follow-
ing notation: AB=4a, BC = b and CCy=c, then V = abec and Stat =
= 2(a + ¢) b. From AOEF we have

.;—:OFzmsinﬁsmsin 2

FE=mcosP=m cos2a
from A OEC we have
%:EC:m sin a

from A FEC we have

—g—:FC =Y FE2—EC?=m Vcos?2a—sinda
Reduce the radicand to the form convenient for taking logarithms:
€032 20 —§in? @ == 1+c2054a —_ l—c;s 2 6054(1‘;‘:05 2 =08 3 €05 o
Hence,

b=2m "}/ cos 3 cos

. Note, The angle B = LOEF is less than £LOEC = 90° — « (compare their

Sines!). And since by hypothesis § = 2o, then 2a < 90° — . Hence, it must

be « < 30°

Answer: V = 8m?3 sin 20 sin @ 1/ os 3a cos «

3o
2
. 657. (2) Drawing. The semicircle is represented by a semiellipse (48 a

diameter of the ellipse; Fig. 135*), DC is drawn parallel to AB. Straight lines

perpendicular to AB, are represented by

Star =16 m? sin - cos %‘ Veos Bu cos

Straight lines parallel to the tangent %% a 5,
lines AM and BL. N
(b) Solution. Let us introduce the \ I i
following notation: AB = a; DC =b; \ ]
DP:CE-_—h; then \\-D/ 7]
\F g £l
V:f:zt.”.hu AT =578
\\ q“‘ e Y \
By hypothesis ¢ = 2R; the side b is o b \

\
foun by the law of sines from the triangle \w 4 4 WL
BCD, in which £DBC is measured Fig. 135

by half the arc bC = 20; we have b =
= 2R sin a. From the triangle ODF, where 0D = R and £AOD is measured
by th o 180°w-20 o o g
Y thearc AD = = 90° — «, we {ind

4
h= FD = Rsin (90° —a) = Rcosa

The altitude # is found from the triangle A(AD, where £4,DA = a (prove
it and AD can be determined from the right-angled triangle ADB, where £ 4BD
——aa 7

* For coastructing an ellipse see Problem 613,
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subtended by the arc AD is equal to (45° — —Oi) . We get

Consequently,
¥ = 2R3 (1 4-sin o) sin (45°~i§—) tan o cos
After a number of simplifications we get
{4 sin o= 2 cos? (45°.—%)
and so on.
Answer: V== R3sin 2a cos (45°—-%'—) .

658. The projection of the diagonal D,B on the lateral face A4,D,D (Fig. 136)
is 4D,; therefore £AD(B = B. The angle a between the cutting plane DBBDs

Fig. 136 Fig. 137

and the face 4D D4, is measured by the angle ADB (prove it!). From the triang-
le ADB we find AB and ADy; from the triangle ABD we find AD. DD, = H
is determined from the triangle AD,D

H ==V ADY ~ AD% ="}/ d®sin? a —d% cost o cot? g = 'i:a Vsinta—cost o =
»
d —_—
PR, Voumyeey)
T TV =cos 2a
Aote. The angle B is always less than the angle « (compare their tangents!)
g

Since by hypothesis f = 90° — «, we have 90° — o < &, hence, a > 45°
From the inequality

45° < a < 90°

it follows that the angle 2o belongs to the second quadrant, and so cos 2a < 0,
and --cos 200 > 0. For computation purposes it is convenient to substitute the



Chapter IX. Polyhedrons 283

expression ¢os (180° — 2a) for —cos 2a, since the angle 180° — 2a belongs to
the first quadrant.

Answer: V =d3 cos o cot? & }/cos {180° — 2et)
. 659. The drawn lines are AN and B M (Fig. 137). The quadrilateral 4,8,N 3/
is an isosceles trapezoid (prove itl). From the isesceles triangle MAN, where

LMKN = a and MN = -g—, we have Cy
, b -3 4
KD =7 cot 5

From the triangle A\KB; we find

py b o ¢
KD, = cot 5
. D
Adding these equalities, we obtain 4
Q@
DDy ::il—)- cot —Ci 5
4 2 Fig. 138

From the triangle DED,, where DE ::%(,'I;‘ :v% b '\/5, we find

i =ED, =E[fl I/Colz—%w—%— = 5/—‘[’ Voot %—('(‘:(2 60° ==

=3 %ot 60° ) { cot 2 cot 60° }
= (cot——z—r;(otw)(mtz <0LGO)-

3}/ sin ((50°«1--_§-)sin (c«)°~-’2‘-)

o
4sin -5 sin 602

ers V 363 in (600 0 %N sin {600 &
Answer: V= —— ’/am (M) b ) sin (b() -3 )
8 sin -
660. To construct the angle formed by the diagonal AB; and the lateral
fﬂ({e BB(C,C we have to find the projection of A By on this face (Fig. 138). The
Point A js projected into the miépoim D of BC (prove it}). The projection is
BiD, hence LABD = a. From AB;BD we find

I = BB, =Y/ B,D—BD?*
B(D is found from the triangle A B,D. The expression obtained for / is trans-
formed in the same way as in the preceding problem.
2 V/5in (60° - 0} 8im (60° — o0}
Answer: S‘a';‘Sa Vsin (60 -i @) sin (60° —a)
sina




284 Answers and Solutions

661. The projection of the diagonal AB; on the face A44,C,C is AC,
(Fig. 139), hence, £ BjAC =8. The altitude of the prism

CCy="Y AC}—4C2
where ACy is determined from A BjACy; we have
CCy="V b tan acote f—be=beot p V/1an? ¢ — tan? B =

b '—...‘—':—'_.'—‘-“_"
=t asnl Vsin e+ sia (@—p)
. b3 tan O T s Te e
Answer: V =m—s—a§§‘—g Vsin{a+ By sin (@ — ).
ﬁ/ \\\ 'ql
N NG
\\ \
\, A
N
\
\\\\\
A
8 wSPA
4, 4 ¢
(A
Fig. 130 Fig. 140

662, By hypothesis a®--22. ME =S (Fig. 140). But from the triangle BME
we have ME=—cot-2> ;  henmce, S=a2 (1+cot -ﬁ) s whence a=

2 2 2
= / ——Si“- . From the triangle OME we now find
‘ 1-+cot —-

11:1/)»152_(,;.)2:% ‘/az—(cotﬁ%——i)=
a S(cotz%mi)

=‘z‘]/ —— L1y s (cg)

cot %—--1»1

-

The expression cot—if——-i can be transformed as follows

sin (45"-—‘;1)* Vsin (45— )

. a o
o s :
sin 45 sin - sin -

cot —i—‘-——i:cot%—«cotéﬁ“:
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[
i 50 e
Ssin (4a 5 )

21/_25in—gi

663. From the triangle 40M (Fig. 141), where

Answer: H =

0 0
L AOM =—1—8’;0— , we have 0OM =%cot 180
hence, .
2 o
Shase= "Z cot 180

From the triangle EOM we find
g o 1507

=YV M OM? == 2 % ot -

H=T1ME—~O0M?= ) V cot? - —cot? —

‘The radicand is transformed as in Problem 639.

180° l/ . 180° 3 . 180° [
3 — e — e —
nasd cot sin ( n 3 )sm ( . ) )

n
Answer: V= — 5 .
24sin == sin —— o
2 n
£
A
M
Fig. 141 Fig. 142
664, Denoting (Fig. 142) OD =04 by z, we get
@ @
OD(= AQ-cot —Q——rcot—z—
and

H=DDy=VOD{~0D% =z ]/ cot? 51
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The total area S of the pyramid DyADC is equal to

S=D0-40 4+ AD H 4 A0.0Dy =22 +2 VY 3z ]/cotz %—1+z~zcot%—,
whence

L
Ssm—z-—

sin %Jr V'2¢cos o +-cos -;—

The total surface area of the prism
Stotar=4a? -4z V3 H = ba? (1+Jﬁc—°i9‘—)

sin —
2

e

48 (sin %H/m)

Answer: Stotg)= 2 = .
sin —2—+cos —2-+V2cos o

665, The altitude DO passes through the centre O (Fig. 143a) of the circle
circumscribed about the triangle ABC, where AB == AC==21 sin%— and [ BC =

Fig. 143

N *
=215in-§— . The point O lies on the perpendicular KO to the side 4B
drawn through the midpoint of AB. Therefore, from similarity of the triang-
les AOK and ABL we get proportion AO:—- AB=AB: AL, whence
4w 2w sine

AO=—Gp—=

} wsin i £

* See the Preliminary Notes to Problem 611,
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Then from the triangle 40D we find

sinza-sinz——g—
11=1/12—Aozc.z] ———
' 4sin2—2——sin37
and
1 ,~_13~.§_1/~z_.'2ﬁ.
l’zi—rz—BC-AL~II_—,.§—l sin - sin? g —sin 5
The radicand may be transformed in the same way as in Problem 636.
Alternate method. Let the face BDC (Fig. 143b) be the base of the pyramid.

Its area is Sygqe = —;—12 sin B. The face BDC is perpendicular to the]plane
ADL (prove itl) and, consequently, the altitude of the pyramid A0 lies in’this
plane. Draw O,E perpendicular to BD. From similarity of the triangles 0,DE

0D
and A S where th
n‘ BDL we have 0 = DL where from the 2
triangle ADE 4
ED=1lcosa, BD=! and BL::lcos—g—
hence
0D = lcosﬂa
o8 5
From the triangle ADG,, we find 8 3 4
H = 40,= "V ADI=D0} = 4 5'
1 1/ 2B o
P B cost S —cost o Fig. 144
€08 ——
2
1 , ﬁ]/ . By .. B
4 D V= Bsin ; [ESNLEN I -],
nswer: V 3 3sin 5 sin (a g )bm (a 5 )

666, Since the triangle ABC (Fig. 144) is the proje:‘tion of the triangle
DBC, DA is perpendicular to the base. The area of the triangle ABC is

S,:-—;— nb;«—;—a‘lcoca

The area of the triangle BCPH is

Syt

—aZcot
2
By hypothesis

——,i— a?{cot f—cot a)= S

whence a=1/.._'_§____.__
cotf—cota
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The area of the face DAC is S;,:-%o bH, and that of the face DAB, S,=

:—é—cll . Consequently,
1 1
Su—Sg=—5H (C—-b)=—-2—BH (es¢ o —cot &)

The altitude H is determined from the triangle ACD:
H="YDCtTAC?="Va?cot2 f—alcot?a

Hence,
1 S
8y—83 = a Vo f—cot2 ¢ (csc o ~—cob o) =

_1_ 28
T 2 cotf—cota

_ S{l—cosa) o f—cot?a oo E.‘/'cotﬁ'—;»cota
sina (cot B—cota)® 2 cot f—cota

"V cot2 P —cot a (csc o —cob a) =

The lateral faces ADC and ADB form right angles with the base. The face
BUC forms with the base an angle which is measured by the plane angle

DCA=¢
08 O AC _ cota
== cot B °
¢ Answer: §,—S3=S5 tan %‘1/%%%:%%”;

== ATCCOS ( cob )
P= eotB /°
667. All the lateral edges of the pyramid
Fig. 145 are‘equal as sides of isosceles right-angled triang-
les (Fig. 145), therefore the altitude DO of the
pyramid passes through the centre O of the circle circumscribed about the base;

Sb“e:—;- b2sin o

From the triangle DOC we find
H="DC*~0C%

where DC = ba and OC=R is the radius of the circle circumscribed about
the triangle ABC. Since the triangle ABC is an isosceles one, /£ BAC =80°—

-——%— and, hence, by the law of sines

BC=2Rsin (90°—£‘25-)
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whence

OC=Rs==

Answer: V= -(1—; b3sin —g—'— Veosa.

668. The altitude passes through the centre of the circle circumscribed
about-the base * (Fig. 146). The bisectors of the angles AED and BEC are also

Fig. 146 Fig. 147

medians of the isosceles triangles AED and BEC. The area of the section
MEN is equal to My

2
ENK we find

-OF and -“——g—-z/llx'slsing—‘. From the triangle

0L ="V EK:~0OK?
where EK:ICOS-%— and OK=BN ::lsin—g- , thus

OF =1 l/ccsz%—sinz L

. a a--p e
Answer: S o0 == 1% sin -i-l/cos 5 €08 —5—.
669. Through the vertex 4, (Fig., 147) draw planes A,£0 perpendicular to
AB and A(FO perpendicular to AD. These planes are perpendicular to the base
(prove itl), and the line 4,0 along which they intersect is the altitude of the
parallelepiped. The right-angled triangles 4,AL and A,AF thus formed are
congruent (since they have a common hypotenuse AA, = ¢ and equal angles
LAAE = fAAF = w). Consequently, AsE == A(F and therefore, the trian-
tles A,OF and A,OF are congruent; and hence, OE = OF and AQ is the bisector

R

* See the Preliminary Notes to Problem 611,
1901338

=] o]
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of the angle BAD. We have H = V/A,E2 — OFC, Since AEOF is a square, OF =
= AE. AE and A,E are found from the triangle A4E; we get H=
= ¢ Vsin? a — cos? @ = ¢ /' —cos 2a.

Note. In the trihedral angle at the vertex 4 either of the two equal face
angles is equal to o, the third being a right one; consequently, the sum of two
face angles 2o must be more than the third one (90°), i.e. 22 > 90° or & > 45°.
At this condition —cos 2¢ >0, and, hence, # has a real value. The lateral edge
AA, forms an angle £A4,40 = ¢ with the base, since 40 is the projection of
the edge on the base

cos w:—ﬁi%:l/ﬁcosa

Answer: V=abe Vcos (180°—2a); Sypt=2c(a+b)sine

p=arccos (/2 cos )
670. The construction here is the same as in the preceding problem. The
bisector of the angle BAD is the diagonal AC of the rhombus (Fig. 148)
Shase=atsin ¢
% From the triangle A4,E we find
=V IHE—AE
where Ad, = a; to determine AE first

find AF from A4A4,F, and then AE from
the right-angled triangle AEF. We get

acos g
AL = il
o

cos 5
whence
a 3
. H i e l/cosz—--—cosz a
Fig. 148 a 2

€os T

, e B«
Answer; V= 2d3sin 5 V sin 5= sin -
671, The problem is solved analogously to the preceding one. We can use
the same figure (148), introducing the notation: £ B4D = a and £4,4D = [
instead of « = £ 4AB.

Answer: V:Za’»’bsin%—"/sin (tp—%) sin (q?%-%-).

672. The base ABCD is a rectangle (Fig. 149). To construct a plane angle
of the dihedral angle D;ACD draw a plane through the edge DD, and perpen-
dicular to AC. The lines along which this plane intersects the faces of the
dihedral angle Dy\ACD form the plane angle D(ED == . We have

DE Bk
cos q;'-‘—‘————‘:—h——

DiE
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Let us introduce the following notation:
AB = DC = q
BC = AD = b(a > b), DDy = H
D\E = hy DE = h,

In the isosceles triangle AOB the sum of interior angles at the base 4B
i§ equal to the exterior angle 2a, hence, Z/BAC = a. From the triangle ABC
we find

a=2Rcosa; b=2Rsina
From A DEC, where £ ACD = a, we find
hy = asin e = 2R cos a sin « and EC = a cos a = 2R cos®
From AD,EC we find
h o= ECstan B = 2R cos* o tan B
From ADDE we find
H=VYDEE-DE =Y I} =1/ 4R cost o tan P — ARESInE ot Co g ==
=2Rcos? o Y/ tan? P — tan? .,

Transform the expression tan®  — tanfa as in Problem 659,

4

2, &y

Fig. 149

Answer; 81, =8R2 cos u cos (45°— a) sec B+ Y/ Zsin (B &) Sin B—a)
tan o )

tan f

673. If the leg AC (Fig. 150) subtends the arc equal to 28, then £A8C is
€qual to B as an inscribed angle having the same arc. The plane passing through
the diagonal ,¢ perpendicular to the face BB,C,C must pass through 4¢,
#ince AC is perpendicular to this face; the plane angle of the dihedral angle
BACBis £ B,(B — B. The hypotenuse 4B is the diameter of the circumseribed
circle and, "hence, 4B = 2R. Let us denote: BC = a, AC = b and A e ..
A quadrangular pyramid BiAA,CiC is cut off the prism by the plane ACH,,

nce the volume of the pyramid B{ABC is equal to one third of the volume

19+

Spec=2R%cos?w tan f; = arccos (
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of the prism, the volume of the remaining portion, i.e. of the quadrangular
pyramid ByAACsC is equal to~§- of the volume of the prism. If we denote the
volume of the pyramid B,A4(C,C by Vy, and the volume of the prism by V,

then .
L _ 2. 2 ab . i
Vi= g V=g 5 ==

From the triangle ABC we find a and b, and from A B,BC, H. For the lateral
-surface area we get the following expression:

Sigr={2R cosP--2R sin B4 2R)-2R cos P tan = 4R2sin B (cos f+sin B+ 1)

“The e\}pre&sxon in parentheses can be reduced to the form convenient for taking
dogarithms:

©03 B+ sin f+1==(14-cos ) +sin f =

—2c052~9— +-2sin -E—cos g =2c g (cos §—+sm—g—-)

~2005———[sm (90"-——2— -+sin ]

=2cos -g——-Z sin 45° cos (45" -—-g-—) =22 cos—i-cos (45“——-2—)

Answer: Sppp=8 /2 R%sin § cos -g— cos (45" —-—g-)
Vi= —g— R3sin Bsin 28.
674, The altitude EO (Fig. 151a) passes through the centre O of the circle
circimseribed about the trapezoid ABCD*. The arcs AD, DC and CB (Fig. 131h)

£ m

D (a) ¢
Fig. 154

are equal (since by hypothesis the sides 4D, DC and CB are equal),
S
and /B = 180° — o is measured by half the arc ADC. Hence each of the arcs

* See the Preliminary Notes to Problem 611.
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/\(D, DC and CB contains 180° — a; consequently, the arc AmB is equal to
360° — 3 (180° — a) = 30 — 180°, From the triangle AOB, where AB = a,
we find:

3 a

A0 =R~ 3a T8
B

2 si 2cos -“%a‘
(t.he quantity cos -3;— is negative, since « is an obtuse angle and so 135°<

<37°‘ < 270°) . From the triangle 0DC we find

@

- a¢0S —

DC—bm?Rsin 0= 2
2 3

COS—-—Q——

From the triangle ADF, where AD = band £A = 180° — a, we find the alti-
tude of the trapezoid
asin a ¢os —CZL
cas 5%
2
From the triangle BOE (see Fig. 151a) where OB = R and £OBE = §, we find
H = R tan B. The arca of the base

DFe=h="bsin g = —

3a 3 o .
a? cos—-—cos—)cos—~sma .
7 2 2 ind 7
b—.—-; (@+b) b= ( 2 2 =2

2cos?-§—zai 2cos? e
3 gin3 4 3 5ind o t.
Answer; Ve 250 at’::[i o= g sinatan ‘ia
3 S 3 o L2
12c0s? 23 12 cos (wo - )

675. The altitude EO passes through the centre O of the circle circumscribed
sbout the trapezoid ABCD* (Fig. 152). The angle ACB = 90° must be subtend-
ed by the diameter as one inscribed in this circle. In other words, the centre O
lies on the side AB. The trapezoid ABCD, being inscribed in the circle, is an
isosceles one, and thus £ DAB = LCBA.

Let us introduce the following notation: AB==a; DC=b; £ AEBR = ¢ 2a.

By hypothesis, -Z—a”:S‘and from the isosceles triangle AEB we have a=
=24 tan L =241 an o
From the two equations we find

H-=YScota apnd a=2)Stana

* See the Preliminary Notes to Problem 611,
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The side b = DC is determined from the triangle ADC inscribed in the circle
of the diameter ¢. In this triangle

LDAC = /DAB — (CAB = £CBA — LCAB

Since the triangle ACB is a right-angled one, £CBA = 90° — LCAB, Hence,

LDAC = 90° — 2 LCAB = 90° — 2a
and we have

b = asin (90° — 2a) = a cos 2a

Finally,

CN == AC-sina = acos o sin a
Now we get

v =—:§-- a-i—b hH:-é—aZ(i—(—cosh) cos @ sin gl ==

. gin?
=—;--4Stana2coszacosasin a VScotaE—s-ln—3—21VS3cot @

The face ABE forms a right angle with the plane ABCD. To determine the
angle ¢, formed by the face ADE and the plane ABCD drop a perpendicular

Fig. 152

from O onto AD (it is depicted by a straight line OK parallel to the diagonal BD
so that the latter is perpendicular to AD; the diagonal BD is not shown in the
drawing; /EKO = ¢). In the triangle 40K the angle OAK is equal to
LABC = 90° — LCAB = 90° — a. Therefore

OK = 40 sin (90° — a)z—;—cos a
and
H 2H _ 1
OK ~ acosa 2Htanacose  sinc
To determine the angle g, formed by the face DCE and the plane 4BCD, draw
OL | DC; LELO == ¢,. Since OL = NC = h, we have

v one L _ g
M= = iesasma - Ienta

tan @y =
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in2 S—
Answer: V == ..S_“Lsz_“... V8 cota
{@g =arctan (csc «)
@g==arctan (T [

676. It is required to determine (Fig. 153) the sum of the areas of the triang-
les 4BC, ABD and ACD. The area of the triangle ABC is equal to

S,::—;—- AB.CE:—Z_az V3

“The area of the triangle ABD is equal to
CE S,

Se=t aB.DE=AB. L CE _ 51
T2 2 cosg €08 §

the area of the triangle ACD is equal to

Sy= AC.CD~ AB.CD=t AB.CE-tan =S, tang
Consequently, Vi
az V3 . .
Sigt= 5148y + Sg=gre Py (14-cos g+-sin q)

The expression in parentheses is transformed as in Problem 673 to be equal
to 273 cos % cos (45° —%—) 1f in the denominator of the formula for §;,, we

Fig. 153 Fig. 154

substitute sin (90° — ¢} for cos ¢, then the expression for 8y, can be redueed by
cos (45° ——9;— )

a2 V'8 cos -—‘E—

Answer: Sy,
4sin (45— %

677, Since the plane of the base A BC (Fig. 154) passes through AC, and the

<utting plane 4,B8C, through 4,C; parallel to 4C, the edge MA of the dihedral
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angle B is parallel to 4C and 4,C,. Therefore to construct the plane angle draw
{30 L AC and BD; 1 A:Cy (D and Dy are the midpoints of AC and A4Cy). We
have

Siat = (2AB -+ AC)-DDy = (24B + AC)-BD-tan § =

= 2a° ({ + cos @) sin @ tan B
The volume V, of the quadrangular pyramid BACC,4, is equal to —;— of the volu-
we V of the prism (see Problem 673) and, hence,

.
P

. 2
£ \ Vi=-3 5-DD;
Y/,

S e -1- a2 sin (180° — 2¢t) = l—az sin 2¢
2 2
Answer: Spg= 1402 cos? —; sin @ tan f;

@ .
V1=-§— sin 20 sin o tan P.

Fig. 155 678. As in Problem 630 Iet us prove that the

g face DCE (Fig. 155)is inclined to the base ABCD at

an angle @ = £ ADE and the face BCE at an equal

angle e = £ ABE; both faces are right-angled triangles (2 CDE = s CBE = 90°).
The area of the triangle ADE (as also the area of the triangle A BE) is equal

o Sy = %AB-AE. From the triangle ABE, where BE = 2R, we find
AB = 2R cosa; AE = 2R sinu
and thus 8y == 2R?sin o cos a.
The area of the triangle CDE (as also of the triangle CBE) is equal to
Sy=-BC-BE = 5 AB-BE=2R:cosc

We bave
Stotar=S -+ 28+ 289 == 4R? (cos? &t -+ cos @ sin o —+c08 o) =
=4R2¢0s @ (Cos a-Fsin o -1}
The expression in parentheses is transformed as in Problem 673.
Answer: Sto10=8 V2 R2cosa cos—g- cos (45" —-%) .

679. The cutting plane ECD (Fig, 156) parallel to the hypotenuse A8 inter-
secls the face ABB;A, along a straight line £D which is parallel to 45. Drop
perpendiculars CM and CF to AB and ED to get a right-angled triangle CMF
i which ZCFM = 8 (prove itl). Cousequently,

HCMF = ACMB

(they have a common leg MC and £CBM = 90° — ¢ and by hypothesis § =
= 50° — q).
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It is required to find the volume V of the pyramid CABDE, whose base
ABDhE is a rectangle, and the altitude is equal to CM = g sin B = a cos a.
We have

3 3

(the leg BC is a mean proportional between AB and MB)
Then we have

Sigr=(BC+AB+ AC) H =aHl (1+

Vet ap.mr.or=t.aB.MB.COM = %—Bcz.cnl=-é-u3cosa

1
sin o +coia)

here a4/ is the area of the face CBB.Cy, which by hypothesis is equal to the area
Suec of the triangle CDE. Consequently,

1 1 a2
alf =S“c=fz- AB~CF=T AB~CB=.)—Sm-a—
Hence,

s 2 (4 1‘1) O (sin 41 cos
=i (1 oot @) =i i et 1 cosa

The expression in parentheses is transformed as in Problem 673.

Fig. 156 Fig. 157

. For the plane CDE to interscet the face ABB A, it is necessary ‘that "the
ne-segment MF==MB==osinoa be less than the line-segment MN = If =
= a PP From the inequality asina < 2 ve find

PRy .amm. © ineq y Iy we fing

sin?q < %, ie. sina<—-—2-z—-. Hence the angle o« must be less than 43°,

5 o - 3
2 42 cos ~- cos (4u°—-—)

s Vv - :

Answer: Vo= 2 c'osa. D Segr= 2 2

E sin%a Pooaase.
680, (Fig. 157). The latera) surface of the pyramid is
Hicota = HZcotf =~ H2colf | H2cota

Stat = g g e Zsinp
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Hence, -
e i i cos f - cos
Stat Teima s p (cos ¢ sin B{-sin & cos B+4-cos B+ cos a)
The expression in parentheses can be reduced to the form convenmient for

taking logarithms, taking into account that cose sin B 4-sin ce cos f==
==sin (¢ +f) and

cos B+ cos @ = 2 cos a—; cosft——zﬂ-——‘3~
We get

' — ot
sin (@ - f)+2cos a;ﬁ cos a2 B 2 a;'ﬁ cos az. B +

, aB a—f a+B . a-f a—f
+2cos 5 -Co8 5 =2 cos 5 (sm 5 +-cos 5 )

Substituting  sin (90°—~ a;ﬁ ) for cos a:—B and transforming the ex-
pression in parentheses, we get

4 cos @+B cos (45°—-—a~)cos (45“-——2-)

5

“

22 cos 23 aos(45°.._°2i) cos(45°_-g-)
Ansiwer: Sigr= LA

sinasin B
681. Let r = O be the radius of the circle inseribed in the base of the pyra-
mid*. From the triangle DON (Fig. 158) we have DO = H = r tan . Since

G

Fig. 159

the centre O of the inscribed circle lies at the point of intersection of the bisectors

of the angles 4 and B, LOAM = —g and
90 —q a
—— = 450 —

* See the Preliminary Notes to Problem 617.

£ OBN =
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he angle C is a right one, the quadrilateral MCNO is a square and MC =

Since t
= CN = r, Hence,
AC b= AM 4+ MC=r (cot%‘-{»—i)

and
CB—:a:r[cot (45°——;-)+1]

The bracketed expression is transformed as in Problem 662 and we get
- -3
V3Zrsin (45 5 )

s 1 - N Vﬁrcos%
T T 45 —5) sin o
=r2cot-—;icot (45"—%)
Consequently
4 r3tana cot%—col (45° — %—)

1.
V=“3"'5basc'H= 3

This expression can be simplified if we take into consideration that
. O 3
3 R 2 sin = cos -
tan = SR sina . 2 2
T Teosw  sin (907 — o) . @
450 — 5

2 sin (45"——%) cos (

“The lateral and total surface aveas can be found by the formulas
*
28base coszéf—

Sbase o
Stat =722 Stotar= —pe
3 ; a
3 cos? o r2cot 5~
i Star= = 5
2sin? (45C ~o-7)——)

Answer; V=
o
in2 {45 — 2
3 sin (45 5 )
r2 cot —?‘;— cos? %
Stotar= e
in? {45° — 2.
sin (45 5 )
682, The plane cats from the prism a pyramid B\ABC (Fig. 159), whose

altitude passes through the centre O of the circle inscribed in the base of the
pyramid; therefore all the lateral faces are inclined to the base at one and the

P
* See the Notes to Problems 617 and 618,
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same angle a, comsequently,
o *

2S8pgge €052 5

Siotar= s
We find

Smse=EA2__ .4,

From A OCD, where OD=r, and 2 0CD=%—, find DC=rcot-%‘—. From

O ADC find AD=DC-.tan a=rcot%—taua. Hence

3 3
2r2 cot? = 2~
r2 cot 5 tan o cos 5

o
—=~tanc and § B
2 fotal cos &

The obtained expressions may be simplified by representing tan o in the form

Spase==r% cot?

2 5in 2 cos =
sin & 2 2

cose | cose
The volume of the prism
Ve=Spgge H
where
H=rtana
(from A B,OD).

2 oosd - oot
4r% cos Zcot,2

Answer: Spopqr== i

’

Va8 cot2 % tan? a.

Fig. 160 683. From A BMC (Fig. 160), where
b L MCB=45°, and £ MBC=180°—
—{45* + @)~ 45°=90° —a, according to the law of sines, we have
BC _ m
sin (45° @)~ sin (90°— )
Heuce,
m sin (45° + &)
€05 o

Bl=a=

* See the Notes to Problems 617 and 618,



Chapter IX. Polyhedrons 3

From A ABC we {ind
H <)
AC=b=acot o= M
sin
From A DCM we find
H = mtana

The angles DN M and DKM are plane angles of the dihedral angles pACH
and DBCA; they are equal to each other, since the following triangles are con-
gruent pairwise: MKC and MNC (by hypotenuse and an acute angle), DMK
and DN M (by hypotenuse and a leg). Let us denote them by @; then tan o=

m
=serm, where MN = —.
MN V

1 sin? (45° 4
Answer: V = —m 3 S07 00 %)
6 cost ot

G84. Let ABE (Fig. 161a) be the first, and ADE the second lateral face.
By hypothesis they arc inclined to the base at one and the same angle a. Con-

p==arctan (1/Z tan a),

Fig. 161

4

sequently, the point O, through which the altitude passes, lies on the diagonal
AC. Indeed, if we drop perpendiculars 03 and ON* from O (Fig. 161) o the
sides AB and 41, then LOME = a and LONE == « (prove itl); hence,

OM = H'cot o

and
ON =0il"cot o

-6, OM = ON. Hence, the point O lies on the bisector of the angle 84D, i.c.
on the diagonal AC of the rhombus ABCD.

But then we also have OM = ON; (OM; and ON, are extensions of QAf
and ON), whence it follows that the triangles OM K and ONE are congruent
and, consequently, LONVE == LOME, which completes the prool,
————

* On the drawing (Fig. 161a) one of these perpendiculars, say OM, may he
shown by an arbitrary straight line, but the sccond one is then constructed iy
8 quite definite manner, since MV must be parallel to the diagonal BD. 1t i«
easily proved in Fig. 161h.
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From the triangle OME we {ind OM = H cot o and from the triangle OM,E
we have OM, = I cot B. Consequently, the altitude of thelrhombus is equak
to k= MM, = H (cot a -+ cot §).

Hence,
1 i i
V=-3— SbaseH=-§- “hH='§" aH? (cot a-+cot f)
Stotat=Sbase 1 25 app-+ 25 ppe =0 (h-+-ME + NsE)

where

H
ME=grgy M= B
Then .
_ . 1 _ i+tcosa , 1-4cosBj
Stotar =all (cot.aq— sma oot B+ sin )..aH ( sine | sinp )

" Expressing the numerators and denominators through %— and ~g« and redu-

cing the fractions, we get
Stotar = al (mt—i‘—-{-cot%)

Answer: V::% aH2 (cot o -+ cot ﬁ).—:—;— all2 —fM ;

ingsinf '
« 8 aH sin azTB
Stotar = all (cot - cot ‘é‘)=“—‘"‘—"'5"~

sin - sin £
2702
685. Let £4 (Fig. 162) be the acute angle of the rthombus, so that AC is the
greater disgonal and £0AD == (: . Draw MK § AC and MN | BD*. Let ¢
be the angle at which the plane EAC is inclined to the base. Then (MKE = ¢
and L MNE = . To determine H express M A and MN through #; we obtain
MK = H cot ¢ and MN = H cot v; substitute these expressions into the rela-
tionship

a=ap=art+yp="YE_ L UN

X a
sin - cos 5
We get

sin ? €08 5

_ colp | coty
a1l ("‘T +_;)

* In Fig. 162 MK should be drawn parallel to BD, and MN parallel to AC,
sinc(i the diagonals of a rhombus are mutually perpendicular (see the footnote
overleaf).
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adsina adsinZq
Answer: V= cotg | cotyy a o '
3 —T-—(-‘-+———&- G(COS?COt(p-{"SID —z—cot q:)
sin = cos =

where the larger diagonal of the rhombus serves as the edge of the dihedral angle
¢ and the smaller one, of the dihedral angle .

686. The line-segment 4B (see Fig. 163) depicts the hypotenuse of the base,
To construct the plane angle  we have to intersect the edge BB, by a plane per-
pendicular to this edge. In this case such a plane can be drawn through the Jeg
AC. To prove this, we have to prove that AC | BB,.

Fig. 162 Fig. 163

By hypothesis the vertex B, is projected into the point D (the midpoint
of BC) which lies on the feg BC. Consequently, if a straight line KL is drawn
through B and perpendicular to BC, then KL is also perpendicular to BB, (the
theorem on threo perpendiculars). And hence AC (| KL, AC | BB, which comp-
letes the proof.

Through AC draw a plane AEC perpendicular to BB,. The lateral surface
area of the prism is equal to the perimeter CE - AC -+ AE of the perpendicular
section figure multiplicd by the edge BB,. From the right-angled triangle BCE,
where /CBE = B (prove it!) and BC == @, we find CE = a sin f. The straight
line XL, and hence, the line A C which is parallel to it are perpendicular to the
face BB,C,C. Therefore the triangle ACE is a right one at the vertex . Hence,

AC = CEtan a and AE =~ —

L2 , thus
€o8 &

1
CE+AC+AE:asix1ﬁ(i+tan - v )

From the triangle BDBy, where BD:-;—- we find the edge BB, We get

a
BBy == Toos B’ hence,

2
S,a,z(CE-}-AC—I-AE)'BBl:a—t;*rLﬁ' (‘“’f‘“" @t co:;a )
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Transform the expression in parentheses in the same way as in Problem 673,
and cosc in the same way as in Problem 681,

a® tan B cos -(—;—

V2sin (45“ - %)
687. As in the preceding problem, let us prove that the edge A4, 1 BC
(Fig. 164), and heace, BB, } BC and the face BB,C,C is a rectangle. £ A,AC =

= £A;AB = 2u (for the proof see Problem 669) and, consequently, the face
A44,C,C = AABB. Point E is the midpoint of the side AB and £0 1 4B (O is

Answer: Sig=

Fig. 164 Fig. 165

the centre of the circle circumscribed about the triangle ABC); then A(E 1 AB
(by the theorem on three perpendiculars). According to the law of sines we have
AB = 2R sin (80° — o) = 2R cos «;
then .
Stase= 5 AB2.gin 20 ==2R2 cos? o sin 2a.

From the triangle 44 ,E we bave
_,__AE 4B Rcosa
Adg=1= cosZo  2c0s2a | cos2m

From A AAO we find

H=Y 12—R2=—-——R—— V/ cos? o — cos? 2a

<08 20
(Transform the radicand in the same way as in Problem 656). The side B =
=2BD ==2.AB-sin a. Hence

R e oo v
TR V CosE & — ¢os? Ogt =

= H ==2R2 cos? o s
= Spage I ==2R2 cos? a sin 2a ™

== 2R3 cos? o tan 2a /oS o — cos? 2n
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=20 A8 (sin 2o -sin o)

and
S1at=28 4 4 p, p+ S ppycyc =2 AB-sin 20421 ABusin o =

BMD =p
=CE.CM,
ind

Answer: V =2R3 cos? ¢ tan 20 /Sin dmsin &
. 3o @

8R2 cos? o sin-—— OS5~

2 N

); then

Stat = cos 20
688. Draw the altitude O in the triangle OCE (Fig. 165
the furmula 0C

(prove itl). Denote OC == OB by = and find z from
where CE =t and CJ)J = V' ZE 008, From the triangle OMB we |

OM =08 cot —t:’— =z cot -‘:i

[ L=

/ >
Cl=z}/ t—cot2s
SCE-CM, we get the equation
le L./iwcolgg

Substituting into the formula 0C2 -

hence

F2

The root 2z =0 does not obviously meet the given condition and we have
Ve
I.:()C»_:z!/ t-e
e

Consequently,
W=V R0 e VE— Bamlcot B

Now we find
f_oB
20T

—,ﬁ;> 45° (as tar

Note. The quantity of cos fi is negative, since
but the inclined line OC is longer than the perpendicular 0M,

..oc
R
hence tan _!}_> 1) .
B
cob - cos f§
2
(1~tot2-f—)n "T” 2 p .
° ’ sin? 4
find

2 f
A, D Ve I3 2
nswer: Y 3 3 cot 5
689, ¥rom the triangle AFE (Fig. 166), where £ AFE = ¢, we
E=Hcote and from the triangie MCE, where AyC:=d, we find EC «

2001238
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="/ a2 H? and, consequently,

PR RV
vith

Now we find the sides of the bases
AB=a=EK+EF

and
ABy=EG=b=EK—GK=FEK—EF
So that for the quantity
a?-4-ab - b2

entering the formula for the volume of a truncated pyramid we get the fol-
lowing expression:
(EK + EFy24- (EK - EF) (EK — EF) -4 (EK ~ EFY2==3ER?4 EF*
Answer: V:—%L (3.EK2+ EF?) = _’6’_ (3 (d2— 11%)— 2H? cot? ).

690. We can use the same drawing (Fig. 166} as in the preceding problem,
introducing the following notation: Ad;=1 and £ AAC=§. From the right-

Fig. 166
. . 4 3
od triangle A4,C we L S L,
angled triangle A4,C we {ind AC prers hence a== FK Vieop From
lcosP

s

the triangle AAE we find H=1Isin{ and AE =1 cosf, hence FE=

ot

v

consequently,
T o lcos 2B
bew EG zx FK —2FE s e (1 — 2 0082 B) s com gt
2cos P V2cosp
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Now we get
Bsin p
Geost

V= 131— (a4 ab4-b2) = (1 —cos 20 4 cost 28)
1 both the pumerator and denominator are multiplied by (1 -4 cos 28) (applying
the formula for a sum of cubes), we get a somewhat simyler expression.

Note. The angle § must exceed 45°, since FK > 2.FE, Therefore, cos 28 <0,

g 13sinB 2B 5 eadd 3 13 5in B (1 -4 cos3 2B)
Answer: V= Too B (1 —cos 2B -+ cos 'ﬁ)"W'

691. From the triangles AA,F and E4,C (Fig. 167)* we have
AE=Hcota and EC=H cotf
The lateral surface area is equal to

e
Siqr=4TE0 AN =2 (a4 1) AN

The slant height A,V is found from the triangle AEN, where

EN 4 cot o
We get

AN == H l/l - —’; cot?a
The sum B

a-j b AB-f AB =248y 2AN = 2. NB = EC. V= 1. Y 2 col g
Cfmscqucmly,

Syge= 20 VIeol plI ‘,/I e cot o

e} -

Answer: 814y = 2012 cot B V25 col? a.
692. In the triangle A£EN (Fig. 167), where

EN AN 2B B 5 (V3-1)
we find .
H s AE o (V3 1) tany
and )
PR LAN Sitadty (‘VT 1)
X

We obtain now

V.—-—I,;-(ffuz*f a2 ¢2 Y/3) = 1:)1(1/;’-1)(/1 V3 tan y
e

* For depicting a truncated pyramid sce page 201,
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and _
. . . 5. a{1/3—1)  2e2
Siae=2(AB+ 4B AN =22 (V341 RSy T Tosy

Consequently,
L 202 (1-+-2cosy)
Stotal = Slat‘r‘aaz“i' a2 == "_(_I‘I)?}_'———

The expression in parentheses can be reduced to a form convenient for taking

logarithms
3 3 s
BOVEDWET 76 tany

_\_,.M k o200
s 202 (1 + 2 cos y) 8a2 cos( 30 )cos( 30 )
total = Cos 7 == Y .
z (Fig. 163}, From the simi-

Answer: V=

693. Let us denote the side of the cube by

M, "—:,'f\/

[ ~a o FYH
S

A i)
168 Fig. 169

Fig,

larity of the triangles FOKy and £OC we have
E0y Ok,

EO T TO¢
Here
EOQ = EO — 00y = Il w—x, EO = M, OR (o =2 | O€ o VB IT2
V32
Consequently,
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694. From the triangle EOF (Fig. 169), where OF = -; antd [ OEF =a, we

a .
have H=7 cot a. Consequently, the volume of the pyramid

1 1
- 21 o @3
Ve em a2l == a3 cot o

Let us express the side a through the edge of the cube z=A1M, We have
@=20F == 20M + 2MF = KM -+ 2MMtan g =2 V3
Consequently,

-2 tan a)3 cot o
6

b BV

Here z8=V, is the volume of the cube.
Voo 3.
Anser: 1 :_(.l/_‘.__%‘.'ﬁl_‘ﬁfi ,

695, (a) Drawing. Let us first depict the section A M B, (Fig. 170) con-
taining the “upper” face of the ecube K L My {this is 2 right-angled triangle
with the right angle at the vertex M;). Since
the vertices K, L,, My, N, lie on the lateral
faces, they are found on the sides of the triangle
AM By (M coincides with the vertex of the
right angle; M, K, represents the bisector of the
right angle, since AM,N, = ML,). Now const-
ruct the cube KLMNK,L,MN,. Inside the
quadrilateral K,L,M,N, take an arbitrary point
2 .degicting the point of intersection of the
glmp ¢ DO and the lace K,L,M,¥, and join
it with the point O sitvated likewise in the
quadrilateral KLMN. Draw OiAq, OBy, O\M,
and then 04, OB, OM parallel to them, res
pectively, The points A4, B, € of intersection
of DA, DBy, DM, and 04, OB, OM (respecti
velyL are the vertices of the base of the pyramid.

(b) Selution. By hypothesis, AC = ¢ Fig. 170

C == 8; DO = 24*, Denoto the vdge of the
cube by ». Then 00, = z and DOy = 24 — r, By the property of sections
parallel to the base of the pyramid we have B3, : BC = DO : DO, ie.
BiM, :8 = (24 — z): 24, whence

5 (%) b
% T3

BMy=

Since the triangles K,B,L, and ABC are similar, we have
KilyiBly=6:8

B

* The figure is drawn not to scale.
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here Ny
KiLy=z and ByLy=BMy— ML= *‘;’ = 24;’”
%
Hence, z: 24 3 4z =6:8, whence =3,
Answer: 3.

696. The section BCC By (Fig. 171) is a trapezoid (prove it!). Draw the plane
MNE (M and N are the midpoints of the sides 4D and BC) to intersect the plane
BCC,B, along NK (K is the midpoint of B,C,). We have L NME = / MNE =
=aand LMNK = B (prove ifl). The altitude AN of the trapezoid BCC,B,

E

Fig. 171 Fig. 172

is found from the triangle KNM, where MN = a and £ MKN = 180° —
(N a asina

.o KN . .
— {4 ﬂ). By the law of sines e SaTE i.e. KN =i Lh
Now we find the upper base of the trapezoid (B,Cy); since the triangle ADE is

similar to B,CyE, we have

a-KE a. KE
== "3g

The ratio % is found from the triangle KNE, where L KNE =¢-B and
L NKE =048 (as an exterior one for A KNM). We get
KE  sin(a—p)

NE  sin(a+B)

hence,

~_asin(x—f)
S Ty
The section area

s

asin (z—PB)
_ sin {oe -+ B) asing
see ™ 7 TSN (5B

i)
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2 gin? 3
Answer: S”c:a sin ace:ﬁ_

sin (a-+f)

697. (a). Drawing. On constructing the pyramid EHPGQ (Fig. 172) draw
the line MV of intersection of the planes. It is parallel to the side #P and inter-
sects the axis OF at the point B. The end points M and N of the line-segment
MN lie on the slant heights EF and ED. Draw PN and GN, HM and QM to
depict the planes intersecting along MN. Mark the points A, and €, of intersec-
tion of 48 and CB with the slant heights £4 and EC, respectively (4 and ¢
are the midpoints of HP and ¢G). The angle ABC is the plane angle of the ob-
tained diheé’ral angle. By hypothesis, £ABC = 90°, i.e. the triangle ABC is
an isosceles right-angled one and .

a
BO:AOﬁ—Z-

(b) Solution. From the similarity of the triangles EMN and EDF, where-

gg . The angle OAE is the planc angle of the
dibedral angle a, hence £O = A0 tan = g— tan «. Furthermore, EB = EFQ —

in DF = a, we have MN = a.

~ BO == %-((an a — 1). Consequently,

MN::aA—t—ﬂa—d-v—_a(i—Acota)
tana
V 2asin (o —45°
sina

698, (a) Draowing. Draw the straight line
CM (Fig." 173) depicting the perpendicular
dl’qpped from € to AE. Through the point 0,
of intersection of CM and O draw KN purallel
to BD. The quadrilateral KCN M represents the
section, The proof follows from the solution
below, Fig. 173

(b) Solution. Since the plane KCNM s B
Pel&pendicu]ar to the edge AFE, the sides MK
and MN, as well as the diagonal CM of the section KCNM, are perpendicular
L AL, Since the diagonal CM lies in the plane of the isosceles triangle
AEC, it intersects EO which is the altitude of this triangle., On the other
hand, the diagonal KN contained in the plane of the triangle BED (and, as we
are just going to prove, is parallel to the base BD of this triangle) also intersects
EO which is the aititude of the triangle BED. And since the plane KCN M and
the line OF have only one common point Oy, the diagonals KN and MC intersect
at this point.

. The plane KCNM is perpendicular to the edge AE; therefore the angles
EMK and EMN are the right ones. The right-angled triangles EMK and EMN
are congruent (prove it!); consequently, MK = MN and EK = EN. 1t follows
from the last equality that KN BD and that KO, = ON. Hence, the diagonals

MC and KN are mutually perpendicular and S, = 5 MCKN.

Answer: MN =a (1—cot a)=
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The diagonal MC is found_from the right-angled_triangle AMC, wherein
LCAM == ¢ and AC = a /2. We get MC =a V% sin Q.

The diagonal KN is found from the isosceles triangle KEN, wherein
LEKN = ¢. We have KN = 2.0,F cot ¢, where O,E = OF — 00,. The
Iine—seggxent OE is determined from the triangle AOE (or BOE); we {ind OF =

/
al 2 tan ¢. The line-segment 00, is determined from the triangle 0C0,,
wherein  LOCO, = 90° — /MAC = 90° — ¢. We find

2 V3
2

00, =0C -tan (90° — ¢) = cot @

Now we get

5 /3 <
RN ==2.0\F cot =2 (a —},/2 tanq}-—f—}gcottp) cotg=a }I(1--cot2gq).

Hence,

H . . a2 cos 2¢
Ssec= 5 MC-EN =a? (1—cot? q) sin g = ““s‘i‘n_({i
Note. For the plane KCN M, which is perpendicular to AE, to yield a section
of the pyramid it is necessary that the point M of ils intersection with 4 £ lie

on the linc-segment AE jtself (but not on its extension), for which purpose the
angle AZC must be acute, le. ZAEC = 180° — 2¢ < 90°, Consequently,
¢ > 45°, and therefore eo is a negative quantity.

Answer: § o == — a cos 2 aieos (!800-2([) .

sin @ sing

699. The quadrilateral 4 M KN (Fig. 174), vielded by the section of the late-
ral surface of the prism, is always a parallelogram (prove it!). For the section
Tigure to be a rhombus it is necessary that A4 = A N. Since the triangles ADN
and 4B ave congruent (prove ith, DA = B, Hence, MN is parallel to BD
and to the plane ABCD as well. Consequently, the line EF of intersection of




Chapter 1X. Polyhedruns 313

the planes AMK.Y and ABCD is parallel to the diagonal MA (as well as to the
diagonal BD) and, hence. perpendicular to the other diagopal AK of the thombus
{and also to the diagonal 4C). Therefrom it follows that ¢ = ,CAK is the
plane angle of the required dihedral angle. The line 00, joining the centre of
the rhombus O, with the centre of the base of the prism is perpendicular to the
base (prove itl),

Fig. 175

From the triangle 400, we find
40 OB O «

C0s = .:4_5;,_1,_[1_01_—_7_;‘_0.[” tz\n—:[
Note, The plane drawn through the straight lines 4 M and AN intersects
the edge O, only if CCy 2= CK, i.c. if the altitude of the prism is not less than

-

E R —— a 'l /4 —tan? ¢ r—

a V3 tan e V2V Tcosty 2 _eVZcosa
¥= cos g tan :)L sin —-g—-

Otherwise the required section can be drawn neither through the point 4, nor
through any other point on the edge 44,
%

2

LRV
. The problem is solvable only if 7/ > LV 2cosa

Answer: ¢ = arccos tan ~
sin <

700%. (See the solution of the preceding problem.j Since MN = AC (Fig. 175)
and BK > BD, and by hypothesis, BA =N, we have AC> BD, ie. AC is
the greater diagonal of the rhombus, hence, £ ABC is an obtuse angle, and
£ BAD, an acute one.

The angle = £ OBOy is the plane angle of the required dihedral angle.
From the triangle 008 we have cos =z, where OB=0.4.tan =,

1 4
* For drawing a right prism see Fig. 83.
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04B-tan %‘- o @
And since 04 == 0,M == O4B, then cos p=——gp—=tan 5 - Here tan <
1
<14, since @ is an acute angle.
Answer: =arccos tan ;—; the problem is solvable oonly if
DD BD Vcosa

sin =
2

701, Cf. the preceding problem. The area S, of the rhombus BNKY

(Fig. 176) is
Suse =+ MN-BK =200, BO;

From the triangle MOyB, wherein £ MBO,:.—«%, we find:

L0y = MO,-cot »‘;‘.
Hence,
S gop =2+ MO} col % = 2402 cot —Z‘.

A0 is found from the triangle A0B, whercin AB==a and £ AB(J:%. We
get AO=a sin—f,f-.

. -] o
Answer: 8 gy, == 2o sin® 5 ot .

702.% Let the cutting plane be drawn through the midJ)oint M (Fig. 177
of the edge AB and paralle] to the edges AC and BD. The edge AC is containe

* For drawing a regular triangular pyramid see Fig. 82.
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in the plane ABC. Therefore, the plane drawn through M and parallel 1o AC
intersects the face ABC along MN parallel to AC. Hence, MN is a midline of

the triangle ABC [ MN = %AC = %) , ke, N is the midpoint of the edge BC.

The edge BD lies in the plane BCD, and the cutting plane is parallel to this

edge.Therefore, NL || BD (NL ——3' BD == —g—) and L is the midpoint of the

edge CD. Similarly, we prove that MA = —b~ , D
and that X is the midpoint of the edge AD.
Consequently,

KL||AC and KL=

Hence, the section MNLK is a rhombus:
Furthermore, the angle NMK is a right one-
Indeed, the edge BD is contained in the plane
BDE (E is the midpoint of AC), which is per-
pendicular to the edge AC. Consequently,
BD j AC. But, as has been proved, MX || BD
and MN|| AC, hence, MK MN, wherefrom it
follows that MNLK is a square with the

. b
side —-
e o
2 IS

Answer: .S‘M.c.—._z. . Fig. 178

703. Let CD (Fig. 178) be the lateral edge perpendicular to the base. Since,
by hypothesis, £DAC == LDBC == a. we have AC == CB, i.e. the triangle
ABC is an isosceles one at the vertex C of the pyramid and, hence, by hypothe-
Sis, £.C = 90°.

Any section of the pyramid perpendicular to the base ABC is a quadrilateral
NKLM with two riggt angles (L NKL and £ KLM). For this quadrilateral
10 become a square the following condition should be satisfied: K¥ = KL ==
= LM = z. From the congruence of the triangles AKXV and BLAM (prove it})
it follows that AK = BL, hence, KC = CL, and KC = T%-:é—_; From the
triangle AKN we find AK = KN cot a = z cot & Since KC + AK = AC =
= a, we get the equation

z ‘Freota=a
V3
whence
a V2
T T oo
14 V2cola
2q%
(14 V3cota)’ .
704. The section yields the trapezoid MA BN (Fig. 179) cqual to the lateral
face DD,C.C (prove itl). In the cut-off portion 4,800 MNCD we have A,Dy ==

B oz g%
Answer: 8 o0 5= 22 ==
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= B¢ = NC = MD {as the segments of parallel lines contained between
parallel planes). The obtained solid is an oblique prism with the base CCiDD.
Draw the plane FGQQ, through the slant height FG of the frustum of a pyramid
and the apothem OG of the base; we get £ FGL = « (prove itl). The perpendicu-
lar LK dropped from L to GF is the altitude of the prism (prove it!). From the
triangle LKG, wherein LG == Q\F = a,
we have LK =a sin «. From the triangle
FLG we find FG=- 0. % The
€0sS .  COSa
volume of the prism is computed by
the formula
p=Dil1DC ek
2
Now we find the total surface area §
of the solid AMABNB cut off by the
plane A4(ByNM. The face 44,8 B is equal
to the section M4,BV (prove itl). Each
0 ~-

5 3, @04
where QQy= FGs:go-‘;E . Either of the
faces A4 M and BNB, has an area
N -Q%M ywhere AM = AD— WD =3a—a=2 and 44P=FC= coz rE The
arca of the face ABNM is Sy== AM.AB=24.3a. We have

S=28 428+ 85

of these faces has an area Sy =

1202 cos? -3—
Answer: V==2a%tanq; 8=
cosa
Preliminary Notes to Problems 705 to 708
When solving Problems 705 to 708 use should be made of the following the-
orem.
1f a polygon ABCDE... contained in a plane P is orthogonally projected on
aplane Py as a polygon 4(B:CiD,E,..., then the area S of the polygon A BCDE...
and the area 3, of the polygon 4,B,C\D,E;..... are related in the following way
Sy = S cos a,

where a is the angle between the planes P and 2,.

Proof. First consider the case when tho projected figure is the triangle ABC
(Fig. 180a), whose side AB is parallel to the projection plane P,. Draw the
plane ¢ through A5 and parallel to the plane Py (£ is the point of intersection
with the projecting line CCy). We get the triangle A BE congruent to the triangle
448,C,. Draw the altitude CD of the triangle ABC; ED is then the altitude of
the triangle 4£B, and the angle « = < EDC is the plane angle of the dihedral
angle CABE equal to the angle between the planes P and P,. From the triangle
DCE we find DE = CD cos . Consequently, :

St =—})~ AB+DE = -},— AB-DCcosa=Scosa



Chapter 1X. Polyhedrons 317

Then consider the case when the projected figure is the ftriangle LMN
(Fig. 180b), whose sides are not para\llelI to the plane . Such a triangle can be
divided into two triangles of the type considered above. For this purpose it is
sufficient to draw the plane @ parallel to P, through one of its vertices Af which
should be neither the closest to, nor the remotest from the plane P,. This plane
intersects the triangle LAY along the straight line A A parallel to Py 1f &

q q
i
/ L=
7 ; 5

Fig. 180
and 87 are the respective areas of the triangles K M and LMK, and 1 and 57,
the areas of their projections (i.e. of the triangles A, M Ny and L,M K, then,

as has been proved, s
“cosa

Sy=S"cosa and S

And since S=8'+4- 5" and S;=8;-+S;. we have

Sy==8{+8]=8"cos x-S cosrz= (S + S} eos =S cosa

If the polygon has more than three sides, then we divide it into triangles and,
teasoning in the same way as in the above case, prove the general theorens,
Lot us draw our attention to the fact that this theorem holds true for the
areas of curvilinear figures as well. To prove it we have to inscribe a polygon
in the given curvilinear figure and pass to the

limit.

705. We have (Fig. 181) Shgse = ,}/3
H = BB, = BD -+ pp,. From the triangles BED
and ByE\D (E and E, are the midpoints of AC and
4,Cy) we have
aV3
2

and

BD = BE tan ¢ == tan o
and
/3
ByD == 4 1) tan
Hence,

348 sin (o - )
§cos ¢ cos f

The section ADC is projected on the plane of the lower base as the trinngle
ABC. As has been proved (sce the Preliminary Notes) the arca S of the section A D

Fig, 181

3
Vasbu.e'”:é—;— (tan ¢ - tan f) =
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is related to the area of the triangle ABC, i.e. to the Spgee, by the formula
Sbase = S cos &, hence, S = —‘;g%;-‘:—. Proceeding in the same way (i.e. pro-
jecting the section 4D C; on the upper base), we find that the area of the section

fa QT Sbase
ADCyis § = wsp Consequently,

S+5'=Snase (5355 + 5055

cos ¢ ' cos
3a3 sin (a-4-B)

Answer: V=
8cosacosP 6 8
—“+ —
~ 2/ 3cos 2 fdond 4
e 273 cosatcosp V3cos €08 —3
S 8§ . =
! 4 cos o cos f 2cosa cos B

706. (a) Drawing. Join the midpoints K and L (Fig. 182) of the sides AR

and AD. Through the point E of intersection of KL and AC draw the straight

line EN {the angle NEC depicts the plane angle of

2, b (, the dihedral angle @). Through the point O; of

3 intersection of EN and the axis OC; draw PM

Py N parallel to BD. The pentagon KLMNP represents

Y/ (e T ~5, the section. The proof is obvious from the solu-
1 tion below.

(b) Selution. Since KL || BD, the plane KLMNP
(passing through KL) intersects the diagonal plane
DBB,D, (passing through the diagonal BD) along
the straight line PM parallel to KL and BD. The
axis 00, of the prism lies in the diagonal plane
DBB.D, and, hence, intersects PM. The plane
KLMNP intersects the diagonal plane ACCdy
(passing through the diagonal 4 C) along the straight
line NE (E is the midpoint of KL), which also
intersects the axis 00,. But since the plane
KLMNP, containing PM and EN, intersects the

Fig. 182 axis 00, enly at the point O,, both EN and MP

pass through this point, i.e. the point of intersec-

tion of PM and EN lies on the axis Q0. The lines EC and KN are perpendi-
cular to AL (the theorem on three perpendiculars); hence, LCEN = a.

The area S of the pentagon KLBCD is equal to the»area of the square 4 BCD

less the area of the triangle A KL, thus, § = b9~—§:=—8- b, The area S,q
of the pentagon KLMNP is determined according to the theorem proved in
the Preliminary Notes to Problem 705. We have -;—b" = Sgec COS @, i.6.
I
¢ 8cosa

Comparing the triangles MO,N and BOC (BO = MO, and MN > BC)-
we make sure that £ MNO, < £BCO; and since 2 BCO = 45°, £ MNO, <
< 45° and, consequently, the angle ¢ = £ MNP is acute. All the rest of the
angles of the pentagon are obtuse (the acute angle L NMO, = 90° — £ MNO,
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exceeds 45% the anglo MLK is equal to 180° — 2 LMO, = 180" — LNMOy).
From the triangle MO,V we have

o MO,
tan o ~——-——l\,02
but
, oc oB MO,
N0, = cosw | cosa | COSa
Hence,
tan (2'; = COS O
2
Answer: 8., =8-c'%7£ 3 @==2arctan (cosa).

707. (a) Drawing. First draw separately the base of the prism (Fig. 183a).
Ahen construct an ellipse (Fig. 1836) depicting the circle about which the base
is circumseribed*. Draw a diameter (MN) of the ellipse and through its ends

B A

Fig. 183

draw tangent lines CD and AB representing the straight lines on which the bases
of the isosceles trapezoid lie. Draw some line KL parallel to €D and 4B to
Intersect the ellipse at points X and /. Through these points draw tangent lines
D4 and BC to the ellipse. The quadrilateral A BCI) depicts the isosceles trapezoid
“reumscribed about the circle. Then complete the drawing of the right prism
4BCDAB,C.D,. The cutting plane passing through the side AD and vertex B,
Intersects the face AABB all:)ng the straight line ABy and the face DD,C,C
which ig parallel to A4 ,B,B) along DG parallel to AB,. The section yields the
(ﬂmdrilateral ABGD. From the point B draw the straight line B£ parallel to
the radius ok joining the centre O with the point of tangency K. The line repre-
sents the perpendicular dropped from B to AD. Consequently, the angle BEB,
depicts the plane angle .

.\——.—._

* For constructing an ellipse see Fig. 92.
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(b) Solution. From the triangle DFA (Fig. 183b), wherein DF = MN =
= 2r and LDAF = a, we find BC == AD = sTff\La_ Denote 4B by a; CD,
by b1 AD = BC, by c. By the property of the circumscribed quadrilateral

04 bz AB4CD = AD + BC o 2= 3T

sin o
We have

a--b 2r 4r2
Sprse = - cor A
ase 2 sina sin o

Consequently (sce the Preliminary Notes to Problem 705),
Stase 4r2 8r2
Saec= Cosa | sinccose - Sing
; s 20
The altitude // = BB, is found from the triangle BB,E, BE being determin-

Fig. 184
ed beforehand from the triangle BEA, wherein

AB =as=2AM =200 -cot 2 0AM ~ 2r cot

We have
BE=asinw and I/ = BEtan o

Hence,
9 o .
H=2rcot-sinatang

Now we find
Stgt = 1 (@-}b-1-2¢) == 44 ¢,

§r2

sin2a

3 o oL
Answer: Sigr==16r2tana cot o ; o=

708. (a) Drawing. The cutting plane P may be drawn through either of
the twa diagonals of the face BCCB, (Fig. 184). Let us draw it through the
diagonal BC,. By hypothesis, P{|4D. Consequently, the plane P intersects the
plane containing the base 48C along the siraight line BK parallel to AD (the
entire line-sezment BA lies outside the triangle 4BC). Since the face BCCBy
is perpendicular to AD, it is also perpendicular to BX:; hence, ZLCBC, is the
plane angle of the dihedral angle § at the edge BA.
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Depict now the triangle yielded by the cutting plane P. One side of {his
triangle (BC) is known, we have only to find the opposite vertex, i.e. the point
of intersection of the plane P and the edge A4,. For this purpose it is sufficient
to join the point E. at which BK intersects the extension of the edge 4C, with
the point Cy. The point F at which CyF intersects the edge A4, is the required
vertex.

Let us prove it. Since the point £ lies on the line BE of intersection of the
planes P and ABC, this point belongs to the plane P. On the other hand, the

M

,

//
e /
Lo

£

Fig. 185
Koint £ lies on the line AC of intersection of the planes ACC 4, and ABC.
ence, it belongs to the plane ACCy4, (it is actually sitvated on the extension
of the face ACCA,). Consequently, the point I must belong to the line of inter-
section of the planes P ang ACCiA4,. By hypothesis, the point ¢, also belongs
to the line of intersection of these planes. Consequently, the planes P and
ACC,4, intersect along the straight line C,k. i.e. on this line is positioned the
side (C,F) of the section found on the face CC14,4. Hence, the point F of inter-
section of C,F and the edge AA¢ is the required vertex.
(b} Solution. Since the triangle ABC is the projection of the triangle FBC,,
contained in the plane P, on the plane of the base, thes

1 .
== a¥ sin 2o
s e Sba.w 2

%€ "cosf cosp

where a = AC s the side of the isosceles triangle ABC. Express o2 through the
lateral surface area S. We have

: § = (2AC -+ BC)-CC,
where AC = 4, BC - 24 cos o and €€y == BC-tan § = 2a cos o tan B. Hence,
§ = 4a% cos @ (1 + cos @) tan f = 8acos a (.‘052%- tan §.

§ tan -';—

4sin B

N sin 2a cot
Answer: S, S sin 2a cot f -

a
cos f cos « cos? 5

709. (a) Drawing. Extending the line-segment BC (Fig. 185) depicting
& leg of the base by a length €D == BC, we get the point D, which is actually

2101338
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symmetrical to B about the leg AC. Let us take the point M in the middle of the
edge A4, and draw the section of the prism by the plane P passing through the
points By, M and D. To this end join B, with D by a line to intersect the edge
CCy at the point N, The triangle B,V is the required section. Indeed, the point
D lies on the line BC and, hence, belongs to the plane CBB,Cy (D is situated
on the extension of the face CBB;Cy). But the point D also lies in the plane P,
therefore it is positioned on the line of intersection of the planes # and CBBiC;.
The point By is also found on this line. Hence, the planes P and BCC B, inter-
sect along the straight line B;D. The point ¥ at which BD intersects the edge
CC, is ope of the vertices of the section, thus, the section of the prism is the
triangle BN M.

Since BC = CD and CN ||BBy, CN is the midline of the triangle BByD,
i.e. N is the midpoint of the edge CC;. Consequently, MV is parallel to AC
contained in the plane of the base. Therefore the line DE, along which the plane
P interseets the plane of the base, is parallel to AC and, hence, perpendicular

to the face BCC,B,. Therefore £BDB, is the

& D, plane angle of the dihedral angle ¢ at the
o edge DE.
TN (b) Solution. We have (see solution of the
P 2NN preceding problem)
! / TN ¢ o Sbase @b
> e Xe N €T Cosqg  2cosg
y XE {where a=BC, b=AC), and since b=a tan B,
7 ya we get
a2 tan f
8 & 4 Swe=Teorg
Fig. 186 Find a2. By hypothesis, p is the smallest one

of the acute angles of the triangle ABC, thus,
b < o and the area b of the face ACC4, is smaller than the area aff of the
face BCCyB,. Therefore, the difference S of these areas (we assume that itis
positive) is equal to (a—b) H. From the triangle DBB,, wherein BD = 2BC = 2a,
we find H = 2a tan ¢. Consequently,

§ = 2a® (1 — tan B) tan
whence we find %

Answer:
s _5. tan § __ s . sinf |
€4 (I—tanPising 4 )/3 sin(A5°—pjsing

710. The angle between the non-intersecting diagonals BA, and AD,
(Fig. 186) is equal to the angle ¢ = /A BC, between B4, and the line BC,
parallel to AD,. We have £ CBC, = /DADy = aand LABA4, =§. To determine
the angle ¢ find A,C% first from the triangle 4,BC; (by the law of cosines) and
then from the right-angled triangle 4,B,C}, and equate the obtained expressions.
We get

BA}+ BC3—2.BAyBCy-cos g=: B4} -+ ByC}

Hence
2. B4y BCy-€03 @ = (BA} — B1A}) + (BC}— By(}) = 2. BB}
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Substituting
_ A4, _ BB
Bay= sinp  sinp
. BBy . R .
(from the triangle B44y) and BC,= pvIYY into the last equality, we get

cos ¢ == sin @ sin B

Alternate method. Through the edge B,C, draw the plane 8,(,C,B, perpendi-
cular to BA, (it is possible, since B,C’; 1 Bd,). Let £ be the point of intersection
of BA and B,B,. From the right-angled triangle BC,E we find BE = BC, cos ¢
and from the right-angled triangle BB, E, whe-
rein ZBBE = 90° — B, we have ¢

BE = BB, cos (90° -~ ) == BB, sin f§
Now we express the line-segment BB, through
BC, from the triangle BB,(,, wherein £ B,BC, =
=90° — a. We get BB, = BC, sin a and, hence,

BE = BC,-sin o sin §.
Equating the two expressions for BE, we obtain
B(y.cos ¢ = BCy-sin a sin B

Answer: cos ¢ = sin a sin p.

711, Let us denote the dihedral angles at Fig. 187
the edges S4, SB, SC (Fig. 187) by ¢a. ¢p,
9. Through a point (F) on the edge SC draw 2 plane (DFE) perpendicular
to SF. Then LDFE = ¢¢- Determine ED* first from the triangle EFD and
then from the triangle ESD, and then equate the obtained expressions. We wind

FE* -+ FD* — 2PE.FD .cos §¢ = SE* -+ 8§D®* — 2.SE.SD cos y
Hence
2.FE.FD.cos 9o == 2.SE .S .cos y — {SE? — FE?) — (SD* — FDy2,
i. e
2-FE-FD-cos ¢¢c = 2.8E.8SD .cos y — 28F*

Substituting into this equality

FE=SFPtana
FD=SFtan B
SE=-SE_
cos &
and
sp=-SE_
cosf
we obtain
cos y

t tan fcos gp=—r—n —
an @ tan f cos gc €08 & COS B

21



324 Answers and Solutions

whence
cos @ = SIS Y —C0S @ Cos i}
= ""gmasinp
Similarly, we find cos g4 and cos @p.
cos & —~co3 f§ 608y
sin Bsiny
cosff—cospeosa
sin y sin o
€08 - C0S & coS P
sin a sin f§
712. Solved in the same way as the preceding problem.
Answer, €05y = cos « cos B -+ sin o sin B cos 4.
713. See Problem 7f1.
Answer: the required angle contains 90°
714, Let the point A lie on the face Q (Fig. 188). By hypothesis, A M forms
an angle o with 4B, and MB is perpendicular to 4B, Through BM draw the

Answer: cos g =
€08 Pp=

€03 g =

I
/
%
/
&
I /
™,
Y

Fig. 188 Fig. 189

plane MBN perpendicular to the edge, and drop the perpendicular MX from M
to BN. The line MV is also perpendicular to NA, and £/ MAN = P (prove itl).
We also have ¢ = /¥BM. The angle ¢ is found from the triangle NBM,
wherein MN = A M -sin a (found from the triangle AN M) and BM = AM sin o
(found from the triangle A MB). We get

S 9= BT ™ AT sina sma
. sin
Answer: sin @ "’éﬁg .

715. Fig. 189 shows the common perpendicular PQ to skew lines LL’ and
MM’. To obtain the angle at which the line-segment PQ is seen from the point 4
we have to draw the ray 4 P; then £ PAQ = q. Similarly, £ PBQ = §. Through
the point P draw the straight line PE paraliel to M M’. Then the angle between
MM and LL' is (by definition) the angle ¢ = £ EPB. Drop the perpendicular
AE from 4 to PE and draw AR (the rest of the lines depicting a parallele-
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piped with the edges PQ, QA and PB are constructed to make the drawing more
vivid). From the right-angled triangle BPQ we find

PB = PQcotPp=rhcoth
Similarly,
PE = QA = heota
Then,

BE* = PB® - PE? — 2.PB.PE cos ¢ =
=h? (cot? & -+ cot? B — 2cot @ cot B cos %)

AE is perpendicular to the plane EPB, since it is parallel to PQ which is the
com?xog perpendicular to PB and PE. From the right-angled triangle A£B
we fin

AB® = AE® 4 BE?® = A - BES

Answer: AB® = k* (1 4 cot® @ + cot® B — 2 cot « cot B cos ¢).

716.0 See the drawing to the preceding problem (in the present problem
@ = 90°%.

We have

BE="Y/PE2+4-PB2=h 'V cot?a+cot? p

The angle between AB and PQ is equal to the
angle bhetween AB and AE parallel to PQ.
Denoting it by y, we have

BE_hVcot?a-tcot?p
AET D

Answer: tan ="} cotZ a+ cot?p.
717. Let (Fig. 190)
DM my DN _my DP_ my

MA “"ny ' NB  ng ' PC T ny

Let us first find the ratio of the volume ¥
of the pyramid DMNP to the volume V' of the .
?)’mmis DABC. Let the face BDC be the base of the pyramid DABC and the
ace NPD, the base of the pyramid DMNP. Let the edge DA be projected on
the plane DBC as a line-segment lying on DE. Then the points 4 and M are
projected into some points K and L lying on DE. Consequently, the altitudes
AK = h and ML = h, are contained in the plane ADE and the triangles
DML and DAK are similar. Hence,

hy DM DM my

kDA T DMTMA T mytng

The area §, of the base NDF is to the area S of the base BDC as I)N~Di;
;g DB.DC (since the triangles NDP and BDC have the common angle D).
ence,

tan y=

Fig. 190

Sy DN DP my mg
S D" DC ™ wy+ g mg -+ ngy
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Hence,
Vi hy S myinging
VT TS myt ) (ma o+ 1g) (3t i)
Now we find the ratio 7 VV , in which the volume of the pyramid DABC
is divided.
Answer: - 1L e

VP, (myt ng) (mg ) (mﬁ—na)—m,mgms
748. The plan of solution: from the similarity of the triangles OFL and

MEK (Fig. 191) let us express OL in terms of MK = b and ME = -gz- ; from the
similarity of the triangles OCE and MEN let us express OC in termsof MN =k

and ME = - Substituting the expressions found into the relationship 0C? =

= 2.0L%, we get the equation for finding H.
Solution. We have

OL:H = MK:EK,

i.e.
. P H\2 2
‘ 01,.11_1:.]/(?) ¥
whence
4b2H2
2 e
oLt= HE=meE
o . AhRH2
similarly, 00~~m. Hence,
4h2H2 3

HE 42 =2 i P

Dividing by H2 and transforming, we obtain

%k
/202 — 12
Now we find
4b2H2 2b%h2
9 4
oLt = T R
and
1
e (Q0L)2-
) =5 (20Lp- 11
165303
Answer: V==

32—t Vg2
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CHAPTER X
SOLIDS OF REVOLUTION

13
9. Answer: V=
Va
Pyt
720, = 4 /GnZ ¢
721. Answer: l:-—
4m .
' .
722, Answer: I'=w

4n
723. The radius of the base R==Isina (Fig. 192)%, tlrxe altitude of the cone.

¢

Fig. 192 Fig. 193
H=1cosu. The volume
, wRXH  aldsinfacosa
v TR ETTTTE
The_surface
S=aR{l+R)y=x12sina (14sina)
By_hypothesis, ! -+ / == m; hence,

i m m
T 14-cosa [
+ 2cos?
2
3 sin2
Answer Vo ﬂlﬂ sinacos o
Zhcoss L
' 2
2 ai 2 R &
am? sin ¢ cos? { 45°— &
S 2

2 cost %—
724, (Fig. 193). The planes A48y and A,B: cut off the cone ACB the cones

* For drawing an ellipse (depicting the circle in the base of a cone) see page 254.
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AiCBy and A,CB, which are similar to the given cone. And the volumes (V, V;
and V) are in the same ratios as the cubes of the altitudes:

2 \3 1 3
};’—2(3.;:) and %:—(—3—[]—?—)—

The volume Vpiq of the mid-portion A.4.B9By is equal to Vy—V,. Sub-
tracting the second proportion from the first one, we find Vy;q.

Answer: Vipgg== 9—7,7 V.

D

Fig. 194 Fig. 195

From the triangle OBD we have H = RcotB.

3
Answer: V== M .

24sin3 5;-
726. By hypothesis, OC—0C,=h (Fig. 185). We have
OC == Reot B
and
OC{== Rcota
Hence,
I3

[
P ot B—cotx



Chapter X. Solids of Revolution 329

The required volume V is equal to the difference between the volumes of
the cones ACB and AC,B. Hence,

1 1
o e WRE — o= U2
=3 nRe (OC —0Cy) 3 xRk,

nhd __ ah3sinZasin?f
3(cotB—cot@)2” 3sinZ(a—p)
727. By hypothesis,

Answer; V=

aRl=58
The arca of the base
Sbase = h2
is equal to P—S. Dividing (by terms) the equality
2= P8
by the equality
nRl :S,
R pP—S . R "
we get —— ==-"""  [et us denote the required angle by B; from the triangle

OBD (see Fig. 194) we have

7
sinﬁml} é

S
728. From the isosceles triangle ADA,

Answer: B=arcsin

(Fig. 196) we find AD = CHMais
2sin £ A
2
the radian measure of the angle ADA,,
then 8 4
v a
ABCA = AD = = Fig. 196
2sin 5

Prior to developing the curved surface the line-segment 4D was an element
of the cone, thus
a

Lo 4D == =
Zsin—z-

the arc ABCA, was the base circumference, hence

2R =

2sin %—

The altitude of the cone is

o VE—Re — 2 VTl g

PR
/msm—z«
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330
243 AP}
otad VdnZ—a , where o is the radian measure of the given angle.

Answer: V==
192n2sin3 5.
729. The angle DOM (Fig. 197) is equal to the angle 9=/ DEO. From

A ODM and A OEM we find
OD=H=—"
cos ¢

and
Ee=_t
sing
From A OCE we find
oc=p="2E
cos -5-

fa

Answer: V= e .
3sin?pcos g cosz%

730. The radius of the base circle of the cone is R= 65 (Fig. 198). From

Fig. 198

Fig. 197

a
; from A AOE we find

(

A AEF we find AE=1= r
o i &
2sin

—— - /eos o
H=VAFZ0 =) g e 0 V082
2sin o 2 o
K < 81n 5
The surface S is equal to
e e\ __aat LI a)
) 2sin —rf— Ve z

AR(LER) =25
Vilesin Z

L -
75"
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The expression in parentheses may be transformed as follows:

—1—;-_2-+sin 3 =sin 45°+sin 5 =2in % cos ﬂ;—“
Answer: V:W——@
12sin 3
s na? (1+V§sin %—) :zm?sin ggjztgcos 90’;@
27/ 2sin —°2i sin—;i

731, From the triangle AA4,C (Fig. 199) we have AC==lcosa. From the

Fig. 199 Fig. 200
triangle AAB we find AB =28 = a;—& thus 40=R=5—— . Hence,
AO1=r=A0—AC =1 (z‘a:“sa“m“)
Now we find
Seurved = nl (R4 r)==nl? ( corn — €08 ac)

nl?sina

=rl? tan @ sin @
cos @

Answer; Scurved =
732. From the expressions Vz%— AR and R=H cota we get

3/ b 3 It
ll:Vthan % and R V 3V cota
n n

Let it be required to halve the curved surface arca. Since the cones ABC
and AyB.C (Fig. 200) are similar, theiv curved surface areas S and 84 are in
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the same ratio as H2=0C? to H}=0,C2% Consequently,
H,:H:VST:’S‘:V’I, ie. H,:fi:—’- i/i‘-'-‘-‘;{lz-ﬁ
Let it now be required to halve the total surface area. Then
m,z,:%n (B2 RI)

Substituting Ry=Hicota; Iy Ay and l:;i-g-a, we get

“Sne
2
applote_a (Hz cot? a+£.f.‘.’.'ﬁ)
sina” 2 sina

whence Hy=H cos z.

2

3 A TarE e
Answer: if the curved surface area is halved, then Ht=“1'V Mﬁ:
Ve n

3 )
if the total one, then H,:cos%—- ‘/‘:&ty_'

733. Let us denote (Fig. 201} the radius of the there by R, the altitude of
the segment ACB, by & and the line-segment DA, by r. The volume V of the

o sector is equal to V=—§‘ aR%. From the
//’/ 4 triangle 4CD, wherein £CAD = % (as an
AL 8 ~
D inscribed angle subtended by the arc BC =
) « = ;), we find % = r tan % . From the
% triangle AD0 we have r = R sin%. Con-
sequently,
Fig. 201 2

oh— 2 R2 Rsin & tan 2
3 KR = 3 2R ~Rsm~2—-tan %

The surface of the spherical sector is made up of the curved surface of the
spherical segment 4CB ‘equal to 2aRk and the curved surface of the cone 408
equal to arR. Consequently, § = 2aRh ++ arR = xR (2h + ).

. 4nm -3 oo O [3

Answer: '} =—3—Rasm~-—4-; S=:LR-sm-2— (Ztan-é—‘«}l) .

734. (See Fig. 201.) With the notation of the preceding problem we have
§ == 2aRk - ar®, From the triangle ADO we have 402 == AD? -+ OD ; since
OD = R —h, then R*= - (R —})* and r* = 2Rk — K. Hence, S =
= 4nRh — ah®. Hence

-

2R2
h=2RiV"‘"§ as

Since h < R, the plus sign is not suitable.
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Answer: h= 2R-]/4R2-—§- .
735. Figure 202 shows an axial section of the solid obtained by rotating the
triangle 4 BC about the side 4 B. This solid is made up of two cones. Its volume

V=%n.ncz.AD+%n.DCZ.DB=-’3‘- DC'-’(ADA%‘ADB):%DC‘-’-AB

Remember that DC-AB=2S and DC==bsina.
2nSbsin o
—_—

Answer; V==

Fig. 202 Fig. 203

736. (Fig. 203) The volume of the solid of revolution (sec the preceding
problem) is

V=%3.042(30+DC)=—;—na-1)/12

To determine DA proceed in the following way: from the triangle BAD we find
BD = DA .cot B, and from the triangle DAC we fiud

DC = D4 .cot €

a == BD -+ DC = DA {(cot B -} cot C)
Henco we find DA. 2
3 sin? Bsin? ¢
Answer: Ve L. nald _ na3sin

0er V= o BT eot O ~ 3B IO
. 731, The volume of the solid of revolution (whose section is shown in
Pig, 204) is equal to the sum of the volumes of two equal frustums of cones. ob-
tained by rotating the trapezoids A MBC, and ANDC less the sum of the volumes
of two ¢qual cones obtained by rotating the triangles AMB and AND. The
radius of one base of the frustum is AC = d, that of the other is MB ~ .‘;

Consequently,
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We have
V=2[5'—§£(d2+%2—+%2—)—’3%39-i?)=nd230

From A AOB we find

Ad3 tan -Z—

Answer: V S e
738. The volume V (Fig. 205) of the solid of revolution is equal to the volu-

me of the frustum of a cone obtained by rotating the trapezoid 004BC less the
volume of two cones generated by rotating the triangles 40,8 and 40C.

Fig. 204 Fig. 205

Since, by hypothesis £ BAOy= £CAO, we have £ BAOy= /CAO=90— :
thus,
£0BA= £0CA=1

We have (see Fig. 205): H=bsin % , 1?:!;«305%i (found from the triang-

le 40C) and h=csin; r=ccos —?— (found from the triangle 40;B). Hence,
Ve (B by (B4R b =S B Dt
3 3 »

wla

sin % cos® %—[(b«;-c) (b2 be -+ ¢ — b3 — 3]

stbe (b4 ¢} sin o cos %-

Ansiper: V== s

3
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739. The surface S of the solid of revolution (Fig. 206) consists of the sum
of the curved surfaces of two equal cones with the axial sections DAD; and CBC,
and the curved surface of the cylinder with the axial section CDD(C,. With the
notation adopted in Fig. 206 we have

, ,_ b
r=bsing, h=MN=AB—ZAAI~cosa—2bcosa

Hence,

2nb? sina 5
S ==2ar (b+h)"—coT {cos a+1--2cos?a)
: oa . 3a
Answer: S =212 tan o (oS -4 1~ 2 cos? o) == 42162 tan @ sin 5 sin 5.

740. By rotating the given planes about the altitude of the cone without
changing the angles o and f, we can bring them to a position (shown in

]

©

Fig. 206 Fig, 207

Fig. 207) in which they intersect along the commeon element BD of the cone.
From the triangles OBM and OBN we find

2 2
om=Rr=S i omz -2t one

here OM = H cot o and ON = H cot B. Consequently,

2 a? | a? | 2 cntl L 2
b it :T—rllzcotza and ——Z—-T-Il cot~a=T-»}-llzcot~ﬁ

The equations yield # and A.
7 (b2 cot? o —aZeot2 P) VB2 a2
. . 2 (cotPa—cotZ Byt
741, Shown in Fig. 208 is an axial section of the cone. Intersecting the sphere
of radiug r it yields a circle of radius OD = r, inscribod in the triangle ABC.

Answer: V =
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We have
a a
r=R tan-z-—l cosatan—z-
4mi3 cost ¢ tand %—
Answer: V= .

3

742. Through the point M (Fig. 209) on the curved surface of the cone the

tangent line MB is drawn, forming the angle 8 == /BMA with the element

CMA. Another angle @ = £0AM is also known; it is required to find the angle
¢ formed by MB with the plane P of the base of the cone.

Fig. 208 Fig. 209

The line MB, tangent to the cone, intersects the plane at a point B lying
on the tangent AB to the base circle *. Dropping from the point M the per-
pendicular MN to the radius 04, we get the projection BN of BM on the
plane P. Hence, ¢ = LNBM. From the triangle A MN we have

Ay
. " Tsina
from A MAB we have
AM MN

MB=

Cos  sinwcos0
from A MNB we have

. MN
sin q>=:—w-1§~=sinacosﬁ

Answer; @ = arcsin (sin « cos 8).
743. The surface S of the solid of revolution is equal to the sum of the curved
surfaces of two cones with the axial sections BA By and BCB,. With the notation

* This can be proved only on the basis of the definition of the tangent to the
curved surface of a cone. But such a definition is unot included in the textbooks
on elementary geometry.
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adopted in Fig. 210 we have § = nRe -+ siRa. From the triangle CBE we have
R
sin

a==

by the law of sines we have
ol a
Sin (180" (x4 P))~ sine
hence,
o asin (- B)
sin o

From A BCD, whercin LBCD =0 1B, we have R =asin (x--B). Hence,

g .. T sin (o B) [sin (o4 B) - sin a)

R sin? i sino

The expression in Lrackels may he transformed according to the formula for
the sum of sines.

2nh? gin (g - B) sin (a 4 J—?) cos %

Answer: § o - o)
sin o sin?

744. Figure 211 chows an asial section of the conic vessel; ADR is the water
level. The triangle ABC is an equilateral one: the eircle DAL (the great circle

Fig. 210 Fig, 241

of the sphere) is inscribed in it. With the notation adopted in Fig, 244 i =
“OD tan 60° = r V3 and I == €D ~ 3%. The volume 1 of water in the
vessel is equal to the volume of the cone ABC loss the volume of the sphere, i.e.

Voo L ;N2 -~ 4y w—g— ard

3
. * The radius of a circle inscribed in an cquilateral triangle is equal to one
third of the altitude of this triangle; it follows from the fact that the point of
Htersection of medians in any triangle divides cach median in the ratio 1 ;2.
201138
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When the sphere is removed, the water drops to a level MN and fills the
cone MNC. Let CE==h, then ME==CE-tan 30°=-—17—§, thus

o g cE="TE
IA3 ME2.CE = 5

We get the equation

Answer: h=r %/1—5
745. If the radius 0,4, (Fig. 212) is denoted by r, then the altitude 4,3/
of the prism is also equal to r, and from the triangle 4,B;Cy, wherein 4,B; =
= 2r, we have
A(Cy== 2rcos o and ByCy = 2rsinu
The guantity r is found from the
triangle A4,M, where AM = Rr.
We have R — r = rcot %. Henee
R
re——
1+ cot 5

D

Fig. 212 Fig. 213

Now we find the lateral avea of the prism:

Spar== (2r-4 2rcos o 2rsina) ros — {1+ cos o 4-sin )
(i ; cot;)—

’5 @ .
2 R2sin < sino
2R cosasina) V2 R2sin Pl Stna

(17‘00‘%)2 - cos (45%-%)

dnswer: Sygpes
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746, The radius R = OF (Fig. 213) of the cylinder is equal to -,;-Br*. But

V3

BF = BE—FE — BE— FFy-cot o= —3-~-,’j- cot = o (cot U —cot )=

_asin(@—30° asin(x—30)
2sinasin30° sine
Therefore the volume of the cylinder is

Vi=n.0F2.FEy=n [

asin (o — 307" 2_a_

dsina 2
The volume of the pyramid DA B,Cy is
1 A0,

Voo S5 By ByD
Here
. __asin (2 —-30%)
Byl Pl o e —
and
A V3
ByD=ByFy tan o ByEy = —~'——C—'2—l——
hence

ACy DLy Vi s ByEtana
2

7 SV

. . . . a V3 a

The problem is possible if BE> FE, ie. if —%-‘>fz-cota or cot 30° >
> cotw; hence, o> 30%
7ta3 5in? (¢ — 30°)

18sin2 e
a3 sind (@ —30°) tan o
3V 3xinda
Preliminnry Notes to Problemys 747-780 i

The methods of correct graphical representation of a sphere and its sectiops,
as also of various solids inscribed in and circumseribed about a sphere are rather
involved. Therefore, the problems below are supplied with sehematic plane
drawings which are much simpler to construct and ~tili present a clear pictore
l}lllle. sufficient for understanding and solymg the given problems. When a plane
qrawing fails to serve these purposes it is accompanied by a three-dimensional
drawing,

747, Intersecting the sphere, the planes containing the bases of the prism
{triangles BAC and 14,4,C, in Fig. 214) yield two circles in which the right-
angled triangles ABC and A(B,C; are m.%n}md. Therefore, the hypolenuses
AB and A B, are the diameters of the obtained circles, The plave A Bk A,
——

*® See footnote on page 336.

Answers V=

Vo=

22%
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passes through the centre of the sphere. Since, by hypothesis, ABBA, is a squa-
re, we have H = Ad; = R V2 and 4B = R V2.
Risin2a

V2

748. Intersecting the sphere, the plane containing the base of the pyramid
yields the circle ABCD (Fig. 215) circumscribed about this base. The altitude
of the pyramid passes through the centre O, of this circle (since all the edges are
inclined to the base at equal angles) and also through the centre O of the sphere.
A cutling plane drawn through the diagonal AC of the base and vertex E yields

Answer: V=

Fig. 215 Fig. 216

a great circle circumnseribed about the diagonal section of the pyramid AEC.
From the triangle AEC. wherein the angle A £C is equal to 180° — 2¢, we lind
AC = 2 sin (1807 — 24) = 2R sin 2¢ (by the law of sines); hence, 40; =
= R ~in 2. From the triangle A£Oy we find the altitude of the pyramid

EQ, = I = AQ¢-lan ¢ <> I sin 2¢ tan @

~ R¥sin® 2g sina tan @.

Answers V=
740, Since the radius OF (Fig. 216) of the circle inscribed in the base is
From A DOE we find DO == I == R eot %_ .

equal to R, AB=2R 1V

Answers Vs \"i R Cot—o:)-— .
730, Fig. 217 shows an axial section. We have
Seurved = M (rg-tro)= n-AD.(4M 4+ DN)
But AM = DN = AF - DF = AD. Therefore .S‘c,,,‘p,,d=n.,402, From the triangle

2r
AkD, wherein DE =1

[N w2, we find AD = ——0o
sina

. Anr?
Answer: Seyrved = Py
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751. See the preceding problem. We have S = Scurved + 7 (r] - From

the triangle A0 (see Fig. 217) we find

AM = ry=03M -cot %’-:r cot.-%—

0° —
From the triangle DON, whercin , ODN 1-8—-—)—-5 , we have

DN =rp=reot (‘JU"—%—) .':rlim%

Calculations become simpler if the expression r

ransformed as follows
Pt =(rg+rp)2—2r. Since rydrp=l, Scure

al? (see the preceding

Problem) and, from the right-angled triangle AOD, AF-FD = OF or ryr,—r2,
we have
L8 e e 2 22 s 2 (12 Yy

Substitute [ ‘3’

into this expression,
sina

Answer: § o 2nr2 e
) sinZ
752. See the preceding problem. We have

2 2arf E 2nr
V:v‘ﬂ—:,-:— (rfsryre v ri) iir[ (ri-f fz)ZJ-’:"z '75(’“)' re

Substitute ¢ - -2~

sine
273

Answer: V' -

1)

3
753. Let us denote the fength of the equal chords DA, DB, D( (Fig. 218y

by L From the isosceles trisngle DBC we find BC == 21 sin% . Similarly, A8 ==
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o
2

Dropping the perpendicular DO, to the plane ABC and revealing congruence
of the triangles DOA, DO\B, DO, let us prove that 40 = BO, = (0, Le.
that 0, is the centre of the base (thus, the pyramid DABC is a regular onej,
since the points 4, B, € lie on the surface of the sphere, 0d == 0B = 0C
(0 is the centre of the sphere). Dropping a perpendicular from O to the plane
ABC, fet us prove that the foot of the perpendicular is the centre of the triangle
ABC, i.e. coincides with the point 0y. Consequently, 00, (and, hence, DOy)
lies on a diameter of the <phere (DF in Fig. 218). From the right-angled triangle
DAF. wherein DF = 2R, we find I* = DA® = 2R.D0O,. The line-segment DO,
may be related to ! by another formula. Namely,

DOy =V ADEZ A0}

= A( = 2 sin— . Consequently, the triangle ABC is an equilateral one.

where
AD =1 and AQ(s=
Hence,
: // 4sin?
DOy =1 ‘/ L

Substitute this expression into the equality 1* = 2R.D0y, We find

Reduce this expression to a form convenient for taking logarithms. We have

VAU Yy PP LY - S
e — BRIk i V4 - D008 o
K i 1 5 Vi V14 2cosa

Ly ————————— AR /
12 4cos 607 - vos oz)v::-——’—— ,4/ cos (1’\0”-;-?:-) cos <30'~ _”_a_)

Vi >

Answery L

o . 54
T )eos (w0 —%) -

734, The isosceles trapezoid ABCD .(Fig. 210 represents an. axial section
of the frastum of a cone. By hypothesis, 2 AOB = aand 2 DOC = B. Therefore

|

Ry=AE=A0sin Z-=Rsin e and Ry DF e Rsin
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The angle AOD:W

== 180° — ﬁ__‘):ﬁ_ . Therefore L AD =

=28 cosg——_-';-—ﬁ- . We have

Seurved = (Hy - Ry) == 2 R? cosg—j‘;ﬁ— (sin—%‘- Aesin %)

e %=
Answer: 8cyppeq = 2aR% sin —;-E cos B

Fig. 219 Fig. 220

755. From the triangle OME (Fig. 220) we have
OM -
By the formula §=nr(r

=mcos g EQ==Hw=msina

1), where {=2m, we find

Se=am?eosa (1-i-cosa)
or

, o
S == 2am? cos o cos® 5

The angle == £ EBO, at which the lateral edge BE is in(‘lingd to the base,
is determined hmn lh(- triangle EBO, wherein OB OM VZ2=m '\/flrosa,

tan o
We have tan _,L’ﬂ_’i..._ ——t
¢ 0” m L/.Z oS . 12

a tan o
Answer: 8 == 2nm? cos ¢ cos? & ¢ e=arclan —-Tt— .

756, From A ASB (Fig. 221) we find AB =2l sin 2= hence, R 04~ AB =

=2l Sin%. From A ASO we {ind

SO =l == YT RE = 1/ {4 sin2 2

)
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We get

v-_—%nmnzi‘_.w sinﬁ-?--l]/iwé sin? 2
The radicand may be reduced to a form convenient for taking

logarithms in
the same way as in Problem 733: we got

—4sin2 % = 4sin {300 2 Y & ,r_i)
14 sin 5 45111(30—]—2)5111('3( 5

Answer: V= -%— aB sinz%—- l/sin (305-{- % ) sin (305 —-—;L- ) .

Fig. 222

751. From A ADM (Fig. 222) we find AM = sin —%— . From A AMO we find

P OM = AM tan 80° = sig % . L
2 Vi
and
L
A 2151{1—:—
Teos 307 Vi
From A A0D we [ind

: e LY A
OD = H = VIETRE e ,/-3__4 sinr 2
Vi 2
The volume of the cone is
n a 2 gin2 i, /.
3 ;,_r_.:r-‘”::—l—i—. l 3*!\”!“—-—-




=
o
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The radicand may be transformed in the same way as in Problem 733,
k23

78 sin® 5 P
Answer: V:—-——*_l/ 3—4sin? 2w
9V3
9018 5§ g_PL'l/ s {30042 cos { 300 — 2
273 sin ) co:.('i(} Fs )(us( 5 )
V3

4
758. The volume of the sphere (see Fig. 223) is cqual to %-“m‘ and the

volume of the cone ACBH, to —;—m'-’rCO, :%«nr?ll‘ By hypothesis,

i 1 4.

e U2 I s e o & R3 c

5 I = TG nR
ie. ’ff = R, Another relationship between r
and R we obtain from the right-angled triangle
CAD; namely, AO} = CO,-DOy, ie. r? =
= Il 2R — #). Substituting this expression
into the preceding equality, we get R* — 2{*R-+
+ Ii% =0, Though this equation in the un-
known R is of the third degree, its one solution
R = {f is quite obvious (it could be guessed
immediately by the given conditions, since the
volume of a cone, in which both the radius of
the base and the altitude are equal to the radius
of the sphere, is equal to a quarter of the volume
of the sphere). Consequently (according to the
remainder theorem), the left member may be Fig. 223
factorized, one of the factors being R — I N
For this purpose it is sullicient to divide M9 — 2IER -1 1" by R — I or
acc"mP“s\l the following transfermation:
B 2120 4 g = (R — IPR) — (IR — 1) =

s R — H) (R4 1) — U JD) = (R — ) (R BRI -1~ 0

The equation R% 4 BRI — I1* == 0 has one pusitive root 2t -

(the negative root ff == - w isnot milablv) . Geometrically, this means

that the radius of the sphere is-(‘,qui)l to the Jarger portion of the altitude of the
cone divided in extreme and mean ratios.
Answer: the problem has two solutions:

4 4 e ,
V;—~—,§—nll3 and ¥ %n(vr—z)m

759. The altitude of the prism is equal to the diameter 272 of the inseribed
sphere. 1f plane is drawn through the centre of the sphere and Yﬂmllcl to the
a5e8 of the prism, then the section of the prism by this plane yields an cquilate-
Tal triangle (KA in Figs 224, 224a) equal to the base of the prism, while the
seclion of the sphere is a great circle (PAQ) inscribed in the triangle (KLAM).
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From the triangle LON, wherein ON = R and ZNLO = 30°, we find LN =
= RY3. Consequently, LM = a= 2R V/3. The lateral area of the prism is

2 "
a V3 3R V3. Hence,

" =

Stotar=12R2 V/34+6R2 V3=18R2 V3
The surface of the sphere is equal 2&0 4nR2,
a3

9]/3. .
N M
4y

Spa: = 3aH = 12R* /3. The area of the base Sy 0=

Answer: the required ratio is

1]
i
i
}
g

Fig. 224 Fig. 2%4a

760. (a) Drawing. The centre Oy of the sphere inseribed in the pyramid (if
it is possible to inscribe a sphere in this pyramid) must be equidistant Irom the
lateral face BEC and the base ABCD
(Fig. 225). Therefore, it must lie in the
bisector plane of the dihedral angle ¢ at the
edge BC. Similarly, 0y lies in the hisector
planes of the dihedral augles ¢ at the edges
AB. Al DC. Hence, all the lateral faces of
the pyramid O ABCD (it is net shown in
the drawing) are inelined to the base at one

and the same angle 3)- . Consequently, the

altitude 0,0 of the pyramid 0,480 D
through the centre 0 of the circle i
in the rhombus 4 BCD (see the Preliminary
Notes to Problem 617). The altitude EOQ
of the given pyramid passes through the
- Fig. 225 same centre. Hence, t{m centre O, of the

R sphere lies on the altitude £0.

The Fointof tangency of the sphere and the face BEC is the foot £ of the per-
pendicular dropped from the centre Oy of the sphere to the plane BEC. Hence,
the plane OEL is perpcll(l{<‘|xlar te the face BEC (prove itl). At the same time
the plane 0,£L is perpendicular to the base ABCD (since it passes through the
altitude E¢). Counsequently. the plane O,FL is perpendicular to the edge BC.
Hence, the straight Hne M along which the planes 0,EL and ABCD interseet,
is the altitude of the rhombus (drawn through its centre 0). The same thing is
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with the remaining three points (K, ¢ and P), at which the lateral faces touch
the sphere,

Hence, the following constructions: draw the altitude NOAM of the rhombus
ABCD (it is desirable to make it horizontal), construct the section NEM (an
isosceles triangle) and depict the circle iuscribed in the triangle NEM, The
points L and @ at which this circle touches the sides ME and NE are the points
of tangency of the sphere and the Jaces 8EC and AED. To find the point R draw
MSHAC. Then 0S (not shown in the drawing) represents the other altitude of
the rhombus (prove it!). Draw ES and through the point L draw LA | MS (not

Fig. 226 Fig. 226a

shown)in the drawing). The fourth point £ is fonnd in a similar way. As follows
fl‘om this construction, the sphere with Oy as the centre and radius #2 oL
is actually inscribed in the pyramid.

(b) Solution. From the triangle MOO, we find

OM =00, col -‘ﬁ- = R cot QT

S0 that
I o OF == OM -lan ¢ = R cot (—ﬂ- tan g

Then from the triangle BUA (where U3 MN) we find
("
27 cot -
ne 2om ROty
¥ R P
sine | sing sin
Hence,
an ('()t'-f—?;-
Spg e s @S SN o= Ty
., 5§
A3 tan ¢ cot? 5
Answer; V= e
dsina » . .
. 761, (a) Drawing. The centre O of the equator of the hemisphere (Fig. 226)
lies on’ the altitude S0y of the pyramid. Since
OM = 00y = r,
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the point M lies on the bisector O, M of the angle 00, M. Marking M as the point
of intersection of O(M and SF, draw the section KLMN parallel to the base.
The midpoints K, L, M, ¥ of the sides of the section are the points of tangency
of the equator and the lateral faces. The simicircle KO,M is the section of the
hemisphere by the plane ESF.

(by Solution. The side of the base is

a = EF = 2.04F = 2 {(O;M, + M,F)
But OM, = OM = r, and MyF == MM, cot ot = r cot a. Hence,

a = 2r (1 -+ cot o)
We have

28pgge 0SS
Stofa! ==

h-]ﬂ

cosa
(see the Note to Problem 619). Here Spygp=a2 = 4r2 (1 --cot a)2.
8r2 (14 col @)2 cos? %

2 sin? (457 -
Answer: Sitq)= 2 =4r sin® (45" - a) ]

cos L g O
COSCLSH\“T

762. Intersecting the hemisphere, the plane ESF (Fig. 227) yields the semi-
circle NP3 touching the slant heights of the pyramid at the points @ and G.

s
&, “
/A AN
N, g MF
Fig. 227 Fig. 227a

If we denote the side of the base of the pyramid by « and the radius of the he-
misphere, by r, then the surface of the hemisphere 'is

Sy 2art ot e St

and the total surface area of the pyramid
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(see the Note to Problem 619); their ratio is
3nrteosa

242 cost

v

From A OGF we have OG = OF .sin a, f.e.r s ;— sit . Substitute this expres-

sion into the preceding equality. . .
To determine the volume V" of the hemisphere find r proceeding from the

P . a . .
condition @ — 2r = m and from the above equality r = o sin 2, We get

msin a msin o ¢
r= 2({<sina) a
4 sin® (/‘53*‘_))

3. 3
Answer: g ——é— sin 20 tan =
Ve umd sind o
T = *
906 sips («’m i ————)

9

763. Figure 228 shows an axial scction of the cone
and the sphere inscribed in it. The required velume 1 is
obtained gy subtracting the volume ol the spherical seg- 71
ment MEN from the volume of the cone MUN. Hence, A.

Z
3

where r is the radius of the sphere. From the triangle 40D we find

Vimom  MK2.KC — 1 KBS (r_—,i‘/\'zf) Fig, 228

L DAC - “
ra= 0D = Al-tan L)( 1t tan («";1 ,—f—)

Nu\v.( from the triangle QM A, wherein _OMA a (the sides of the angles
OMK and MCK are mutually perpendicular), we have
MK = QM ecos g o reos o and OR = rsin o

Hence, Kg = 0k — K < r(1 — sinaj.  Finally,  KC = MK .col o ==
T reos @ cot . Consequently,

Vel

. ; rf
3 r3 €083 o cot o r? (1 —xin m)? [ r—-

in e} J

n L[ costo . o .
:;—,—r"{ . e (4= sin )2 (2 - .\’HIO,)J
3 sinag i

. .
I}us expression may be simplified. Factor out (1 — sin @)* on having transform-
¢ cos* o heforehand; namely,

cosd g = (1 — sind ) = (1~ sin ) (1o sing)?
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Now we have
a8 (1 —sino)?

g [(1-4sin@)?—(2-+sina) sina)

V=

The expression in brackets is equal to unity. We get
. ar3({—sina)?
V e e e
3sina
Substitute into it the found expression
r=R tan (45"-—-—“—)
2
We may also use the formula

1—sina=25in2(45°_%)

sz %YL e 7
4aR3tand (/m ' “T) sind (/m~ -—--7)—-)

Answer: V= Ta
O SN

764, Using the notation adopted in Fig. 229, the given condition is expressed
by the equality aR ([ R)=n-4nr>. From the triangle 0B0O, we find r=

P = R tan %, and from the triangle BOC we have

BC il = prapats When reduced by aR?, the above
equality takes the form

. o
- =4n tan® -

{ 1
7 cos o
Apply the formula
1~tan3%‘
CO8 O = mrma s
A 14 tanz—f—
A 8

0 R We have the equation

9
Fig. 229 —e—e— = it tane%—
{—tan? -

1 ’1 - Q ol ®
Putling tan 5=z, we get
gt L:o
Y ln

# Getting rid of the denominator, we could introduce an extraneous solution
(tan“—g: = 1), but we do not get such a solution, since it does not satisfy the

2
original cquation.
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adoy/T°T
T2 4 2n

Hence it is clear that for n < 2 the problem has no solution (since the ‘radi-
cand is negative). For n3»2 both values of the quantity =2 are positive

. 1 . /1 . 1 1 . . .
(smce 1/‘4‘_7?-11_(!/7;' ie. T 57 <7). Since the [quantity

[
tan—z— must be positive, only two solutions are possi

whence

o

A VA n g
P TTY T T

@ . t /1 1
Fe=tan e 1/?’1/ T
@

. - 3 :
Since the angle - is less than 45°, tan 5 must be less than unity: hence,

there must be 22 < 1. But this inequality is always satisfied, becanse

1 [ 11/‘1‘_
THV 7w <ztlV 77!
1 1 ] 1
?—l/rm<?

Answer: the problem is solvable only if n2> 2. For n>>2 there are two

solutions:
o 1 1 1
tan 5= \/”‘ =V 77w

: B
at n=2 both solutions coincide (tan _a)_ l/ 7) .

z==tan
and

and

765. Using the notation adopted in Fig. 229, we have

S

-%:IRZII R

favs

Substituting
ra== A tan —rf— and H=~Rtana
e get the equation )
tap o = 4n tand :é—
Applying the formula
Y t *
2 tan -
tan o == e
—tan? 2.
1. tan ]
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and denoting tan%— by z, we get the equation

1 s\
z ( T -——2n..~)—0

It decomposes into two equations, but one of them (z = 0) disagrees with two
given conditions (the angle « must be non-zero). The other equation is reduced

to the form 28 — 2% 4 5= = 0, Le. it coincides with the equation in the pre-

2n
ceding problem. We obtain the Jollowing two solutions:

tan——— = 1/ V 0"

At n=4 one solution is

wt YT YT

the other is
tan 5- = sin 22°30° & 0,3827

=08 22°30" = 0.9239;

(hence oy x 85728" and a, = 41°53"),
Answer: llw same as in Lhe preceding pwblem.
At n o= 4 we have oy o -drctﬂn {co.

oy == 2 arctan (s EUNNE 337
766. The mm ol the axial section is RII. The ~urfaw is ARl 4- aR® By
4R
h}\-pu(lwsxs‘ —F . 11 B is the angle between the axis and generator, then
R Usin B oand 4 o= Leos B Substituting these expressions, we get

Iisinf n
cos b a
This equatios may be <nlved in several ways;

f-cova
the formula e = cot —5— 3 we get
|ina

the shortest one is to apply

fosinh 14 cos (907 —f) 8
cosf sin (I —p) = ol ( 45° w.._)
Consequently,

cot ("m'——g-) ———
a

wherefrom we determine the angle 45°-—-—§~, and then the angle f.
But the problem is solvable not at any . Indeed, the angle § is within
the range between 0 and 90° hence, the angle 45°— < is between 0 and 45°,
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ie. the quantity —]%—:coh (45“-«—5— must exceed unity by all means, i.e. n

must be greater than n. At n==1, 2, 3 the problem has no solution.
Note. The equation

may be solved in a different way. Let us rewrite it in the form ?ln— cos P 1=
=sin B, square both members and replace sin®f by 1-—cos2B. We obtain two

Fig. 230

solutions: one of them, cos =0, turns out to be an extraneous one { it is the

. . n . . __2nm
Solvutlon of the equation -:—{-cosﬂ-—i == e SiR ﬁ) ; the other, cosp= rr3on)
coincides with the preceding one.
. But now one may easily arrive at an erroneous conclusion that the problem
is solvable at n==1, 2, 3 as well. Indeed, at any positive value of n the
quantity 2" s from 0 to 1 we have 1——on . —n) >0

y R range a24-p2 T Al nZ :
Therefore within the range between 0 and 90° one can always find an angle,

' L. 2na
whose cosine is equal to

et

The error of this reasoning consists in the following. From the relationship
2nn . Lo . 22
Cosﬂ-_—.____.,nz’f 5 and from the given equation it follows that sinf = —_—
s

H =
whence it is obvious that » must be greater than at (otherwise the angle §
will be negative, which is impossible).

Answer; if n < n, the problem has no solution. If » > n, then

59 arccol S
f == 90°— 2 arccot =

or
2nat . nZe-n2
f == arccos AE o n? == Aresin Wi nE
767. Using the notation adopted in Fig. 230, we have
RU+R) 18

23-01338
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We find (from the triangle 40D)
r=Rcos £ AOD==Rcos £ ACO=Reos %

2
and (from the triangle AOC)
1= L
sin =
The preceding equality takes the form
o L@
] 1—»sxn—;)— _»18 e H—sm—2— 18
o a5 o R
& cosr & &4 —sint 2.
2sin 5~ cost 2sin 5 (1 sind 2)

Reduce the fraction by 1-+sin %—- (this quantity is non-zero). The equation is
reduced to the form
sinz—g———sin —;-—{—%:0
Answer; a4 ==2arcsin —%- (= 112°53') and ap==2arcsin —%— (~ 19°117).
768. Using the notation adopted in the preceding problem, we have —g- Rl=

-%—ur‘*. Denote the required angle by § (in Fig. 230 § =—C25) . Thenr=

= R cos B and H = R cot f. From the Ereceding relationship we get 3 cot § —
— 8 cos® B = 0. Multiplying both members of this equation by tan p (which,
by the sense of the problem, cannot be zero), we get the equation

3—8sinPeos*P=0

4
3
R

whence
8sindf —8sinf+3=0

To solve this cubic equation we have to apply an artificial method. Thus, the
left member may be factorized in the following way:
8sin® P —8sin P+ 3= (8sin®f — 1) — (Bsinp — 4) =
== [(25in B — 1] — 4 Q2sinfp —1) =
= sinf — D{2sin B+ 2sin B+ 1~ 4}
Consequently, the found equation decomposes into two equations. From the
/T
first one we find sin § = % . and from the second, sin § = l.}—}-——i (The other
‘4
solution of the quadratic equation is not suitable.) A check shows that both of
the found solutions are suitable.
Answer: By == 307 -
arcsin B
B, == arcsin 7



Chapter X. Solids of Revolution 355

769. By hypothesis, the curved surface of the cone MCN (see Fig. 231)
must be egual to one half of the curved surface of the cone ACB. But the curved
surfaces of these cones are in the same ratio as the squares of their elements, i.e.

1

TE=73" And since

CN = (O,
we have
(E_O_)z:}_
CB 2
ie.
1
cosza=—2~

Answer: a = 45° . .
770. By hypothesis, the volume V of the spherical sector CMKN (Fig. 232)
must be equal to one half of the volume of the cone ACB. Let us denote the line-

4

Fig. 231 Fig. 232 Fig. 233

2
segment KL by h, and the altitude of the cone €O, by H. Then V = -?.’U‘"’h,
We get the equality -%-mzlz == —;%— aRH, Le. 4rfho= IPH or 4rth =

= H% tagk a, Expressing L in terms of r, we have
he= LK == CK —~CL==r—rcosa=2r sinz%
We get the equation
8rd¥ sin? %— = H3tan? o
i 3/ tanZa
Angwer: r-.:—{i tanta
2 s O
sin? -
7M. In Fig. 233 the axial section of the portion of the sphere, whose volume

must be determined, is hatched. This volume V is obtained by sui.xtmcting the
volume V, of the cone MCN from the volume V, of the spherical segment

23
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CEMKNF. Let us introduce the following notation: MA = r and KC = h.

Since the radius of the sphere is OC = 5 CD = 5 e have
H & ulh
f = Vo Vymmth? | o 2 T
V=Vy—Vy=ath (2 3) .
Substitute the expressions k= MC.cose = Hcos’a and r = MC.sing =
== H cos a sin o [the computation is simplified if = MK is replaced by
CK-KD = h (H — h)}; then

_ wnH
6

al3cost o
3 .

772. With the notation adopted in
Fig. 234 we have: Soyrpeq=n(r-+ r)l
Draw radii OM = K and O;M,= R, to
the points of tangency and the straight
line O,K perpendicular to OM. We
get the triangles 0,M,E;, OME and
0yK0, which are similar to one ano-
ther (as the right-angled triangles with
an equal angle ). In the triangle
0,K0 we have

00 =R+ Ry; OK =R — Ry;
Ok = MMy =1

vV

Answer: V=

Hence,
Fig. 284 1=V R (R=FE=2VER
From the similar triangles OME and 0,K0 we have —;—:*II ‘RR » whence
8y
e IR 2RVEE,
TETR, TR,
From the triangles O\ME; and O.KO0 we have —rl—’-z RR‘R ; hence ry=
TR,
_ 2Ry VRE]
TR H T

Answer: Soyrveq = 4TRR,.

773. Four balls of the radius r lie on the plane P (Fig. 235), touching it at
the points M, N, K and L. Their centres 0y, 04, 0,, 0, are equidistant from
the plane: OyM = 02N = 03K = O,L == r, The distance between the cenfres
of two contacting balls is equal to 2r, i.e. 0,0, = 0,0, = 0,0, = 0,0, = 2r.
The fifth ball is in contact with each of the four balls; consequently, its centre
Os is situated also at a distance of 2r from the centres Oy, 0y, 0,, 0,, i.e. 0,05==
= 0,05 == 0405 = 0,05 = 2r. Therefore, the figure 050,0,0,0; is a regular

uadrangular pyramid with equal edges. The distance between the centre of
the fifth ball and the plane P is equal to 005 -+ 04, = 005 + r. The topmost
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point A of the fifth ball is found on the extension of the perpendicular 4,05
at a distance of 054 = r from the centre Os. Thus, the distance A4 between the
topmost point of the fifth ball and the plane P is equal to 2r -+ 00;. The line-

Fig. 235 Fig. 2352

segment OO0 is found from the right-angled triangle 0,005, wherein
00, or
00;=2r and 00,= V2 V3

Answer: AAy = r(2 ]/2) ‘
775, The centres Oy, 0,, U5, O, of the four balls must be at a distance of
2r from ope another (sec the preceding problem). Hence, the ligure 040,050,
Is a regular tetrahedron with the edge equal to 2r. The cone ACB (Fig. 236),

Fig. 236 Fig. 236a

Cil'cumscribed about the four balls, contacts one of them (0g) along the circle
and each one of the remaining three balls {for instance ¢y) at lwo points:
one of which, K, les on the base, the other, A, on the curved surface. The axis
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of the cone coincides with the altitude 0,0 of the tetrahedron. The centre 0y
lies in the plane of the axial section ACD passing through the point of tangency
M (since O,M is perpendicular to the common tangent plane to the cone and the
ball, and the plane of the axial section ACD is perpendicular to this tangent
plane). Hence, the plane ACD intersects the balls Oy and O, along their great
circles, the element 4C being the common tangent to these circles. Consequently,

AC | 0405 and £0,0,0 = LACD = %— (o is the required angle at the vertex
a 00

C of the axial section). Hence, sin 5 =G0 But 0,0, = 2r, and the line-
10,
segment 00; (the radius of the circle circumscribed about the triangle 0,0,0;)
is equal to —0—‘22-=—2—r We get sin e 1 . Hence, cos o = cos? %—
ERNE 2V 2
—eine &1
273
A 1
Answer: ¢ =2 81¢5in ——= = arccos - .
V3 3

775. The glane bisecting the dihedral angle at the edge A4, (Fig. 237) of
the frustum of a pyramid passes through the altitude 0,0, and is perpendicular

to the face B,C(C.B, {prove itl). The same thing is with the other two la}er@l
edges. Therefore, the centre of the sphere touching the faces of the pyramid is
situated on the altitude (namely, at its midpoint, since the sphere is also in
contact with the bases) and the point K of tangency of the sphere and the face
B(C:C2B- lies on the slant height DD, of this face. The same is true for other
lateral faces. We have

/3 . +as)l
Slrl/r:lé_(ai+ai)+3 ___-(a, '20')

(ay = BiC, and ay = By, are the sides of the bases and ! = D\D; is the slant
height of the lateral face). If ry = 01Dy and ry = 0,0, are the radii of the cir-
cles inscribed in the bases, then a, = 2ry V3 and ¢, = 2r, V3. Therefore

Spyr=3V30i+)+3 V3t
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In the same way as in Problem-75t we find that rq-try=1 and r}-4ri=12-2s2,

Then we get
5 /5 4r2
Spyr=6V3(12—r)=6V3 ('s??ﬁ?* ﬂ)
2n sin? o
3V/3 (4—sin?a)
776. Denote the radius OL of the cylinder (Fig. 238) by #, and the radius OB
of the base of the cone by R. Since, by hypothesis, ML = R, the surface of the

cylinder § = 2mz? 4 27zR. By hypothesis, 2az®

Answer: Sypn: Spyr=

25 R == —?— aR® or z* -

+
£
4
(
!‘P
N, 9
A 0.z
Fig. 238
3 R T S
+ Rz — - R® = 0, whence z = 5 (the negative solution z = — 5 R is not
suitable). From the triangle LMB we find

L Rex
tan ¢ == TR

(M

Answer; (p-—:arctan—;— .

777. The centre O of the inscribed sphere (Fig. 239) lies on the altitude of the
Yramid and the points A, L, M, N, at which the sphere touches the lateral
aces, are found on the slant heights EK,, LL,, EM,, EN; (cf. Problem 775).

The quadrilateral KLMN is a square which is the base of the pyramid, whose
volume is to be delermined. .

Through the radii OM and ON draw a plane NOM which turns out to be
Perpendicular to the face BEC (since it passes through the line O perpendicular
to the plane BEC) and also to the face DEC (since it passes through ON). Conse-
Quently, the plane NOM is perpendicular to the edge EC.

Let P be the point of intersection of the plane NOM and the edge EC. Then
the angle NPM is a plane angie of the dihedral angle . In the quadrilateral
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OMPN two angles (namely, at the vertices M and N) are right ones. Conse-
quently, £ NOM = 180° =~ a. Hence
180°

o= NM =2-0M sin ———% =2r cos 5-

From the triangle 0OM, where O.M =—g~ , we find
h=00y="Y OME_0M2 =~ r]/ 12 c052%

4 o l/ a 4 [ I e
s Vo o _ 2 % 2 2 .2 /T
Answer: V 3 3 ¢cos 5 12 cos =73 r3 cos 5 V —cos a.

778. We can draw two planes perpendicular to the given element of the cone
(C4 in Fig. 240) and tangent to tge inscribed sphere, the points of tangency (¥
and ¥y) lying on the diameter NN, parallel to C4. Let us first take the plane
ND touching the sphere at the point N. The quadrilateral ONDK (K is the point
of tangency of the element (A4 and the sphere) is
a square, hence DK = ON =r, By hypothesis
CD = 4. Consequently, CK =d -+ r. From the
triangle KOC we find

CO=VdTmrr
Hence,

H=CF=OI"+OC=r+]/(d.1\_ P2 12

From similarity of the triangles AFC and KOC

we find
AF:H=0K:KC
whence
- . OK.-H r[r+'\/(d+r}2-'—r2]
R dF = =g At

If we take the plane NyDy, then d=CDy, and we get in the same way
B=rtV{d—mrre
U VA7 et e
andRzr[r“d(d_ 2+

-
Answer:
Ol U A et v
- S - Sd—rp

779. The centre O of the sphere (Fig. 241) lies on the diagonal 4B, Indecd,
the point O is equidistant from the faces A4\ ¥,V and 44,0,0. Hence, it lies
on llge plane bisecting the dihedral angle at the edge Ad,. Similarly, the point 0
must lie on the plane bisecting the dibedral angle at the edge AX. And the two
planes intersect along the diagonal AB.

Let € and D be the points of tangency of the sphere and the faces AN UQ
and A4 ¥, and r the radius of the sphere. Then OC = 0D == r, and the plane
ODGC is perpendicular to the edge A.Y, and also to the edge BQ,.

R o Vi e
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. Since, by hypothesis, the edge BQ, is tangent to the sphere, the plane ODGC
intersects the edge at the point £ of its tangency with the sphere: consequently,
OE = r. On the other hand, the point E is a vertex of the square FGKE obtained

't

g

q
Fig. 241 Fig. 241a

in the section of the cube by the planc ODGC: hence the quadrilateral MOLE
(OL and OM are the extensions of OC and OD) is a square. Consequently, QM =

=-1§§. Since OAf -+ OD = MD = a, —=+ r = a; whence r ={2—V13) a.

[

Fig. 242 Fig. 2424

The portion of the surface area of the sphere Tound outside the cibe is made
Up of three equal segments, £Z7'/L being one of them. The area of this segment
15 equal 1o i

2ar-Ly = 2 (CZ —CLY = 2ar (2r = @)

Answer: p o= (2~ V3 a S 72

= Gaa? (10 — 7 V2).
780, The centre of the spliere contacting the edges of the tetrahedron ABCD
(Fig, 242) coincides with l{xc centre of the tetrahedron (i.e. with the point O
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which is equidistant from the vertices 4, B, €, D), and the points of tangency
of the sphere and edges are the midpoints of the edges. For instance, the point
of tangency A is the midpoint of the edge 4D, Indeed, all six isosceles triangles
AOB, BOC, COA, BOD, COD and AOD (only the triangle AOD is shown in
the accompanying drawing) are congruent (having three equal sides). Conse-
quently, their altitudes OM, ON, etc. are equal. Therefore, if a sphere of radius
ON = is described, it passes through the midpoints L, M, N, Q, K, R
of the edges and is tangent to them at these points (since ON | AD, and so on).

Through the altitude of the tetrahedron DG and edge AD draw a plane 4DG
which is perpendicular to the edge BC (the proof is given in Problem 652) and
intersects this edge at its midpoint M. The section yields an isosceles triangle
AMD (AM = MD). Draw the altitude MN of this triangle (¥ is the midpoint
of AD). The centre O lies on MV (since it is equidistant from 4 and D). Conse-

quently, 30 = NO. Hence, r = ‘—‘%I-v— . The altitude M is determined from the
triangle 4 VM, where AN =-;— and AM = ﬂ¥3 (as the apothem of an equilate-
ral triangle 4BC). We have

aV3\% ja\* @
MN = 1/(_2111) “('2') =3

MN a a3
2 2% A

The portion of the sphere situated outside tetrakedron is made up of four
equal segments cut off the sphere by the faces of the tetrahedron. Consider one
of the faces—BDC. The circle LMK serving as the base of the spherical segment
is inscribed in the equilateral triangle BDC (since the sides ofp the triangle are
tangent to the sphere; hence, they are also tangent to the small circle LMK

aV3
-

Hence,

res

contained in the plane BDC). The radius of this circle FM =
Consequently,

OF=VOME—TFiE =", re-mnx‘/(ilé/_‘z_)g_.( “l_/g )2= 2{/6

Hence, the altitude of the segment

wFEmQE—OF = *__ 2V
B 0 PATERER I (3-13)

The velume of one segment
" h
Viegm = ath? (r-—-—a-) =
a VI s PraVE_ ey sl w3 V394 V3)
e R B e ) R
The required volume

V== 4‘}egm
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Note, The circle LK M inscribed in the triangle BCD is depicted as an ellipse,
which is readily constructed without any French curve, if in addition to the
points K, L, M, another three points are marked respectively symmetrical
?Dtgem about # which is the point of intersection of the medians in the triangle

. _a'\/é. 7?2 (94 V3)
Answer: re= i Vo= 105

CHAPTER XI
TRIGONOMETRIC TRANSFORMATIONS

781. Express secants in terms of cosines to get in the left member
1

cos(—g—+rz)cos(%-~a)

o1 ) o[ 3o (F+a) s (=)

the left member is equal to

Since

2 2 2 .
- = = =2 sec 2o
in { Z- cos [ - — in {5 —2 -
zsln(-—é——a)cos(4 a) blﬂ(z a)
.782. Reduce the left member to a common denominator and bring
2sin g cos (@ -+ B) to the form
sin e+ (e B)} +- sin for — (o + B)) = sin 20+ B) - sin (—B)
783, The left member is equal to
2{(14-cos 2a) 2.2¢cos% o e %eot o
Sin 2o 2sinocosa

cot>p—1

Trotq (the angle

To pass over to the angle %— , use the formula cot 2@ ==

L4 i
5~ 18 denoted by qv). We obtain

catz‘%——1 ”
2 ot g z= 2 e 2= COL 7-—&1:; 5

2ot 2
<O 5

784. Dividing ;both the numerator and denominator of the fraction in the
left member of the equality by cosa, we get
cos o -sine 1--tana
cos o —sino  i—tana
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Since 1=tan 45°, let us represent the obtained expression in the form

i+tana  tand5°tanc
T—tana {—tena-tan 45

==tan (45° -+ a)

which completes the preof.
785. Multiply both the numerator and denominator of the left member by

cos o +sin a. After simplifications we 'get 1+sin2e or
b cos 20
1 sin 2o
e e e e g0 2 -} 2
os7a T oos Ty~ 02+ tan 2a
. . 1 - cos 2
786. Since sin2g= C;S (P, let us rep t the left ber as

1—cos( +2a)—i» cos(%—-—"a) €os (T—_a)-—cos (—'Z—-;—Za)
2 - 2

Using the formula for a difference of cosines (or representing the expressions

(] (-Z- — r’oc) and cos (—4- g -a) by the formulas for the cosine of the sum
and the difference, we get

14

5 ain Ko

Zsin sin 20 sin %
5 =

787, The numerator is equal to cos 2a; the denominator is transformed to
the form

o (=)o 5= () o () (3 o)

With the aid of the formula

n (%_a) sin (%-—rz)

T
CO§ § ~ — o
4

we get

2 () (3 ) < (520

this expression is equal to cos 2u, hence the left member is equal to 1.
788. We have



Chapter XI. Trigonometric Transformations 365

Considering the angle -z——a as half the angle %-——Za and using the half-
angle formulas, we obtain
n
e COS | — — 2
tan? n _.1 °°‘(2 a.) _ i—sin2a
an (—[;-——-a)—— B T T-sin 2
1 -i-eos (-,;—2{1)

789, Expressing tangent and cotangent in terms of sines and cosines, we get
2 2 CO32E
ot & — tan T
Substitute the obtained expression into the denominator of the left member,
then the left member yields

dsin?acosta 1 ..,
sinzacoszaf__é—:zsluz_ga

. n . )

790. Replace sin a by cos (—2- — a) and cos @ by sin (—2— —a).ﬂud use
the formulas for a sum of cosines and a difference of sines. )

791. Replace (in the numerator) unity by sin?a + cos® o, and sin 2a by
2 sin a cos o. We get in the numerator {sin o - ¢os «)*; the denominator being
equal to

€082 g —sin? « = (£0$ ¢ -+ sin %) (Cos . —sin @)
cos 2 +-sin a

o3 o n

Reducing the fraction by cos a--sin «, we obtain . Dividing

both the numerator and denominator by cosa, we find T As s

It
shown in Problem 784, this expression is transformed to tan (—,‘— o
792. In the same way as in Problem 790, transform the left member to

(putting

the form cot (%—-—y) . Now apply the formula cot %
n

T“y=%) . We obtain

K P
1-}-cos (fyzy) 1-1sin2y
R T cosZy
sin (—2— —.3!;)

793, Expressing the left member of the given identity in terms of sine and
?”S‘ﬂo"?erfumling subtraction of the obtained fractions and using the formula
or a difference of squares, we get the left member in the form

{sin  cos B — sin P cos o) (sin e« cos B4 sin f cos o)
cos o cos? B

and this expregsion yields immediately the right-hand member.
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794. Use the formula

tan%—: 1520%
(putting %-——g—:%) . We get
A oa sin(%—-a) cos a
tan(4 2 )=1+003(321—-a) “Tisina

and then the left member is transformed into the right one.

795. Solved in the same way as the ireceding problem.

796. Replace 2 cos* @ by 1-+4cos 2a; then the numerator takes the form:
2 (sin 2a-¢-cos 2a). Group the terms of the denominator in the following way:
(cos & — cos 3a) + (sin 3ot — sin @) and use the formula for a differen-
ce of cosines and sines. Taking 2 sin @ outside the brackets, we obtain
2 sinba (sin 2a -+ cos 2a). On reducing by 2 (sin 2« -+ cos 2a) we get the right
member.

797. Transform the numerator of the fraction in the left member of the iden-
tity:

sin @ + sin Sa — sin 3z = 2 sin 3« cos 2a — sin 3u = sin 3a (2 cos 20—1)

Carrying out similar transformations in the denominator we get
cos 3 (2 cos 200 — 1},

798. Transform the sum of the first two terms in the left member of the
identity using the formula for a sum of sines, and consider the third addend
sin (b — ¢} as a double-angle sine. We get

2a—b b—c

. —c . bee bc
25111———2———005 5 +2sin

) €08 5

boee [ 28—be¢ b "
5 [smh_)——{-sm——i——}

==2co0s

Now apply the formula for a sum of sines to the bracketed expression.

799. Conpsidering the expression sin® z 4~ cos® z as a sum of cubes, factorize
it and take into account that sin®z - cos® z=1, Then the left member of the
equality is brought to the form

—sindz - 2sin*zcos®z —costz 4+ 1 =1 — (sin® z + cost z)? = 0
800. Transform the sum of the last two terms as a sum of sines, We get

. 4 X .
sin (“ + 3313)4' sin (“ + ‘gn‘) =2sin (n+a) cos i;-= —2-—,1,— sin a=—sina
Hence, the left member is equal to zero,

801, Taking into account that
1—cos2 {—cos 2|
sin? o —5in? B== __%2{_9‘,____5223__@_2

_ cos28—cos 20

3 ==sin (@ +§) sin (o —f)
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the left member of the equation can be represented in the form
sin (45° 4 @ -+ 30° — @) sin (45° 4+ o — 30° -+ @) — sin 15° cos (15" - 2q)
and since sin 75° = cos 15°, the expression takes the form
€08 15° sin (15° 4 2a) — sin 15° cos (15° + 20) =
== sin (15° + 20~ 15%) = sin 2¢

which completes the proof.
802. Transform the numerator of the left member as follows

{sin® @ - cos* @) — 2 cos® ¢ = sin® ¢ — cos* g
803. Replace sin 2¢ by 2sin a cos a in the right member. Reducing the

[
—— equal
§-tcosn

H N — L
fraction by 2 sin «, we get in the right member the expression ;—
to tanz Z.

2
804, Grouping the second and third terms, take outside the brackets
08 (& + ) = cos @ cos ¢ — sin o sin ¢. The left member takes the form
€0s? @ — (cos & cos ¢ — sin @ sin ¢) (cos & cos ¢ - sin a sin @)
Transforming the product of sum by difference, we find:
cos® @ — cos? g cos? ¢ + sint a sin? @ =
= cos? @ (I — cos® @) + sin® a sin® @ =
= cos? @ sin® o -+ sin® a sin® @,
and this expression yields sin® a.
5. Expanding the expression cos (@ - ). we get:
sin? ¢ -+ sin® P -+ 2 sin o sin B cos @ cos P — Zsin® a sin® B
Leave the third term unchanged, group all the rest of the terms and carry out
the following transformations:
Gint @ — sig? o sin? B) + (sin? f — sin® « sin? f) =
== sin® o cos® P cos® o sin® B
Now the given expression takes the form
(3in @ cos B)? -+ (cos  sin f)? + 2 sin & sin P cos @ cos =
= (sin o cos P+ cos @ sin B = sin® (o - B}
Answer: sin? (a + ) A
806. Transform thg sum of the first three terms in the following way:

cos ? o

g Gy

. . ., 4 -—cos2a
$in2 ¢ - 8in? B -4-sin? ¢ = T

Since by hypothesis ye=n— (o B), we have
""zaﬁ'sinzﬁ%»sinzv:i——%(cos 20+ c03 2) - sin® (&4 B) =

e q —cos (-] ) cos (g —P) 4 11— cos? (o -+ BY
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or
sin® ¢ -+ sin® B 4 sin® y = 2 — cos (@ <+ B) [cos (@ — B) <+ cos (o 4 B}

But the expression in square brackets is equal to 2cos « cos B, and since a -+ p=
=1 —y, we obtain

sin® ¢ - sin® B + sin® y = 2 + 2cos y cos a cos B
whence the required relation follows immediately.
807. Represent the left member in the form
cot 4 cot B 4 (cot 4 + cot B) cot €
-:;-ﬁ—%%—l—;—;— , and the factor cotC,
on teplacing € by an equal expression n—(4 -+ B), takes the form—cot (4-+B).
Hence, the given expression is equal to

The expression in parentheses is equal to

cos (A4 B)
cot A cob B— mom 22,
ob A cot sin 4 sin B
Using the formula for cosine of a sum, transform it as follows:

cosdcos B sindsinB

cob A cot B (sin Asin b sinAsin B) =cot A cot B—{cot 4 cot B—1) =1
sin 2n sin A
B ha—ad
808. Replace the factors cos = and cos—v by > and ~——5—v
H 5 . . 2n
2 sin — 2 sin —
3 5
4
respectively. Then the left member takes the form sin - : 4 sin -{f— . And since
5 5

Lo dn 2 .on
$i0 —— = sin (n———) =280 ==, the left member becomes 4 .
5 5 B 4
809, Transform the left member using the formula for a sum of cosines.

2 a o, .
We get 2C05T cos—‘—__;. Then proceed as in the preceding problem.

. ) % . .
810. Since {+cosa=2cos®~=, the given expression takes the form

)

3
2 cos® - -1 o8 -

t

o a 1
or 2cos -5~ (cos —:)——}-7) . Write ¢0s60° instead of -é—:

2
%, 5
we got 2¢os - | €08 =~ cos 60° ) |
2

lv[ Q

Answer: 4 cos —Czi <08 (—Z—~ 30°) [ ( .%_—-30°) .

811, Transforming the given expression as in the preceding problem, we get
3 /3
Zeosa (cos o —l/,)—) . Instead of l,—- write cos 45°.
o 5% 45y
Answer: 4 €08 @8I0 mwmig 50 —_—

& a
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812. Rewrite the given expression in the form cost (@ -~ ) — sin® (@ — B,
the latter expression is reduced to a form convenient for taking logarithms
in the same way as in Problem 636.

Answer: cos 2u cos 2§,

813. Group the terms as follows:

(1 + cos @) + (lan o + sin @)
and take tan « outside the brackets in the second group. We get (1 + cos a) X
X (1 - tan ). Instead of 1 4 tan @ write
sin (45° -+ o)

o -
tan 45°-f tan o PPy Crren

2V3 cosz—;- sin (45° -+ @)

cosa

Answer:

o ] . PO a
814, Using the formula 1—cos @ =2 sin? = and sin a2z 2sin <~ cos =~

. -2 -2 o« L@ f o 23
we get in the numerator 2 sin? 7)—w{~2$|n 5 €08 = 2sin - (sm - €08 -—) .
2 2 2 2 2 2
. . . - . ] .
ion in parentheses is equal to sin T+ sin {90° ——-1 . Making

The expr

. . o 5 a
use of the formula for a sum of sines, reduce it to the form /3 cos (45~ —-.—,)
- 1
Answer: 273 cos (45’ _T) .

COS o —sin o -4 1
oS o

815. The given expression is equal to The numerator is

I3 o< . [+ . e
transformed to 2732 ©0S - sin /45"——7) tsee the preceding problem). The
fraction can be still simplified by representing the denvminator in the form

. - -
sm( 5“~——,)—) cos (/«5”—--7)

sin {90° — o) =

1/5 cos —j—-
cos ( 45° — —g—)

816. Since ¢os e cos 3oz -+ 2 8in 2o sin o, we have

Answer;

2 sin 20 sin o - sin 20 2 sin 20 { sin g oo ) se 2 sin 20 (sin o - sin 300
3 {

Answer: 4 gin 2a sin (TZ-—;' 15C> cos (%—15” ) .

817. The given expression is equal to
tan a1 + tang—1  Adtana ie 2tana
{—tan o {-+tane 1—tanleg > 7 1—tan2 o

Answer: 2tan 2a.
2401338
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818. Replacing sin2p by 2sinfcosP and reducing by 2sinf, we get
i—cosp, applying the formula
t4-cosf’
9_ iy 1—cosf
tan =k T+cosp
we obtain tanz—g—.
Answer: tan® -g
819, Transforming the sum cosa--sine in the numerator -
—(cosx+sine) and the difference sipz—cose in the denominator in the
same way as in Problem 814, we get
- 25 o —45°
V3 [t —cos (@—459] e
V2 sin (@ —45°) 2 sin g—_—;zcos a——245°

Answer: tan a—245 .

820. Transform the sum of the last two terms:

cos2a-+1 2 cos?
cot 2a+ccha=——:—-:—j'—=——.---?——=cot @
sin 200 2sina cosa
Answer: 2 cot o.
821, Replace cos2a by cos?a—sinZa, and sin2e by 2sin « cos a.
Answer: 1

822. Replace 2sinfa—1 by —cos2a and represent the given expression

in the form 2 (—;sin 2(1——%-005 2a) . Write cos30° instead of J—?— and

sin 30° instead of —1‘; .
Answer: 2 sin (20 —30°).
823, The numerator is equal to
o8 20, €08 @ ++-sin 2a sin a_ cos (2o —a) 1

€08 20 €08 @ Tcos2acosa cos2a

The denominator is equal to

sinfod-costa 1
sinccoso 1 .
~-sin 2a
1
Answer, - tan 2u.
§24. The given expression is equal to
2 2 .
2t 4o sinba (1 4-sin da)
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(see the preceding problem). The expression in parentheses is equal to

1 - cos (90° — 4a) = 2 cos? —?—0———2_—‘—['5

2 (457

Answer; 20052 (45" —20)
sin 4o

825. The last addend is equal to cos® &, thus the given expression can be writ-
ten in the form (tan z — 1) (1 ~ sin x) -+ cos* z. Replacing cos® z by 1 — sin? x
and taking 1 — sin z outside the brackets, we obtain
(A —sing) [(tanz — 1) -} 1 + sina] =

= (1 ~ sin ) (tan r -} sin z) =
= {1 — sin z) tan z (1 < cos 1)

The lirst factor is transformed in the same way as in the preceding problem.

Answer: 4 lan x cos® —;— sin® (45° - i

826, The numerator and denomipator ol the fraction are equal to

(1 4+ cos 2a) -+ (cos o + cos 3a) = 2 cos? o -+ 2 cos 20 o5 @
and
cos o < cos 2a, respeetively.

Answer: 2 cos a.

827, The given expression is equal to

(1 — sin® B) — sin? @ cos® o — cos* o = c0s? f§ — cos® « (sin® a -+ cos? o)
We get the expression cos? f — cos? , which is transformed as in the solution
of Problem 656,

Answer: sin (« -+ §) sin (@ — B).

828. Reduce the given expression to a common denominator cos x cos y cos z.
The numerator will be

sin x €08 y cos z - sin y cos z cos ¥ -+
4 sin z cos x cos y — sin {(z + ) -+ z]

The last term is equal to —sin (z - y) cos z — cos (z -+ y) sin z. The sum
of the first two terms and the term —sin {z - y) cos z are mutuvally annihilated,
and the numerator takes the form:

sin z cos z cos y — ¢os (z + y) sinz = sin z {cos z cos y — cos (z - )}
Expanding the expression cos (z -+ y), we get in the pumerator sin z sin z sin y.

Answer: tap z tan y tan z.

a--p o—B

5 €08 5

829. The given expression is equal to 2sin -+Isin y. But by
hypothesis y= 180°— (o -+ f); hence, we get

a--f a—f

2sin 7 €08 = 4 2sin

B a-i-p
PR

24+
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€
Take 2sin az. B outside the brackets (ot, which is the same, 2 sin
v

=2c0$ -i—) . The bracketed expression becomes cos a;“ 4-cos a-‘{;ﬁ which
is transformed according to the formula for a sum of cosines.
0

18—y
P

. a B¥
Answer: 4 cos 5 €08 5 €08

CHAPTER XH
TRIGONOMETRIC EQUATIONS

830. Alter simplifications we get sin 5r — sin 3z = 0. Using the formula
for a difference of sines, we have 2sin z cos 4x = 0, and the equation is reduced
to the two eguations: sin z = 0 and cos 4r = 0. From the {irst one we have

r = nin {n is any integer), from the second 4r = 2an = %:-% (4n + 1), i.e.
LS —g— (4n = 1)

The expression 4n = | comprises all odd numbers (the numbers —3, 1, 5, 9, 13,
etc. are yielded by the expression 4n - 15 the numbers —1, 3, 7, 11, 15, etc.,
by the expression 4n — 1). Therefore, instead of én = 1 we may write 2n +
-4 {or In — 1), where n is any integer.
nt . .

Answer: r==an; z:—g—(‘ln-, 1}, where » is any integer.

831, Transform the left member of the equation in the following way:
sin -+ sin 2z -+ sin 3z - sin 47 == (8in @ - sin 30) 4 (sin 2r +-sin 4z =

=2 sin 2r cos x - 2 sin 3 cos 2 =2 cos 1 (sin 27 -1-8in Jr) =

. Br z
7= 4 $iD - COS 5 €0S T
The equation takes the form
. Sr &
$in - €08 % C05 1 =20

and reduces to three equations:
5
sin -'J-)-t— EE USRI -:; =0; cosr=0
Answer: £= 720 2= 180% @n--1); 2=00 2n-+ 1),
832, Perform the following transformations:
cos {r - 807 == cos {907 — (30° — 2)] = sin (30° — 1)

and
1-hcos 20 = 2e08?z
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The equation takes the form
sin (z -+ 30% 4 sin (30° — ) = 2 cos* z
Apply the formula for the sum of sines; this is the result:
sin 30° cos & — cos* 2 = 0 or cos z (% — €0$ r) =0
Answer: r == 90° (2n 4 1); = = 60° (6n 4= 1).
833. Transpose all the terms of the equation to the left side and group them
in the following way:

(sin & + sin 32) — (cos x -+ cos ) -+

{sin 2r — cos 2z) =
Transforming the first two groups, we get

2sin 2xr cos 1 — 2 cos 2z cos & - (sin 20 — cos 2z) = O
or

{2 cos & -+ 1) (sin 22 — cos 2x) = O
This equation is reduced to the following two:
2¢co8 r -} 1 == 0 and sin 2r — cos 20 = 0
; . 1 2 S
The first one yields: cosx == -y e 2M F Dividing the second equa-
: . . n

tion by cos 2r, we get tan 2r=1, whence 27w an - T

25
Answer: Jr:::;l(.'in + 1) ; (4n—+ 1)

834. Perform the following grouping:
(cos 2¢ + cos 67) — (1 4 cos 8r) =

Using the formula 2 cos”% == { -+ cos « and transforming the sum of cosines,
we obtain
2 cos br cos 22 — 2 cos® 4z = 0
Take 2 cos 4r outside the brackets and transform the difference of cosines
€08 2r — cos 4r. We obtain the equation
cos 4z sin 3z sipnz = 0
it is reduced to the following three:
(1) cos dr == 0; (2) sin3dr = 0; (@) sinz =0
No consideration may be given to the third equdllon. since all its solutions are
covered by the wlutmm of the iqunlmn sin 3r == (. Indeed, if sinr = 0,
then also “sin J; w3 sin x o~ 4 xin® o= O

Answer: 1 T (2:: oAy oz —ni
3
3x 3z .
835, l(eprcwnt the right member in the form 2sin - €08 5 (instead of
8in 3z). The equation takes the form
o ST 3 3
Zsin - sin e 29in e €08 =5~

2 2
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or

sin —321— (sin —;-—cos%i) =0
\Write the bracketed expression in the form

AR 3I-~2s‘n 2 1ZYsin (25
“’5(’2‘“"2‘)“"57” ! (4*2) ( ”'4“)

Hence, the given equation is reduced to the following three:

3z o,z an
Y e ) 1 ] =0 H —_
) sin - =0; (2) sm(——4 7—2) 0, 3 sm(z— A ) 1]
R AV .3
Answer: gmm— =y (4n—1), z= yA (4n-+1).

836. The right member is equal to
sin [90° — (2 + 30%)] = sin (60° — z) == —sin (z == 60°)
The equation takes the form
sin (z — 60°) = ~sin (z — 60% or sin {z — 60%) =0

whence z - 60° = 180°n.

Answer: z = 60° (3n + 1).

837. Replacing 2 sin?z by 1 ~ cos 2z, reduce the equation to the form
2 sin 3z cos 2z — ¢os 2z = 0. This equation is reduced to the following two:

(1) cos 2z = 0; (2) sin 3z = —%— . Since é is sin 30°, the second equation yields
3z = 180°n + (—1)n 30°

Answer: z = 45° (2n + 1); z = 60°n 4 (—1)» 107,

838.  Rewrite the right member: 3 (sinzcosz —sin®x 4 1) =
= 3 (sin z cos z - c0s® z) = 3 cos® z (tan z -+ 1). The given equation is reduced
to two ones: (1) tanx - 1=0; (2) sin*r — 3 cos®z = 0. From the second
one we get tan z = =+ V3.

Answer: |1:—Z— {4n —1); z:%— (3n 1)
839. We have the equation
cos bz -+ 2costr =0
Since 2cos®z == 1 -k cos 2z, the left member is equal to
{1 + cos 4z) -+ cos 2r = 2 cos® 2r +-[eos 2z
We get the equation
cos 2r (2cos 22 + 1) = 0
which is reduced to:
(1) cos 2r = 0 and (2) 2cos 22 4+ 1 =0

The second one yields 2z = 360°n + 120°,
Answer: x = 180°n o 45°; z = 180°n = 60°.
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840. Multiplying both members of the equation by sin z and replacing
unity 2in the right member by sin® z - cos® z, we get the equation sin z cos z =
= ¢os? z,

Note. Multiplying both members of the equation by sin z, we introduce no
eittraneous solutions, since sin z never vanishes at either of the found values
of z,

n n

Answer: zy= (2n-+-1): x2=7(4n+1).

841, Rewrite the equation in the following way:

sin 3z —sin (5-—2z) =0

It is reduced to the following two equations:

) cos (5+5) =0 and @ sin (F—F)=0

The first one yields -;f-+%:-g-(2:z+1), whence x:—g— (4n-+1). The second
gives I:% (an--1).

X
10

to both members of the equation; then in the

Answer: x:%(4n+1); z == (an1).

x

842, Add 25in2-,§-cosz 5
left member we have

.
E I\~
&+ 4 cos? ) =1

T T x z .
sint X L 9gin2. 5 52._,““,54——_—_—(5:1:3
sind = +2sgin? —co 3 t 5 T

3 3 3
and the equation takes the form

-
5 .z z o oa X z 3
1= 7 --28in2 = cos? - or 2sin? 5 cos? TF

3 3 3 3
Multiply both members of the equations by 2 and apply the d_oubl&angle
: .2
formula for sine. We obtain sin?-—zg—:-g—. whence sin —:—;:—::i: 1{3 .

Answer: z=—’2!.—(3n 4 1),

843, Represent the equation in the form 3 tan? 2 —(1--tan? z)=1, whence
tan z = 4 4
Answer: x=45° (2n-}-1).
844. Replace 1-+cos4z by 2cos?2z.
1 n nn n
Answer: z:*-le—«t».z- H Ix—-/‘—-—{~(——1)"—22- .
845. Add 2sin®zcostz to both members of the equation. We get (sin®x 4

i
+ €082 z)2 == cos 4z - 2sin2 x cos? z or 1-—cosdz== 5 sin? 2z,
7
Answer: z== 5

.
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846. Replace sin 2r by 2 sin z cos z and divide all the terms by cos® z.
It is obvious that no roots are lost. Indeed, if cos z == 0, then sin z = 1,
but these values do not satisfy the given equation. We get

3—tan*z — 2tanz =0
whence
tanz = 1 and tap z = —3
n
Answer: z = an + TiE=an— arctan 3.

847. Write sin®x 4 cos® z instead of unity and, dividing both members
by cos z (see the solution of the preceding problem), we get

tan2z+ )/ Stan =0
whence
tanz=0 and tanz=—73
Answer. z=1n; r= "32' (3n—1).

848. Replace 2 by 2 sin® x -+ 2 cos®r , and then the equation is solved as
the preceding one.

Answer: z = nn- —2-; == An — arctan -Z—
I L4 1) 3
849, Answer: x = T (dnt+ 1), z==an+ arctan-i,— .

850, Replace V3 by cot 30° (we introduce an “auxiliary angle” 30%). Then
the given eguation becomes

sin z cos 30° €08 r=1
- ' sim 30° -
or .
sin z sin 30° -5 cos x cos 30° = sin 30°
or
b
€os (230 == 5

Hence, z — 30° = 36(°n + 607,
Answer: z == 380 n - 90° = 90° (4n+ 1); = = 360°n — 30° = 30°(12n—1).

851. The left member can be represented in the form of a product:

V3 cos {z — 45°). Then we get the equation cos (v — 45%) = —; it yields
/3

7 — 45° == 360°n — 45° and & — 45° = 360°n 4 45°, ie. r = 360°n and

== 360°% 4 90%, or & = Q()”Jm and & == 907 (4n + 1).
Alternate method. Squaring both members of the equation, we get

sin? . 4 2 sin x cos x -+ cos? r =

or sin 2z = 0, This equation has the solutions == 90"z, but among them there
are extraneous ones (compare with the preceding resuit).

Extraneous solutions have resulted from squaring both members, whereby
we introduced one more equation (in addition to the given one): sin « - cos x =
= -1 (which also yields sin 2x == 0). To reject extraneous roots we have to
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accomplish a check. At n = 0 we have x = 0° and the given equation iy satis-
fied. It is also satisfied at n == 4, 8, 12 and, in general, at n = 4k (i.e. at
= 90°.4k = 360°%). At n == 1 we have r = 90°%; the given equation is satisfied
once again. 1t is also satisfied at n = 5, 9, 13 and, in general, at 4k - 1 (i.e. at
z = 90° (4k -+ 1) = 90° -+ 360°k). But at n == 2. 6, 10 (in general, at n =
= 4k - 2), the same as at n = 3, 7, 11 (in general at n = 4k -+ 3) the given
equation is not satisfied ({instead, the equation sinrs -+ cosu = —1 js
satisfied).

Answer; z = 90%4n; r = 90° {(4n -+ 1).

852, Transform the right member:

1 + sin 2z = sin® z < cos® £ - 2 sin 2 cos x = (sin 2 - cos x)7.

now the equation takes the form
sin z -+ €08 & = (sin x - CoO8 x)

2

or
(sinz -} cos a) (sinx F cosx — 1) = 0

The latter is reduced to two equations:
(1) sinz 4 cosz = O

(2) sinx 4 cosr — 1= 0
Solving the first one, we find r = i;— (4n — 1). The sccond ope is solved in

the preceding problem.

7 %
Answer: z:—'Z—(én-I); :t:'w—;:—(/m—,L 1), @=-54n.
853, Solved in the same way as Problem 851,

Answer: x == 15° (§n - 1).
834. Using the formula

sin o sin f f—;- {cos (o~ B) — ¢os (& -+ B}

we get .
5 leos {x — Tu) — cus (x4 o)} = 5 fcos (Bz ~ 851) — cos (3z - Hud]

or, after simplifications, cos 6z — cos 2o == 0. This equation is reduced to the
following two: sin 4z = 0; sin 2z == 0, all the roots of the second equation
being among the roots of the first one.

an

%

855, Apply to both members of the equation the formula

Answer: z =

sin o ¢os f= —:— [sin (& i B) -4 sin’ (@ —H)]

Answer: z::i;l R
856. We have

.t»w—%(i!n-yl)‘

4 sip x sin 2r sin 3z = sin 2 (Jz)

or
sin 2r (2 sin x sin 3z — cos 2r) = 0
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Replace 2 sin z sin 3z by cos 2z — cos 4z (see Problem 854) to get the following
equation

sin 2z (cos 2z —cos 42— cos 22) =0 or sin 2z cos 4z =0,

Answer: z:n—; H zz—g— (2n+1).
857. Replace sin?z by 1--cos?z; we get
] Scos?z-4cosx—3==0
whence cosz:—l/—%:z—. The other root cos z= ————-—————l“;+2 is not suitable,
since jts absolute value is more than unity.

Answer: z=2mn 4 arccos —1—/—1—;-);2— .

858, Using the formula cos 2« and expressing cosine through sine, we get
10sin? z--4sin z—5==0,
—2+ V5
10 :
839. Applying the formula for tangent of a sum, we get

Answer: z==nn--{-—1)® arcsin

% i---tan z
oLz ) e
tan( 4 7 ) 1—tanz
and reduce the given equation * to tan2zr—4tanz--1=0.
Answer: z=nn-arctan (2 = V/3).
a t—cosz

860. Since tan'—-;z—z—i—;—c—as—? and sec = - e have the equation
8(1—cosz) 1
1--cos z =1+ €0s 2

which is reduced to the form
9costz—6cosz-1=0 or Jeosz—1)2=0
1
Answer: z=2an- arecos .

864, The left member is equal to

d 2sin +-cos
- % . 5 53
cos ( 2 __sinx 2 2 tan z
z  1-+cosz z 7
1-rcos : 2c08%
2

* When getting rid of the denominator one should be careful not to introduce
extraneous solutions, but we do not conduct analysis in the next three problems
(since they have no extraneous solutions). Beginning with Problem 865 much
attention is paid to such an analysis. See also Problem 867,
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£ —f=tan? % . We obtain

The right member is equal to sec? 5

z . Z
tan7_tan-~2‘
n
Answer: z=2nn; z=—§—(4n-}-1).
862. Since
.-z z
o8 (L—2)= —cosz and sih i = c0S =
2 2
we have
xr x x
1-}-cosz+0057=0 or 2c0s? 54008 5 =0

Answer: z=n(2n+1); zz-%n—(Sn 1)

863. Applying the reduction formulas
. {31 . : LAY z
sin (T-—x) = —c032z and tan (7——2—> _cot7
we get the equation
2(14cos 2)— V3 cot 5 =0

Let us make use of the formula
cot ;z 11‘»-6051 .
2 sinzx

then the obtained equation is reduced to the following two equations:
V3

(1) 1+4cosz==0 and (2) sinz= 5

Answer: z=n(2n--1); z=7nn -'r(—-i)"—%—
864. Replacing costz by 1—sin?z, after simplifications we get 3sinz -+

+cosz==0 or tanzr=---,

Answer: z==nn—arctan T

865. The left member is equal to
cosz | sinx _ cosz--costzisin?z  ttcosz
sinz L 14 cosz  simz(lqcosz)  sinz(l+cesz)

Reduce the fraction by 1--cos z, assuming that 1-4-cosz = 0. We get the

=2, j.e. sinz —-,17 (at this value of sin z the quantity cosr is

equation -
sin x

pot equal to —1).
Answer: z:nru}-(—i)"-—é- .
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866. According to the reduction formulas
cot (z— )= —cot (R—z)=cot z
The given equation may be rewritten as

1 )__
sinz cosx/
On reducing the left member to a common denominator this equation takes
the form

2 cot z-—(cos z--sin x) (

1
——e 22 §
sinzcosz
. 1 . 1
whence sin z €03 2=~ or sin 2r=rr,
4 2
T n
Answer: z==on-p{—tm—.
3 +{—1) 13
867, The right member is equal to
—cos .
[ _ d—cos?z sin® z
2sinz  Jsinzcosz 2sSInzeosz

Reduce the fraction by sin z. It is assumed that sin z == 0, should we obtain
such a solution, for which sin x = 0, it would not be suitable. The given equa-
tion (after applying some reduction formulas to its left member) takes the form

. 1 .
sin z - tan z =5 tanz or sinaz- —1; tan =0
This equation may be represented in the form

sinz(i-{-—z-?i;‘—;)=0

and it is reduced to two equations
sinr=0 and 17‘“3__'1___::0
2eosz
But the first equation vields extrancous solutions, since we reduced the fraction
by sin @ before. To get a better understanding substitute sin z = ( into the
right member; then instead of cos « we have fo substitute 1 or —1. In both

N R {
cases we get the indeterminate form T

9
Answer: Ifi(Slt + 1)

34
868, The left member is equal to

i—tnu—g- mn;(imtem—é)
i =~w-——~—_'._“_
1 e 1—-hm—f—

x
tan o
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Redueing by 1 — ian——; (we assume that { — tan —f;— <= 0, see the solution of

the preceding problem), we get —tan %, and the equation takes the form
-—tan-—Z-:,;Zsin < or sin —1— (sec——A}E) =0
1t is reduced to two equations:

1) sm———~0 and (2} cos-—::—;
From the second equation we find -% = 360°n = 120° and get the solution

z = 720°n + 240°. The first equation yields only extraneous solutions
(z == 360°x), though for another reason than in the preceding problem. Namely,

. x . - . |
the quantity cot -, entering the given equation, loses sense (“becomes equal

to infinity™) at & = 360°n; hence, the whole left member of the equation has
no {direct) meaning.

Answer: x == 240° {3n -+ 1). i .

869, Using reduction formulas, we obtain the equation sin x — tan r ==
. sinx
= SeC o — (ST OF sib s — T

- cos ¢, Multiply both members

S eos x
of the equation by cos x (or, which is the same, reduce it to a common denomi-
nator and then reject it). It is assumed that cosr 5= U, since if cosx =~ 0,

N sin @ 1 . f e P -
then the expressions —— and lose their meaning (“become infinitely great”),
cos cosxr

We get the equation ) .
COS r SIn o — SR & = ST

which is equivalent to the following two:
(1) sinze = 0; (2) cvosx —sine =1

The sccuud one may be rewritten as V’ «cos (457 - ) == 1 {cf. Problem 831),
whenee 2 == 360°n and & == 360°n — 90° The solution x == 360" is found among
the ~oluhou~ of the first equation (z == 180°a), and the ~olunon £ == 360°n — 907
is an extraneous one, since we hdve cos (360°n —~ 90%) == 0.

Answer: r n.

870. Use the formulas: sec® v — tan®xr = 1 and cos 2r = cos® 1 - sin® r,
We get the equation

cos? r—sin z
1 L8N 2 o

oS~

which is reduced to the form tan? r-—tan r==0.
Answer: == nn; z::-’[‘-‘— (4n - 1)
871. Rewrite the cquation in the form
sind z (sin z - cos z) - cosd x (sin x4 cos 7)

! =cost £ —sin? x
sin €os &
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Assuming that sin z = 0 and cos z 0, reduce the iractions, transpose all
the terms to the left side and take sin z + cos z outside the brackets. Weobtain

(sin z -+ cos z) (sin®z -+ cos*x — cos 2+ sinz) =0
Replace sin® z -} cos? z by 1. The equation is reduced to
(1) sinz+cosz =0 and {(2) cosz —sinz==1

The first equation yields z:%(én — 1); the second (see Problem 869) has
two solutions z = 2;n and r = -;i(lm —1). Both of them are extraneous, since
at z == 2xn we bave sinz = 0, and at z = -7; (4n — 1) we have cos z = 0.

Answer: z= -—2—‘- (4n—1).

872, Use the triple-angle formulas:
sin3z=3sinz—4sindz, cos3r=4cosPr—~3cosx *

The left member is transformed to the form

3 sin x cos z (cos? x—sin? z) =%sin 2z cos 2z=—2—sin 4z

and the given equation takes the form sin4r=

x»[ -

F{— 1Py

Answer: a:-T
873. Rewrite the given equatxon:
tan 2z = tan 3z — tan z

and divide both members of the equality by 1 - tan z tan 3z to apply to the
right member the formula for tangent of a difference of two angles. We get
tan 2z
T-tanztandz tan 3z —2),
whence
tan 2z = tan 2r (1 -+ tan z tan 3z)

or
tan z tan 2z tan 3z = 0

Consider the following three cquations separately:
(1) tan 3z = O; (2) tan 2r = 0; (3) tanz = 0

The solution of the first is z ===, The third equation yields nothing new
since all its solutions (z = am) are found among the solutions of the first equa-

* If they are not familiar to the reader, it is easy to reduce them using the
formulas for sine and cosine of a sum of two angles 2o and « and then the formu-
tas for sine and cosine of 2a.
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tion (at n = 3m we have %—'5 = sim). The second equation yiclds z = 1:1 At

even n these solutions again yield nothing new (at n == 2k we bave ¥ = ak);

with odd n (n = 2n’ + 1) they are not the sclutions of the given ;quation.
Indeed, the quantities tan z and tan 3z, entering the equation, lose their meaning

(“become infinitely great”) at z = 12" (2n” - 1). Therefore, the second equation
should be rejected.

Answer: z:i;i .

874, Applying the formula for cosine of a difference, reduce the right

- X
member to the form /2 (cos %—‘rsin 7) . Therefore, express the left member

through the argument%. We have

. z .z z E N
{1+ cosz)-sin z=2cos2—2—+2sm 5 c08 E-:-:lcos-;z— (co: 5 -isin _7)

Transposing all the terms to the left side we get the equation

(cos—;—Jr-sin -j—) (2cos —3-1/5):0

equivalent to the following two equations: one yields r = 360°n — 907, the
other z == 720°n - 90° In the latter expression the double sign may be replaced
by the plus sign, since all the quantities 720°a — 90° are among the quantities
360°n — 90° (if in the expression 360°n — 90° we take only even n Le. if we
Put n = 2n’, we get 720°n" — 80°).

Answer: z = 360°% — 90% x = 720°n + 907, . .

875, Rewrite the given equation: sin® 2x = sin 3z -+ sin z; henee, sin® 2r =
= 2sin 2z cos z, Transposing all the terms to the left side we get

The equation is reduced to:
(1) sin 2z = 0; (2) cosx = 0; (3) sinz =1

Equations (2) and (3) are of no interest, since all their solutions are among the
solutions of the first one. (We have sin 2¢ = 2 sin r cos z = 2 sin 2V T = sin’r,
50 that if cosx == 0, or if sinx = 1, then sin 2z = 0.)

Answer: z = 90°n, .

87G. The left member is equal to 2 cos®z — 3 cos 2. The right one loses
its meaning at z = %n, since cot 2r “becomes infinitely great”. Thercfore,

we consider that z —g—n. The denominator of the right member is equal to
082z  cogz  (2coslr—1)—2cos2x —1

sin2x  sinz 28in x.cos r T 2sinz-cosz
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thus, the right member is equal to

e CSC (7T~ x) -2 $i0 Z-€08 Z == — 2 €5C £-5iD Z+C0S 2
sin z
sinz

The product cscz-sinx(i.e., ) can be replaced by unity, since the

values of «, at which the fraction ::2 : would turn into the indeterminate form 0 ,
are rejected. We geot the equation
2cos2z—3cosz= 20052 Or COSZ (cosz-—-%) =0

1 . .
whence cosz=:0 or 05 2= In the first case we obtain the values

z=-';-[~(2k 1), which were rejected above.

Answer: z= x (6n = 1).

877. The left member is equal to
{cos z4sin 2)2+-1=2-+ 2 cos xsin x,

2sin® z

the right member is equal to i

=2 cos®rz, assuming that sinz 0.
The equation takes the form
2{(t —cos*r)+ 2cosasinz =0 or sinz-sinzcosxy =0

It is equivalent to the two equations: sinz - cos r = 0 and sin z = 0, but
at sin r == 0 the right member has no (direct) meaning.

n
Answer: z == — T +-an.

878, The right member is equal to

25in(%vé——x) 03 (—Z——{-x) == 8in (%4}—2:) =2 €03 22 == €082 z —5in2
Then proceed as in the preceding problem.

Answer: 1= —"[:— (An—1); z==an.

879. The left member is equal to 2—sin 3z, the right one to

12 cos (—%'—i};—) sin (%—w%i) = {—sin (%—31) =4 o3 3z

The equation lakes the form
cos3r—sindz - 1=0
Solve it using the (first) method of Problem 831, transforming cos 3z —sin 3z

to V2sin (—';:—»31) . We obtain

sin (—:—[:——31)25"‘1‘}75‘, i.e. sin (3$"i;—) =—i-/-_2
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Consequently,

31——’1:—=(-1)n%+mz, ie. 3::34‘-[1+<—1m+nn
At even n the expression in square brackets is equal to 2, and at odd n
it is equal to zero. Therefore, if we put n==2n’ (n’ is an integer), we get

3z=—rz‘—+2mz’, and if we put n=2n"-+1, we get 3z=na (2r'1).
Alternate solution. Besides the alternate method indicated in Problem 851
(which introduces extraneous roots), we can use here (as also in Problem 85t)

the following method. Getting, as above, the equation cos 3r — sin 3z + 1 = 0,
use the formulas

14 cos 31=2c052§-§- and  sin Ii:c:Zsin%i cos 3—)2

We get an equation which is reduced to the following two: one (cms—:-:(!)
3z
2
. 3z = . 44

yields T~T+nn, i.e. 31—_—2-+2nn.

3
yields =—72!—(2n+1), ie. 3z=n(2n+1). The other (cos}%——siu —'—’1—;1:‘:70)

Answer: z= —j- 2n--1); zz'_g (4n -+ 1).

880. Represent t -+ sin 2z in the form
{cos? z - sin? z) + 2 sin 2 ¢os 7 = (cos x -} sin 2)?

sin .
and replace tan z by et Reduce all the terms to a common denominator
~

{cos x) and then get rid of it, assuming that cos z 5¢ 0. We get the equation
(cos z — sin z) (cos £ + sin 2)? -~ (cos z - sin 7) = O
which yields two. equations: the first one
cosz + sinag = 0
has the solution

n

2= {4n—1),

the second
o8z — s8in?x — 1 =0, or co8 2z — 1 =0
has the solution
AR 4]
n
Answer: z:.[*_(/m-“; 210,

881. Represent 1 ~ sin 2« in the form (cos z — sin g)*. and cos 2r in the
form (cos z + sin z) (cos z — sin z). Reduce the fraction by cosz — sin z,
assuming that this quantity is pon-zero. We get the equation
cos z-f-sin 2
€08 z -~Sin x

08 z-}-8in =

172 2501338
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Getting rid of the denominator (under the same assumption), we obtain

(cos z + sin z) (cos 2 — sin z) — (cos z -+ sin z) = 0
or
{cos z — sin z — 1) (cos x 4 sin z) = 0

Solving the equation cosz-sinz=0, we find z= nn-—-’[;‘- .
cosz~—sinz-—1=0 can be solved in the following way (see Problem 879).

The equation

Represent it in the form V2.sin (—j:——x):i, i.e., sin (z——'z—)z _...__1./%.,
x 2

Hence, x—%m(—i)"(——f)—%nn. With even n-=2m we have r==fn==
=2um. With odd n {=2m-1) we have z:-’;—_{_nn:-’zi
Apply the other method from Problem 879.

Answer: z:-—g—(v’m—-—i); T ==2nn; x:-zzl——(én———i).

(4m —1).

882, The right member is equal to cos 2z, and the left one to
(cos z - sin )2 (cos z —sin x) =
== (€03 Z-+5in x) (c0s? z—sin? z) = (cos z+ sin 1) cos 2z
T
Answer: z =-% (2a-4-1); #=2rn; z=-3- (4n3-1).

2
883. The left member is equal to

1 4sinfzcosz 1 sin? 7
4 beotz &

(assuming that cosz #0), To the right member apply the formula

sin & sin ﬁ:-;— [cos (@ = B) — cos (z-+B)]. We get -’2— {08 60° — cos 27) =

1 —A4bsin?
=-;-[%——(l—25iu21)J=__'£.4_slﬂ.i .Now the cquation takes the form
—i——sin%: —(%—sinzz)

o 1 . 1 .
whence sinz.t:%. ie sinzr=- orsins=—g. The two solutions z=

=180°n-+- (—1)" 30° and z=180°n—(—1)n 30° can be represcnted by one
formula: x = 180°n -+ 30°,

Answer: £=30° (bn -+ 1).

884. The left member is equal to sin 60° cos z; the right one to

tan r cos* z -+ cot z sin® 2 = sin z cos® £ 4+ cos 1 sin® 2
(assuming that cosz == 0 and sin z 5= 0). This expression is equal to
sin x ¢0s z (c0s* z -+ sin® z) = sin z cos ¢

The equation is reduced to the form cos z {sin 60° - sin z) = 0,
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1t is reduced to two equations, one of which (cos z = 0) yields an extraneous
root,
Answer: z = 180°n -+ (—1)n 60°

" . 1 —cos
885, Using the formula tan Z- ST we get the left member sec? z-

2 sin x
—1=tan?z (reducing by sinz we assume that sinz == 0). The left member
is equal to
sin (z—30°)+-sin (z4-30°) _ 2Zsin x cos 30°
c0s 7 - cos x

=} 3tanzr.

The equation is reduced to the form tan z{tan z— V/3)=0 and is equivalent
tq two equations, one of which, namely tan r==0, yields extraneous solutions
(sinee if tan z==0, then also sinz=0).
Answer: z==60° (3n--1); z=2nn,
886. The expression tan-;—+cot% is transformed to
1 2
rx oz sinz
sin 5 cOs 5

We get the cquation

V3 sin 2 e

ST

Answer; z= Z_ @n--1).

- 1/
887. The left member is equal to 2 /2. 1[) (sin z -~ cos z); the right one
2 —sin2
to M:M:zu—sm z). We get the equation
1-+sinz {--sinzx

2(sinz4-cosx)=2(l—sinz) or {1 —cosz)—2sinz=0
or

L, T 3
2sin? Tz‘“” sin 5 cos

Answer: z:=2nn; z=2{an4 arctan 2).
888, The fraction in the left member is equal to

2
:l7-§- (8in 2z — cos 2z tan 1) cos? £ =

9
= e (811 22 COS & ~— €08 22 8iD Z) €08 7 = sin z cos 2

2
V3 Vs
The right member is equal to
(cos? x - sin? x) (cos® r — sin® 7) = cos® x - sin® &
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(double angles are of no use here). Write the equation in the form:

{{~cosz)+sin gz — _;5 sinzcosz=0

or
2
V3
Answer: z = 180°r; z = 180% + 30°.
889, The left member is equal to 3 sin z — 4 sin® z, and the right one to
4sinz (1 — 2sin? z). We get the equation
sinz (4sin®z — 1) =0

Answer: x == 180°n; z == 180°n 3 30°,
890, The right member is equal to

2sin2z— sinzecos 2=0

. Lz z
sin x sin —2—+cosxcos 5

sinz--cos z cot—2‘=

. x
SIN

2

The numerator of this expression is equal to cos (z-—--;—) = (08 —;: , thus, we

get cot i;— in the right member. The left member is equal to
xz
2 2
1+4cosz & cos 2
cosz oS %
The equation takes the form
2c052;
—_— et 2=
cosx 0 2

Taking cot-f- outside the brackets, we obtain

z .z
p 2cos B sin g z
wt? W“i =0, i.e., cot —Z-(tanz-—-i)=0

n
Answer: x=7n ~l;~—-4—— HE RS R

894. The denominator of the fraction is equal to
sin2zcosz—coslzsinz sinx tanx

€08 z 08 21 T Coszcoslz  cosox

The whole fraction is equal to sin 2r. The equation takes the form
sin 2z — 2 sin (45° + z) cos (45° + 1) = O
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sin 2z — ¢c0s 2z = 0

or
whence tan 2z = 1.
Answer: z = 90°n -} 22°30".
892. We have
tan (z — 45°) tan (z -+ 45°) = tan (x — 45° cot (45° — 1) = —1
it is assumed that x 5% 45° (2n -+ 1), since otherwise one of the factors vanishes,
and the other becomes infinitely great. The denominator of the right member
2
"?OSI = —2cotz
sinz

is transformed to
cos 2

- . xr
sin - cos

x
2

k2 z . .
=, or cot T loses its meaning

2

4cos?z

it is assumed that z = 180°n, since then cither tan
(becomes infinitely great). We get the equation
2cot z

—tanz = —

which (assuming that « == 180°n) is reduced to the form tanz cos 2r = 0.
The last equation has the solution z == 180°n and z = 45° (2r + 1), but they
preceding problem).

h

disagree with the above assumptions.
Answer: The equation has no solutions.
893, The right member is equal to — tan x (sce the

Let us represent the left member in the form:

8in2 (z - 45°) —cas? (z

1
5 {tan (z 4 45°) —cot (2 4 45°)] =
F45%)
T Sin (% 1 407) cos {x -+ 45°)

= e col (2x -+ 90%)

tan 2z = —tan «

We get the equation

It can be written in the form
tan 2r = tan (—z)

wherefrom we conclude that the angles 2z and —z differ by 180°x, and from the
g 60°n.

equation 2z = —ur 4 180°n we find z =
Answer: z = 60°n.
894. The left member is equal to
sin 2z _ sin e
€08 (i t6) €03 (% — k) -%— (cos 20 4 cos 2z)

We get the equation
2sin 2z 2otz
Cus8 204 - €08 22
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. . . 608 %
Using the formulas sin2z=2sin z cosz and cot z= T reduce the equa-

tion to the form
cos x (2 sin® 2 — cos 2r — cos 2a) =
The equation
2 5in® x — ¢08 22 — cos 200 = 0
with 2 sin®z replaced by 1 — cos 2r yields
2082z =1~ cos 2a
whence
€05 2z = sin® @

Answer: :=—n~ @n+1); z=n+ —;— arccos (sin? o).

895. The Ieft member is equal to 1 — sin z; the denominator of the right
member, to

Rz
tan-—-—tan (—2—- —:) mtan—z—wcnt———

This expression is reduced to the form 5”2” We get the equation

1 —sing=sinz
Answer: z = 180°n e (1) 30°,
896. The left member is equal to tan z. The right one (cf, Problem 894),
to 1+ 2tan z.
Answer: z = 457 (4n — 1).
897. We have .
cind o (eind g [ 1m—c082z \2
sint - (sin 1) (-—-~—————2 ),

analogously,

i 2
; ki ) 2) 1--sin 2z \2
sint (z —,;-){ 5 ;] :( 5 )

The equation takes the form { — cos 2r -+ sin 2r = 0, or

2sin*r - 2sinzreosz = 0
1
Answer: x = nny, r = an -

897a. Represent the equation (see the preceding problem) in the form

1—c0s2r\2 1-+sin 2z \2 f—sin2r\2 9
( ) )( Z )( 2 )::Ti-

After algebraic transformations we get

4
3—2cos 2r -1 cos? 212 5in? 2r =

Roplacing sin® 2z by 1—cos? 2z, we obtain the equation

; 1
€082 22 4 2 008 27 e =0

2
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1t yields cos2r= —14 Kb (cos 2o —f— 1,, Eis rejected, since its abso-

Tute value exceeds unity) .
Answer: z=15n + —;—arccos ( e § e l/b )
898. Represent the left member of the equation in the form % (€08 .- cos y).

Solving the system, we find cosz=

Answer: z=2ak 4 —3- y=2nl 4
899. Since

. . €08 (T = lf) = €08 (Z -{- 1)
SIR ¥ S P = e e

the second equation can be wrilten in the following way:
€085 (z —~ y) — cos (z 4 y) = 2m
But z 4 y = a; consequently,

€os (z —~ y) = 2m -+ cos a
whence

z — y == 2nn =+ arccos (2m -+ cos a}

and the given system is reduced to the following two systems:

Tty=a
{ Z ey = 2700 5 ATCCOs (2m - €os o)
and
Tfymsa
{ oy == 200 - arceos {2m - cos o)
Answer:

Xy=qn -} —3‘— A —2— arccos {2m - cos o)

Y= .-.m.+-°2-‘——-—!- arecos (2m - cos o)

2

a 1 5
Ipw=nn o arccos (2m - o8 )

2
a 1
Yo == —An _g,.i.-{—-i- arceos {2m - cos )
900. Using the formula

in (-4 B)

tan e+ tan f c08 @ cos
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sin (z-+y)

write the second equation in the following way: ———-—=
€05 % CO8

€08 (74 y) - cos {z —y)
2

=m. Replacing

coszcosy by and z-+y by a, we get

sina —m
cos a4 o8 {2y}
or
2sina
€05 (z—y):———-r;———-—cosoc

Hence, we have either
2sina
Z— Y = 27n }-arccos (——m—-—--cos a)

or
2sina

y——z=2nn+arccos( — €08 a)

Either of these equations should be solved together with the equation z -+ y = a.
By the way, of the two systems obtained one differs from the other only in that
the unknowns change their roles, therefore it is sufficient to solve one of the
systems.

a1 2sina
Answer: ry(=Yya}=71n —g—-Z—T-,;-arccos (——-—-——————~cos a)
= Ig) == ~nn4»3——iarccos sing
yy (=19} = g g AT <——;l-———cosa)
901, Solved as the preceding problem.
Answer:
a )
-'rx:'z‘(!*"'v"“ Tows ~- AN
yy=—an yzﬁ%(hf‘i)

1
902. Since 1==20 and 4=16%, the given system may be rewritten as
{sinz+cos y=0

sinZz+4cos? y =

-~

7
whence

o) -

b
) sina:::-!z—, €08 j= - and (2) sinr:~é, cosy =

Answer: x,==180°n -} (—1)" 30°, yy=360°r 4 120>
2y o= 180%n — (— 1) 30%, yg=360°n 4 60°
903. The sccond equation can be written in the form
sinzsiny 1
coszcosy 3
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where, by virtue of the first equation, sinzsiny= -4—1_‘—/—_2— We get the
system of equations:

3 . . 1
G =y SINTSin y == -
coszcosy_4V2 s y e
Adding and subtracting them, we get
1 1
€os{z—y) =—= and 05 {2+ y) = mwrmee
YV V3
whenee
oy = 2Um & BTECOS e 2y 20tk ok S

22 4
where m and k are arbitrary integers. In each of these equations we can take
any sign.
Note. The numbers m - k and m — k are also integers, but not completely
arbitrary (if one of them is even, the other is also even; and if one of them is
odd, the other is also odd).

1 1 7

Answer: (1) z=an -4 — arccos o
2 2VZ 8

1 1 B

y=nt+—2-—arccos 2_‘/5 -y

1 1 7

(2) z=nn+—2—arccos 5% -y
1 1 FLd
y.».—m+-2-arccos 2V +-§-

3 z==ntn ---;—arccos P 11/2 -+ g
=t —ta oS t =
YEHT g Y5 TR

1 7t

1
4) z=2n — - arccos Ve -3
1 i n
== fUf o - ATCCOS vz -
¥ 3 r 2 -Vz + 8
where n == m 4 k; t = m — k (m and k are any intogers).
904, Square both members of each of the given equations and then add them
by terms. We get

izésinzy—{-%coszy or 1=4(1———coszy)+-:~coszy

whence cos? y =-—:— and sin?y :—;— . In each of the expressions cosys= &

V3

and siny=- -T}—g- either sign may be taken (thus, in the interval between 0

2601238
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and 360° the angle y can have four values). Substituting these values into
the given equations, we find that the angles z and y satisfy one of the fol-
lowing four relationships:

2 .
Sy=——=, sinyg=

(1) cosz:—l%— R sinx:% , 7 ____[}3_
(2) cosz:-}-;-, sinz:—-—zf, cosy=--2—_—. siuy:———!—
V5 Vs Vs Vs

9

1 . 2 2 1
(Bycosz= e, sinz=—, €08 Y 5= v —
V5 V5 V5 V5

4) cosz--——~—1—— sinzw-—-—z— COS y = e 2 sin y== !
= s = Vi ’ == Vi , = =

Vs V5

Consider the first of them. If we take separately the equality cosze=

siny ==

A

Vs’
then it yields z=2nn + a"ms-l%g' But (by the definition of the principal
value of arccos) the angle (p:arccos-l—;—g— belongs to the first or second

quadrants, where the function of sine js always positive. Hence, the plus
sign should be retained. Indeed, from the equality z=2n =@ it follows

2
that sinr==+sin@s=2 —=. But in the first relationship sin z= —=—
P P 7
9
(but pot — -1—/:-5«) . The same with the angle y, thus in case of relationship

(1) we get

1 2
222 20 - ArCCOS ——=~ ,  § =27y -+ BICEOS e
+ 5 ¥ 1+

Vs

where n and ny are any integers. Reasoning in the same way, we find that
for the second relationship

1
Z == 20 — ATCCOS—= 4 == 21iny —arccos—-l—?/—s-

V5
The third and fourth relationships are considered analogously.
1
Answer: z=2mnn -+ arccos ( - W)
2
=2 j;arccos(:t——:)
Y=ty V5

where the signs in parentheses are the same for z and for y and the signs before
arccos are also the same.
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CHAPTER XIIf
INVERSE TRIGONOMETRIC FUNCTIONS

905. We have

arcsin ( ——l,/z—?-) = —-—§-, arccot(-——i):s_z_
1 n

arecos —=—=—~, arccos{—1)=x
Yz 4 =

Answer: E’f’. .
906. The angle ¢ = arccos z is found in the interval between 0 and 18(°
(by the definition of the principal value of arccos). Hence, sin ¢ is positive

{or equal to zero). We have cos ¢ = z, whence sin ¢ == -+ /T 2% (the radical
is taken oply with the plus sign). Consequently,

122
tan (P:J{_z_— ’
ie.

—z2
tan (arccos z):—y%

which completes the proof.
907, See the solution of the preceding problem.

908. Let us put arccot (—T) = @, thus cot ¢ = — 7 The angle ¢ is in
the interval between 80° and 180° (since the principal value of arccot is contai-
ned between 0 and 180°). It is required to find sin % . Let us use the formula

sin b= ‘/—1————3—052
where out of the two signs only the plus sign is taken (since the angle _z‘p_ belongs
"to the first quadrant). First we have to find cos ¢ using the formula
cotl a
+ Viteot2a
2
4

€08 @ = e =

Vr

(the radical is taken with the plus sign only, since ¢ belongs to the second quad-
rant), Now we find

COS QL ==

we get

o}

3
1

e 1—005(;)_‘/
e

2
5
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2
Vs
909. Put arcsin ( 2 13/2 ) =@, hence sin @ = — 2 -;/2

1 3
Answer: sin [-2- arccol ( —TU=

+ The angle ¢ is in
the interval between —90° and 0* (since the principal value of arcsin is con-
tained between —90° and -+90°). It is required to find sin % This value
is negative. Therefore in the formula

a 1—cosa

Sin 5=t ]/——-—2-—-

ouly the minus sign is to be retained. We get
. 1‘_1/'1—403(9
sin 5= —5—

Co8 P= "/1 2V2 =T§.

we take the radical only with the p]us sngnl).

where

T o A 1 Vs 1
Answer: sip [—Z-arcsm( g ) ..-——173-
910. The angle g==arccos (—-——1;—) is contained between 90° and 180° (see
~ the solutions of the two previous problems), Hence cot -%- is positive, and
_q/ sy
cot _2' V = )

(the radical is taken only with the plus sign). Substitute cos (p=--74- into
this expression. .
1 4 VEH
Answer: cot [-—2— arceos ( —-7—)]= “T
941, Since

V3 n
arctanT= 3
and _
amsinMi:-’-‘—
2 3
wo have
tan (5 %”%"%) =tan —?—: -1
Answer; —1,
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912, We have
arctan /3 =—§

and
arccos + =2
€C08 - =
Then proceed as in the preceding problem.
Answer: —“V'fi'

M3, Answer: —12-
914, Let us put

arctan (3+2V2) =q )
arctan -%E =8 2
It is required to prove that
a—B=T @)
Find tan (¢ —§):
tan e —tan B
tan (@)= {4 tanatanp '
with the aid of (1) and (2) we get
(+272)-YE

tan{a —f) = —————r— == 1 (4)
= V2
1+(3+2V2) -‘;—

On the other band, it is obvious from (1) and (2) that either 9f the angles a

. . = /3
and B lies between 0 and -—;—‘— ,and o > 8 (smcc 34+2VI> lz—-), consequen-
tly, the angle a—f a priori Jies between 0 and —; , hence, from (4) we get o — B =
n
=7 which completes the proof.

o
Note. To prove that the angle a— f is just equal to 7 e to 45° {but not

L0 225° or to —135° and so on) we can make use of the corresponding tables to find
directly the angles & and B. Here we may confine ourselves to rough approxima-
tions (for instance, taking into account only degrees). Thus, putting V'3 = 1.4,

we find @ & arctan 5.8, which corresponds to about 80° (the error a priori does
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L
not exceed 12-) In the same way we find § = arctan 0.7, which corresponds to

Q
about 35° { the error is a priori less than 12—) Consequently, a—f does not

differ from 45° by more than £°, and, hence, is exactly equal to 45°.

915, Put
arecos l/z~
=0

VBt g
2V3

50 that cos a=l/-§ and cosf= VG4t Either of the angles o and B

23

belongs to the first quadrant **. It is required fo prove, that a—ﬂ:—:_-.

arccos

Find sin (a—p), but first compute
sina:Vi——cosza
and
sin =" T—cost B

(each radical is taken only with the plus sign, since @ and B belong to the
first quadrant). We find

. a4 /5-2VE
smaz—-_v§ and sxnﬁ—‘/ 5

sm(a~a>=T}§..%_%i_]/%_] /5—?21/6 _

hence,

. /
_ Vit _VE i
6 6
Let us prove that the found irrational expression is equal to ! To this end

E B

transform the “double irrationality” 52 VE=V5— V% 1t can be per-
formed with the aid of the formula

V;l—:—v—l_;zl/,x.ﬂ/zm--am‘/;aw Va-B

2

* This problem may be solved without introduciog ausiliary quantities
and P using the method mentioned in the note to the preceding problem.
#* The principal value of arccos lies between 0 and mt.
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{at A==5, B==24); we obtain

541 1/5.4“ 5 /5
V ==V 5=V3-12
But it is simpler to represent the radicand 5—2 V% in the form 34 2

~2V2.V3=(V3~ V3" and then we have
Vo—2Vo=V{V3i-V2f=V3-V3*

Since either of the angles « and B lies within the interval between 0 and —;-

%
the angle @ —B undoubtedly lies within the interval from ~Z ¢ 4

5 r

2 2

then from the equality sin (a—ﬂ):% it follows that a——ﬁ:l. which

T
completes the proof **.
916. Let (see the two previous problems)
. 4 .5 I L
aresin ¢ =, arcsmﬁ:ﬁ. aresin ===y
Then
Lo 4 ) 3
sipos—p, coSme=—(
) 5 12
sin ﬁ:-—ﬁ- ,  cosBa= el
sip y== lﬁ [ v:i
65" TGS
Hence
; 4 12 3 5i_ 63 A ()
sin(etfl=gqgyeog =gy od cos@ b=
Ill.olhbangles a and B belong to the first quadrant; thercfore the angle a8
ies bet

tween 0° and 180°, and since cos(c--B) is positive, a+f belongs to
the first quadrant. Furthermore, cos (o -+- By=siny and sin{a--B)=
'
=8 [ o me
i ( . 'y).

[ e

* The number /317 is positive. )

** I cos (@ — P) is computed instead of sin (z -- B), we would find
€08 (o — B) 2%'}; between —% and -f- —g— we would have two values of o — B,
namely, — % and +%; therefore we would have first to establish that « > §,

Le. that cos o < cos f.
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Therefore, o+ B and -—;—t-—v may differ only by 2nn, and since -g-—-v also
belongs to the first quadrant, we have n=0. Consequently, a+ﬂ=.’2f._y,

ie. a+ﬁ+y=izt— which completes the proof.
37, We have arccos -;—:%; let us denote arccos ( —-,2]-) by B, so that
€03 B== ——% . The angle § is contained between % and s (see the three pre-

vious problems). Therefore

sin f= -,L]/i—(-;-)z [but not -]/1-(-;-)2],

i.e.
sinﬁ:—é—l/:?
We find
€08 (—g——i—ﬁ):cos—g—cosﬁ—sin%-sinli:
1 1y V3 o4 13
=7'(”7)“T'7 S=—x

To prove the validity of the given identity we have to make sure that the

angle %+ﬁ belongs to the second quadrant [since the angle arccos (—-—:%)

in the right member lies in the second quadrant] . The angle f = arccos (-—,1]—)

is contained between -'2-‘- and m; consequently, the angle -;i+B lies between
5Tn and —43£ But it does not, however, follow from this estimate that the

angle ~g—+ﬁ belongs to the second quadrant (since the angle 4—;- is already
found in the third quadrant) - But taken inte account that .._.;.>._.;‘— and
that, consequently, arccos ( -—-;—) < arccos (-—-;—) , i.e. arccos (..-;—) <

<£§L' it follows 'ha"%“:““cc"s ( ‘"‘;‘) < . And since this angle is more

—561, it lies in the second quadrant. Hence, the given identity is proved.

Note. The fact that the angle %-}»ﬂ beiongs to the second {and not to

than
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the third) quadrant can also be demonstrated in a different way: we have
o o NUUORE. VP
sin (—3——{—‘3) =sin - cos B+ cos 3 sin f=

V3 My 1 4., 3 o

= (—7)tz 7 Vi=5 V3

Since this number is positive, the angle -g—+ﬂ belongs to the second quadrant.
918. Put

arctan L o and arctan -} =B

5
whence
tan =4 and tanB-—§—
a=g an =
Compute i
_ tanZa+tanB
tan 20+ )= 1-—tan2a tanf
First find
i
2
tan 20= i 5 :%
=(3)
and then
5 1
12 7 4 32
tan (2o -+ ﬁ)z.—.——-——i——_:z?
i T "

—
2’
The angles o = arctan —;— and § = arctan —:— belong to the first quadrant, but

it does not yet follow from this fact that the angle 2a -+ § belongs to the first
(and not to’the third) quadrant. But if we take into consideration that either

of the angles o and B is less than iz:‘ (since their tangents are less than unity),

it proves that 2a - B is less than 37:_:, and since, furthermore, tan (2a +- ) = %
is positive, 20 P lies in the first quadrant, i.e. 2a - B == arctan % .+ which

com]gletes the proof.

ole, Instead of proving that the angle 2c - P remains within the limits
of the hrst_ quadrant, we can find this angle approximately with the aid of the
corresponding tables (see the note to Problem 914). We get: o==arctan

& = 11°, B==arctan -j,‘:-—w 14°, hence 2 -- B ~ 36°.
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919. Put

1 1 1 1
aretan T arctan ?_ﬁ, arctan =T arctan—g-zﬁ
and first find

1 1
ER
tan (a+§)z-—T—T:7 ’
=35
then
%J‘“% 7
tan((a+ﬂ)+v]=—-—-——4————1——=—9—
1—_7—.—?-
and, finally,
7,1
7ty
tan {{a 4B+ y)+ 8= =1
~57

As in the preceding problem, prove that the angle o 4 B+ y -+ 6 lies in the
first quadrant. Consequently, a -+ B+ y + § = _'.Z_ .
920. We have arctan (22 — 3z — 3) = —}. whente 2% — 3z — 3= tan%,
ie 2% — 3z — 3 = 1. Hence, zy = 4; z, = 1,
Answer: zy = 4; 24 = —1,

Note. 1f instead of the equation arctan (z* — 37 — 3) = —} we would have
the equation arctan {2® — 3z — 3) = ~§£ , then the latter would have no solu-

tion, since the principal value of arctan cannot be equal to — ?’-’i 1f no atten-

tion is paid to this circumstance, we can obtain the same equation z* — 3z — 8 =
=1, but the roots of the last equation are not suitable.
921, We have

arcsin (12 —6z-+-8.5) =.§.
whence 2% — 6z + 8.5 = 0.5,
Answer: xq = 4; x5 = 2,

922, Taking tangents of both members of the e

quation and remembering
that tan (arctan a) = @, we get

(42— (z-+1)

ey
whence zy= —1; zp= —2. Check these roots. If z= —1, then

arctan (z -+ 2) = arctan 1 :_-..g..
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and
arctan (r <~ 1) = arctan 0 = 0
thus the given equation is not satisfied. We prove in the same way that the
second root is also not suitable.
Answer: zy = —1; 7 = —2. .
Note. Why such a check is necessary is clear from the following example.
Consider the equation 3
3
arctan (z -+ 2)-—arctan (z - 1) = -
which differs from the given one only by the value of the constant term. It is
impossible to state beforehand that it has no solutions (cf. Problem 920). If,

say, arctan (z -+ 2) is equal to — —g- , and arctan (z -+ 1) to f_;_z (these values can
3n
be principal values of arctangent), then the left member would be equal to ——.

4
Taking tangents of both members of the equation under consideration, we again
get the equation
(z+2)—(z41) =1

TFE@+E+D
but now neither of the roots z; = —1, z, = —2 is suitable. See also the Note
to Problem 925.

928, Take tangent of both members of the equation. First find (sec the preced-
ing problem):

2.1
1 i 4
tnn(Qarctan—i—)z:——Tz—=-§
-(z)
and then we obtain .
R 1
4
1+T

The root of this equation is z == -%—; it should be checked (see the Note to the
preceding problem). Substituting « == —;— into the left member of the equation,
we get 2 arctan —;— — arclan —,17— . The angle « =:arctan -;: lies between 0 and %
(sinw mﬂa:-%-(i . The angle B == arctan —,17 lies within the same range.
The angle 2« belongs to the first quadrant, and the angle 2« — B lies between
-——’;:- and —3— But tan (2u — B) = 1, hence, 20 — f = an -} % . But only

at n = 0 tho angle 2« — P turns out Lo lie within the found boundaries. Conse-
quently, the given equation is satisfied.
Answer: g,
" 7
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924, Let us take sines of both members of the equation, We can put
2
3V=
(see the solution of Problem 915), but we can do without them making use of
the formulas sin (aresin z) = z (which immediately follows from the definition

of arcsine) and cos (arcsin z) = V1 — 22+, Consequently, sine of the left
member is equal to

3%.—-1/1—'(1/?12)2-]/1—(3725)2-1/?:‘;

and the given equation takes the form

aresin =a and aresin YT=z=p

2 ViE=4 1
WV ey Ve

Solving it, we find z:-g—. This root should be checked (see the Note to
Problem 322), i.e. we have to prove the identity

aresin "/z arcsin ]/T- aresi !
3 i 7= atcsin 5

It is proved in the same way as in Problem 917,
Answer: =7
925. Taking tangents of both members of the equation, we get
a8 _ a-b
b atb
1 a a—b
b etk
whence z = 1. This value should be checked (see the Note to Problem 922).
Substituting z = 1 into the given equation, we get

=Z

a a—b
arctan o —arctan 3 =45° )
Introduce the following notation
arctan —;: ¢ 2
Here the angle g (the principal value of arctangent) lies between ~90° and 90°
~90° < ¢ < 90°, 3

* This formula is d(‘du/ced in the following way. Put arcsinz = . Then
sina =z and cos @ = VT — 722 The radical is taken only with the plus sign
since the angle « = arcsin z lies between — 90° and <+ 90° {the principal value
of arcsinel). Substituting aresin z for o, we got the required formula,
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Using this notation, we have
a—>b btan@-—b

arctan aTh =arctan btan g0 =arctan tan (¢ —45°) (4)
and so we have to check the equality
@ ~ arctan tan {p — 45°) = 45° (5}
This equality is true if and only if
arctan tan (¢ — 45°) = ¢ — 45° 3]

And the equality (6) holds true when the angle ¢ — 45° (the principal value of
arctangent) lies within the following interval:

—80° < ¢ — 45° < 90°, )
ie. when
—45° < @ < 135° 8)
Taking into consideration (3), we get a more narrow interval for the angle
—45° < @ < 90° )

From (2) and (9) we find

% = tan ¢ > tan {—45%,

SN 1 (10
b

Conversely, for —Z—)—-i the angle @ satisfies inequality (9). Consequently,

the given equation has a solution (z==1) for %—>——L For {-(——1 there is

0o solution.

For example, at a= —V/3, b==1 we have
arctan %:arctan (—V3) =-—60°
arctan & b = arctan :—V-———:j':-i- 2 arctan 3.732 = 75°
a+b — V341

thus, the left member of the given equation is equal to ~135°, and the right
one at z = 1 is equal to 45°

Answer: z =4 for —:- > —1; the equation has no solution for % < 1.

926. Let us take cosines of both members of the equation. Weﬂget VIZ05=
=4z (se0 Problem 924). This equation has only one root = 5 Let us check

it. The angle @ = arcsin 3z=arcsin-g- belongs to the first quadrant; the
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angle B = arccos 41:511‘(:(:05-[i also belongs to the first quadrant. Here

)
sin o = % ; hence, cos o = —é— On the other hand, cos ﬁz—g— ; hence, o = §.
Answer: x=—;— .
927. Let us take the sines of both members of the equation. We get {see
e 402 12 12
= = = e, ggmm e
Problem 924) 2: V1—z T3+ vhente z(=0, z=4 T B=—g

Check these roots.
Answer: z=0.
928, From the first equation we find

, 2a
tan (x'ry)zm s

tanz4tany 2
{—tanztany  1—a?
Taking into consideration the second equation, we get
tanzi-tany 2
e T2

or
tap r - tan y == 2a
From the system of equations
tan z < tan y = 20
tan x tan y = ¢
we find tan ¢ = a; tan y = a. Hence, it follows that z == 180°% - arctan a,
y = 180°m + arctan o, where n and m are integers. But only one of them may
be taken arbitrarily, since according to the first equation the quantity = -+ ¢
must be contained between —90° and +-90° (as the principal value of arctangent).

To identify suitable values of n and m substitute the found expressions into
the first equation. We get

) 2a
180° (n - m) -+ 2 arctan @ =arctan ) (A)

Since by hypothesis | a| <1, the angle arctan a lies between —45° and
+45°, i.e. 2arctan a les between —90° and -+-90°. The angle arctan T

(the principal value of arctangent) lies within the same range. Consequently,
these two angles differ by less than 180°. Therefore, the equality (A) holds true
only at n4m =0,

Answer: x = 180°n - arctan e, y = —180°n L arctan a.
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